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We suggest an extension of the gauge principle which includes non-Abelian tensor gauge fields. The invariant
Lagrangian is quadratic in the field strength tensors and describes interaction of charged tensor gauge bosons
of arbitrary large integer spin 1, 2, . . .. Non-Abelian tensor gauge fields can be viewed as a unique gauge
field with values in the infinite-dimensional current algebra associated with compact Lie group. The full
Lagrangian exhibits also enhanced local gauge invariance with double number of gauge parameters which
allows to eliminate all negative norm states of the nonsymmetric second-rank tensor gauge field, which
describes therefore two polarizations of helicity-two massless charged tensor gauge boson and the helicity-
zero “axion” The geometrical interpretation of the enhanced gauge symmetry with double number of gauge
parameters is not yet known.
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1 Introduction

The non-Abelian local gauge invariance, which was formulated by Yang and Mills in [1], requires that all
interactions must be invariant under independent rotations of internal charges at all space-time points. The
gauge principle allows very little arbitrariness: the interaction of matter fields, which carry non-commuting
internal charges, and the nonlinear self-interaction of gauge bosons are essentially fixed by the requirement
of local gauge invariance, very similar to the self-interaction of gravitons in general relativity.
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It is therefore appealing to extend the gauge principle, which was elevated by Yang and Mills to a
powerful constructive principle, so that it will define the interaction of matter fields which carry not only
non-commutative internal charges, but also arbitrary large spins. It seems that this will naturally lead to a
theory in which fundamental forces will be mediated by integer-spin gauge quanta and that the Yang-Mills
vector gauge boson will become a member of a bigger family of tensor gauge bosons.

In the recent papers [2–6] we extended the gauge principle so that it enlarges theYang-Mills group of local
gauge transformations and defines interaction of tensor gauge bosons of arbitrary large integer spins. The
extended non-Abelian gauge transformations of the tensor gauge fields form a new large group which has a
natural geometrical interpretation in terms of extended current algebra associated with compact Lie group
G. On this large group one can define field strength tensors, which are transforming homogeneously with
respect to the extended gauge transformations. The invariant Lagrangian is quadratic in the field strength
tensors and describes interaction of tensor gauge fields of arbitrary large integer spin 1, 2, . . .. It was also
demonstrated that the total Lagrangian exhibits enhanced local gauge invariance with double number of
gauge parameters. This allows to eliminate all negative norm states of the nonsymmetric second rank tensor
gauge field Aµλ, which describes therefore two polarizations of helicity-two massless charged tensor gauge
boson and the helicity-zero “axion”.

The early investigation of higher-spin representations of the Poincaré algebra and of the corresponding
field equations is due to Majorana, Dirac and Wigner. The theory of massive particles of higher spin was
further developed by Fierz and Pauli [7] and Rarita and Schwinger [8]. The Lagrangian and S-matrix
formulations of free field theory of massive and massless fields with higher spin have been completely
constructed in [9–16]. The problem of introducing interaction appears to be much more complex [17] and
met enormous difficulties for spin fields higher than two [18]. The first positive result in this direction was
the light-front construction of the cubic interaction term for the massless field of helicity ±λ in [19,20].

2 Extended gauge transformations

In our approach the gauge fields are defined as rank-(s + 1) tensors [2–4]

Aa
µλ1...λs

(x), s = 0, 1, 2, . . .

and are totally symmetric with respect to the indices λ1 . . . λs. A priory the tensor fields have no symmetries
with respect to the first index µ. The index a numerates the generators La of the Lie algebra ğ of a compact1

Lie group G. One can think of these tensor fields as appear in the expansion of the extended gauge field
Aµ(x, e) over the tangent space-like unit vector eλ [2–4]

Aµ(x, e) =
∞∑

s=0

Aa
µλ1...λs

(x) Laeλ1 . . . eλs . (1)

The gauge field Aa
µλ1...λs

carry indices a, λ1, . . . , λs labeling the generators of extended current algebra
G associated with compact Lie group G. It has infinite many generators La

λ1...λs
= Laeλ1 . . . eλs

and the
corresponding algebra is given by the commutator

[
La

λ1...λs
, Lb

ρ1...ρk

]
= ifabcLc

λ1...λsρ1...ρk
. (2)

The extended non-Abelian gauge transformations of the tensor gauge fields are defined by the following
equations [3]:

δAa
µ =

(
δab∂µ + gfacbAc

µ

)
ξb , (3)

1 The algebra ğ possesses an orthogonal basis in which the structure constant fabc are totally antisymmetric.
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δAa
µν =

(
δab∂µ + gfacbAc

µ

)
ξb
ν + gfacbAc

µνξb,

δAa
µνλ =

(
δab∂µ + gfacbAc

µ

)
ξb
νλ + gfacb

(
Ac

µνξb
λ + Ac

µλξb
ν + Ac

µνλξb
)

,

. . . . . . .

These extended gauge transformations generate a closed algebraic structure. To see that, one should
compute the commutator of two extended gauge transformations δη and δξ of parameters η and ξ. The
commutator of two transformations can be expressed in the form [3]

[
δη, δξ

]
Aµλ1λ2...λs = −ig δζAµλ1λ2...λs (4)

and is again an extended gauge transformation with the gauge parameters {ζ} which are given by the matrix
commutators

ζ = [η, ξ] (5)

ζλ1 = [η, ξλ1 ] + [ηλ1 , ξ]

ζνλ = [η, ξνλ] + [ην , ξλ] + [ηλ, ξν ] + [ηνλ, ξ],

. . . . . . .

The generalized field strengths are defined as [3]

Ga
µν = ∂µAa

ν − ∂νAa
µ + gfabc Ab

µ Ac
ν , (6)

Ga
µν,λ = ∂µAa

νλ − ∂νAa
µλ + gfabc

(
Ab

µ Ac
νλ + Ab

µλ Ac
ν

)
,

Ga
µν,λρ = ∂µAa

νλρ − ∂νAa
µλρ + gfabc

(
Ab

µ Ac
νλρ + Ab

µλ Ac
νρ + Ab

µρ Ac
νλ + Ab

µλρ Ac
ν

)
,

. . . . . . .

and transform homogeneously with respect to the extended gauge transformations (3). The field strength
tensors are antisymmetric in their first two indices and are totaly symmetric with respect to the rest of
the indices.

The inhomogeneous extended gauge transformation (3) induces the homogeneous gauge transformation
of the corresponding field strength (6) of the form [3]

δGa
µν = gfabcGb

µνξc (7)

δGa
µν,λ = gfabc

(
Gb

µν,λξc + Gb
µνξc

λ

)
,

δGa
µν,λρ = gfabc

(
Gb

µν,λρξ
c + Gb

µν,λξc
ρ + Gb

µν,ρξ
c
λ + Gb

µνξc
λρ

)

. . . . . . . ,

The field strength tensors are antisymmetric in their first two indices and are totaly symmetric with respect
to the rest of the indices. The symmetry properties of the field strength Ga

µν,λ1...λs
remain invariant in the

course of this transformation. By induction the entire construction can be generalized to include tensor
fields of any rank s [2,3].

3 First gauge invariant lagrangian

The gauge invariant Lagrangian now can be formulated in the form [3]

Ls+1 = − 1
4 Ga

µν,λ1...λs
Ga

µν,λ1...λs
+ . . .

c© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.fp-journal.org



Fortschr. Phys. 54, No. 5 – 6 (2006) 475

= − 1
4

2s∑

i=0

as
i Ga

µν,λ1...λi
Ga

µν,λi+1...λ2s




∑

p′s

ηλi1λi2 . . . ηλi2s−1λi2s



 , (8)

where the sum
∑

p runs over all nonequal permutations of i′s, in total (2s − 1)!! terms. For the low values
of s = 0, 1, 2, . . . the numerical coefficients

as
i =

s!
i!(2s − i)!

are: a0
0 = 1; a1

1 = 1, a1
0 = a1

2 = 1/2; a2
2 = 1/2, a2

1 = a2
3 = 1/3, a2

0 = a2
4 = 1/12; and so on. In

order to describe fixed rank-(s + 1) gauge field one should have at disposal all gauge fields up to the rank
2s + 1. In order to make all tensor gauge fields dynamical one should add the corresponding kinetic terms.
Thus the invariant Lagrangian describing dynamical tensor gauge bosons of all ranks has the form

L =
∞∑

s=1

gsLs . (9)

The first three terms of the invariant Lagrangian have the following form [3]:

L = L1 + L2 + L3 + . . . = − 1
4 Ga

µνGa
µν − 1

4 Ga
µν,λGa

µν,λ − 1
4 Ga

µνGa
µν,λλ

− 1
4 Ga

µν,λρG
a
µν,λρ − 1

8 Ga
µν,λλGa

µν,ρρ − 1
2 Ga

µν,λGa
µν,λρρ − 1

8 Ga
µνGa

µν,λλρρ + . . . , (10)

where the first term is theYang-Mills Lagrangian and the second and the third ones describe the tensor gauge
fields Aa

µν , Aa
µνλ and so on. It is important that: i) the Lagrangian does not contain higher derivatives of

tensor gauge fields ii) all interactions take place through the three- and four-particle exchanges with
dimensionless coupling constant iii) the complete Lagrangian contains all higher-rank tensor gauge fields
and should not be truncated.

4 Geometrical interpretation

Let us consider a possible geometrical interpretation of the above construction. Introducing tangent space-
time unit vector eµ and considering it as a second variable we can introduce the extended gauge parameter
ξa
λ1...λs

(x) and the generators La
λ1...λs

= Laeλ1 . . . eλs
[2–4]

ξ(x, e) =
∞∑

s=0

ξa
λ1...λs

(x) Laeλ1 . . . eλs (11)

and define the gauge transformation of the extended gauge field Aµ(x, e) as in (3)

A′
µ(x, e) = U(ξ)Aµ(x, e)U−1(ξ) − i

g
∂µU(ξ) U−1(ξ), (12)

where the unitary transformation matrix is given by the expression U(ξ) = exp{igξ(x, e)}. This allows to
construct the extended field strength tensor of the form (6)

Gµν(x, e) = ∂µAν(x, e) − ∂νAµ(x, e) − ig
[Aµ(x, e) Aν(x, e)

]
(13)

using the commutator of the covariant derivatives ∇ab
µ = (∂µ − igAµ(x, e))ab of a standard form

[∇µ,∇ν ]ab = gfacbGc
µν , so that

G′
µν(x, e)) = U(ξ)Gµν(x, e)U−1(ξ). (14)

www.fp-journal.org c© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



476 G. Savvidy: Non-Abelian tensor gauge fields

The invariant Lagrangian density is given by the expression

L(x, e) = Ga
µν(x, e)Ga

µν(x, e), (15)

as one can be convinced computing its variation with respect to the extended gauge transformation (3),(12)
and (7),(14)

δL(x, e) = 2Ga
µν(x, e) gfacb Gc

µν(x, e) ξb(x, e) = 0.

The Lagrangian density (15) allows to extract gauge invariant, totally symmetric, tensor densities Lλ1...λs(x)
using expansion with respect to the vector variable e

L(x, e) =
∞∑

s=0

Lλ1...λs(x) eλ1 . . . eλs . (16)

In particular the expansion term which is quadratic in powers of e is (see the next section for explicit
variation (22))

(L2)λρ = − 1
4 Ga

µν,λGa
µν,ρ − 1

4 Ga
µνGa

µν,λρ (17)

and defines a unique Lorentz invariant Lagrangian which can be constructed from the above tensor, that is
the Lagrangian L2

L2 = − 1
4 Ga

µν,λGa
µν,λ − 1

4 Ga
µνGa

µν,λλ.

The whole construction can be viewed as an extended vector bundle X on which the gauge field Aa
µ(x, e)

is a connection. The gauge field Aa
µλ1...λs

carry indices a, λ1, . . . , λs which label the generators of the
extended current algebra G associated with the compact Lie group G. It has infinite many generators
La

λ1...λs
= Laeλ1 . . . eλs with commutator

[
La

λ1...λs
, Lb

ρ1...ρk

]
= ifabcLc

λ1...λsρ1...ρk
. (18)

Thus we have vector bundle whose structure group is an extended gauge group G with group elements
U(ξ) = exp(iξ(e)), where ξ(e) =

∑
s ξa

λ1...λs
Laeλ1 . . . eλs and the composition law (5). In contrast, in

Kac-Moody current algebra the generators depend on the complex variable La
n = Lazn (see also [21])

[
La

n, Lb
m

]
= ifabcLc

n+m.

In the next section we shall see that, there exist a second invariant Lagrangian L′
which can be constructed

in terms of extended field strength tensors (6) and the total Lagrangian is a linear sum of the two Lagrangians
c L + c

′ L′
.

5 Second gauge invariant lagrangian

Indeed the Lagrangian (8), (9) and (10) is not the most general Lagrangian which can be constructed in terms
of the above field strength tensors (6) and (13). As we shall see there exists a second invariant Lagrangian
L′

(19), (20) and (21) which can be constructed in terms of extended field strength tensors (6) and the
total Lagrangian is a linear sum of the two Lagrangians c L + c

′ L′
. In particular for the second-rank

tensor gauge field Aa
µλ the total Lagrangian is a sum of two Lagrangians cL2 + c

′L′
2 and, with specially

chosen coefficients {c, c
′}, it exhibits an enhanced gauge invariance (27),(35) with double number of gauge

parameters, which allows to eliminate negative norm polarizations of the nonsymmetric second-rank tensor
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gauge field Aµλ. The geometrical interpretation of the enhanced gauge symmetry with double number of
gauge parameters is not yet known.

Let us consider the gauge invariant tensor density of the form

L′
ρ1ρ2

(x, e) =
1
4

Ga
µρ1

(x, e)Ga
µρ2

(x, e). (19)

It is gauge invariant because its variation is also equal to zero

δL′
ρ1ρ2

(x, e) = 1
4 gfacb Gc

µρ1
(x, e) ξb(x, e)Ga

µρ2
(x, e)+ 1

4 Ga
µρ1

(x, e) gfacb Gc
µρ2

(x, e) ξb(x, e) = 0.

The Lagrangian density (19) generate the second series of gauge invariant tensor densities (L′
ρ1ρ2

)λ1...λs
(x)

when we expand it in powers of the vector variable e

L′
ρ1ρ2

(x, e) =
∞∑

s=0

(L′
ρ1ρ2

)λ1...λs(x) eλ1 . . . eλs . (20)

Using contraction of these tensor densities the gauge invariant Lagrangians can be formulated in the form

L′
s+1 = 1

4 Ga
µλ1,λ2...λs+1

Ga
µλ2,λ1...λs+1

+ . . .

= 1
8

2s+1∑

i=1

as
i−1 Ga

µλ1,λ2...λi
Ga

µλi+1,λi+2...λ2s+2




′∑

p′s

ηλi1λi2 . . . ηλi2s+1λi2s+2



 , (21)

where the sum
∑′

p runs over all nonequal permutations of i′s, with exclusion of the terms which contain
ηλ1,λi+1 .

It is also instructive to construct these Lagrangian densities explicitly. The invariance of the first La-
grangian L2

L2 = − 1
4 Ga

µν,λGa
µν,λ − 1

4 Ga
µνGa

µν,λλ

in (8), (9) and (10) was demonstrated in [3] by calculating its variation with respect to the gauge transfor-
mation (3) and (7). Indeed, its explicit variation is equal to zero

δL2 = − 1
4 Ga

µν,λgfabc
(
Gb

µν,λξc + Gb
µνξc

λ

)
− 1

4 gfabc
(
Ga

µν,λξc + Gb
µνξc

λ

)
Gb

µν,λ

− 1
4 gfabcGb

µνξcGa
µν,λλ

− 1
4 Ga

µνgfabc
(
Gb

µν,λλξc + Gb
µν,λξc

λ + Gb
µν,λξc

λ + Gb
µνξc

λλ

)
= 0. (22)

As we have seen above a general consideration shows that the Lagrangian L2 is not a unique one and that
there exist a second invariant Lagrangian L′

2. Let us construct this Lagrangian density explicitly. First notice
that there exist additional Lorentz invariant quadratic forms which can be constructed by the corresponding
field strength tensors. They are [2]

Ga
µν,λGa

µλ,ν , Ga
µν,νGa

µλ,λ, Ga
µνGa

µλ,νλ.

Calculating the variation of each of these terms with respect to the gauge transformation (3) and (7) one
can get convinced that a particular linear combination

L′
2 = 1

4 Ga
µν,λGa

µλ,ν + 1
4 Ga

µν,νGa
µλ,λ + 1

2 Ga
µνGa

µλ,νλ (23)
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478 G. Savvidy: Non-Abelian tensor gauge fields

forms an invariant Lagrangian and coincide with (21) for s=1. Indeed the variation of the Lagrangian L′
2

under the gauge transformation (7) is equal to zero:

δL′
2 = + 1

4 Ga
µν,λgfabc

(
Gb

µλ,νξc + Gb
µλξc

ν

)
+ 1

4 gfabc
(
Gb

µν,λξc + Gb
µνξc

λ

)
Ga

µλ,ν

+ 1
2 Ga

µν,νgfabc
(
Gb

µλ,λξc + Gb
µλξc

λ

)

+ 1
2 gfabcGb

µνξcGa
µλ,νλ

+ 1
2 Ga

µνgfabc
(
Gb

µλ,νλξc + Gb
µλ,νξc

λ + Gb
µλ,λξc

ν + Gb
µλξc

νλ

)
= 0.

As a result we have two invariant Lagrangians L2 and L′
2 and the general Lagrangian is a linear combination

of these two Lagrangians L2 + cL′
2, where c is an arbitrary constant.

Our aim now is to demonstrate that if c = 1 then we shall have enhanced local gauge invariance
(27),(35) of the Lagrangian L2 + L′

2 with double number of gauge parameters. This allows to eliminate all
negative norm states of the nonsymmetric second-rank tensor gauge field Aa

µλ, which describes therefore
two polarizations of helicity-two massless charged tensor gauge boson and of the helicity-zero “axion”.

6 Enhancement of extended gauge transformations

Indeed, let us consider the situation at the linearized level when the gauge coupling constant g is equal to
zero. The free part of the L2 Lagrangian is

Lfree
2 = 1

2 Aa
αά

(
ηαγηάγ́∂2 − ηάγ́∂α∂γ

)
Aa

γγ́ = 1
2 Aa

αάHαάγγ́Aa
γγ́ ,

where the quadratic form in the momentum representation has the form

Hαάγγ́(k) = −(k2ηαγ − kαkγ)ηάγ́ = −Hαγ(k)ηάγ́ ,

is obviously invariant with respect to the gauge transformation δAa
µλ = ∂µξa

λ, but it is not invariant with
respect to the alternative gauge transformations δAa

µλ = ∂ληa
µ. This can be seen, for example, from the

following relations in the momentum representation:

kαHαάγγ́(k) = 0, kάHαάγγ́(k) = − (k2ηαγ − kαkγ

)
kγ́ �= 0. (24)

Let us consider now the free part of the second Lagrangian

L′free
2 = 1

4 Aa
αά

(−ηαγ́ηάγ∂2 − ηαάηγγ́∂2 + ηαγ́∂ά∂γ + ηάγ∂α∂γ́ + ηαά∂γ∂γ́ +

+ηγγ́∂α∂ά − 2ηαγ∂ά∂γ́

)
Aa

γγ́ = 1
2 Aa

αάH
′

αάγγ́Aa
γγ́ , (25)

where

H
′
αάγγ́(k) = 1

2 (ηαγ́ηάγ + ηαάηγγ́)k2 − 1
2 (ηαγ́kάkγ + ηάγkαkγ́ + ηαάkγkγ́ + ηγγ́kαkά − 2ηαγkάkγ́).

It is again invariant with respect to the gauge transformation δAa
µλ = ∂µξa

λ, but it is not invariant with
respect to the gauge transformations δAa

µλ = ∂ληa
µ as one can see from analogous relations

kαH
′
αάγγ́(k) = 0, kάH

′
αάγγ́(k) =

(
k2ηαγ − kαkγ

)
kγ́ �= 0. (26)

As it is obvious from (24) and (26), the total Lagrangian Lfree
2 +L′free

2 now poses new enhanced invariance
with respect to the larger, eight parameter, gauge transformations

δAa
µλ = ∂µξa

λ + ∂ληa
µ + . . . , (27)
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where ξa
λ and ηa

µ are eight arbitrary functions, because

kα

(
Hαάγγ́ + H

′
αάγγ́

)
= 0, kά

(
Hαάγγ́ + H

′
αάγγ́

)
= 0. (28)

Thus our free part of the Lagrangian is

Ltot free
2 = − 1

2 ∂µAa
νλ∂µAa

νλ + 1
2 ∂µAa

νλ∂νAa
µλ +

+ 1
4 ∂µAa

νλ∂µAa
λν − 1

4 ∂µAa
νλ∂λAa

µν − 1
4 ∂νAa

µλ∂µAa
λν + 1

4 ∂νAa
µλ∂λAa

µν

+ 1
4 ∂µAa

νν∂µAa
λλ − 1

2 ∂µAa
νν∂λAa

µλ + 1
4 ∂νAa

µν∂λAa
µλ (29)

or, in equivalent form, it is

Ltot free
2 = 1

2 Aa
αά{(ηαγηάγ́ − 1

2 ηαγ́ηάγ − 1
2 ηαάηγγ́

)
∂2 − ηάγ́∂α∂γ − ηαγ∂ά∂γ́ +

+ 1
2

(
ηαγ́∂ά∂γ + ηάγ∂α∂γ́ + ηαά∂γ∂γ́ + ηγγ́∂α∂ά

)}Aa
γγ́ (30)

and is invariant with respect to the larger gauge transformations δAa
µλ = ∂µξa

λ + ∂ληa
µ, where ξa

λ and ηa
µ

are eight arbitrary functions. In the momentum representation the quadratic form is

Htot
αάγγ́(k) =

(−ηαγηάγ́ + 1
2 ηαγ́ηάγ + 1

2 ηαάηγγ́

)
k2 + ηαγkάkγ́ + ηάγ́kαkγ

− 1
2

(
ηαγ́kάkγ + ηάγkαkγ́ + ηαάkγkγ́ + ηγγ́kαkά

)
. (31)

Let us consider also the symmetries of the remaining two terms in the full Lagrangian L = L1+L2+L′
2.

They have the form

− 1
4 Ga

µνGa
µν,λλ + 1

2 Ga
µνGa

µλ,νλ.

The part which is quadratic in fields has the form

Lfree
2 = 1

2 Aa
α{ +ηγ′ γ′′ − ηαγ∂γ′ ∂γ′′

− 1
2

(
ηγγ′′ ∂2 − ∂γ∂γ′′

)
ηαγ′ − 1

2

(
ηγγ′ ∂2 − ∂γ∂γ′

)
ηαγ′′

+ 1
2 ηγγ′′ ∂α∂γ′ + 1

2 ηγγ′ ∂α∂γ′′ }Aa
γγ′ γ′′

= 1
2 Aa

αHαγγ′ γ′′ Aa
γγ′ γ′′ , (32)

where the quadratic form in the momentum representation is

Hαγγ′ γ′′ (k) = − (ηαγk2 − kαkγ

)
ηγ′ γ′′ + ηαγkγ′ kγ′′

+ 1
2

(
ηγγ′′ k2 − kγkγ′′

)
ηαγ′ − 1

2 ηγγ′′ kαkγ′

+ 1
2

(
ηγγ′ k2 − kγkγ′

)
ηαγ′′ − 1

2 ηγγ′ kαkγ′′ . (33)

As one can see all divergences are equal to zero

kαHαγγ′ γ′′ (k) = kγHαγγ′ γ′′ (k) = kγ′ Hαγγ′ γ′′ (k) = kγ′′ Hαγγ′ γ′′ (k) = 0. (34)

This result means that the quadratic part of the full Lagrangian L = L1 + L2 + L′
2 is invariant under the

following local gauge transformations

δ̃ηAa
µ = ∂µηa + . . .
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δ̃ηAa
µν = ∂νηa

µ + . . . , (35)

δ̃ηAa
µνλ = ∂νηa

µλ + ∂ληa
µν + . . .

. . . . . . . ,

in addition to the initial local gauge transformations (3)

δξA
a
µ = ∂µξa + . . .

δξA
a
µν = ∂µξa

ν + . . .

δξA
a
µνλ = ∂µξa

νλ + . . . (36)

It is important to known how the transformation (35) looks like when the gauge coupling constant
is not equal to zero. The existence of the full transformation is guaranteed by the conservation of the
corresponding currents (43), (44) and (45). At the moment we can only guess the full form of the second
local gauge transformation requiring the closure of the corresponding algebra. The extension we have found
has the form [2]:

δ̃ηAa
µ =

(
δab∂µ + gfacbAc

µ

)
ηb, (37)

δ̃ηAa
µν =

(
δab∂ν + gfacbAc

ν

)
ηb

µ + gfacbAc
µνηb,

δ̃ηAa
µνλ =

(
δab∂ν + gfacbAc

ν

)
ηb

µλ +
(
δab∂λ + gfacbAc

λ

)
ηb

µν + gfacb
(
Ac

µνηb
λ + Ac

µληb
ν + Ac

µνληb
)

. . .. . . . ,

and forms a closed algebraic structure. The composition law of the gauge parameters {η, ην , ηνλ, . . .} is
the same as in (5).

7 Total lagrangian and equation of motion

In summary, we have the following Lagrangian for the lower-rank tensor gauge fields:

L = L1 + L2 + L′
2 = − 1

4 Ga
µνGa

µν (38)

− 1
4 Ga

µν,λGa
µν,λ − 1

4 Ga
µνGa

µν,λλ

+ 1
4 Ga

µν,λGa
µλ,ν + 1

4 Ga
µν,νGa

µλ,λ + 1
2 Ga

µνGa
µλ,νλ.

Let us consider the equations of motion which follow from this Lagrangian for the vector gauge field Aa
ν :

∇ab
µ Gb

µν + 1
2 ∇ab

µ

(
Gb

µν,λλ + Gb
νλ,µλ + Gb

λµ,νλ

)
+ gfacbAc

µλGb
µν,λ (39)

− 1
2 gfacb

(
Ac

µλGb
µλ,ν + Ac

µλGb
λν,µ + Ac

λλGb
µν,µ + Ac

µνGb
µλ,λ

)

+ 1
2 gfacb

(
Ac

µλλGb
µν + Ac

µµλGb
νλ + Ac

µνλGb
λµ

)
= 0

and for the second-rank tensor gauge field Aa
νλ:

∇ab
µ Gb

µν,λ − 1
2

(
∇ab

µ Gb
µλ,ν + ∇ab

µ Gb
λν,µ + ∇ab

λ Gb
µν,µ + ηνλ∇ab

µ Gb
µρ,ρ

)

+gfacbAc
µλGb

µν − 1
2 gfacb

(
Ac

µνGb
µλ + Ac

µµGb
λν + Ac

λµGb
µν + ηνλAc

µρG
b
µρ

)
= 0. (40)
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The variation of the action with respect to the third-rank gauge field Aa
νλρ will give the equations

ηλρ∇ab
µ Gb

µν − 1
2

(
ηνρ∇ab

µ Gb
µλ + ηλν∇ab

µ Gb
µρ

)
+ 1

2

(
∇ab

ρ Gb
νλ + ∇ab

λ Gb
νρ

)
= 0. (41)

Representing these system of equations in the form

∂µF a
µν + 1

2 ∂µ

(
F a

µν,λλ + F a
νλ,µλ + F a

λµ,νλ

)
= ja

ν (42)

∂µF a
µν,λ − 1

2

(
∂µF a

µλ,ν + ∂µF a
λν,µ + ∂λF a

µν,µ + ηνλ∂µF a
µρ,ρ

)
= ja

νλ

ηλρ∂µF a
µν − 1

2

(
ηνρ∂µF a

µλ + ηνλ∂µF a
µρ

)
+ 1

2

(
∂ρF

a
νλ + ∂λF a

νρ

)
= ja

νλρ,

where F a
µν = ∂µAa

ν − ∂νAa
µ, F a

µν,λ = ∂µAa
νλ − ∂νAa

µλ, F a
µν,λρ = ∂µAa

νλρ − ∂νAa
µλρ , we can find the

corresponding conserved currents

ja
ν = −gfabcAb

µGc
µν − gfabc∂µ

(
Ab

µAc
ν

)
(43)

− 1
2 gfabcAb

µ

(
Gc

µν,λλ + Gc
νλ,µλ + Gc

λµ,νλ

)
− 1

2 ∂µ

(
Ia
µν,λλ + Ia

νλ,µλ + Ia
λµ,νλ

)

−gfabcAb
µλGc

µν,λ + 1
2 gfabc

(
Ab

µλGc
µλ,ν + Ab

µλGc
λν,µ + Ab

λλGc
µν,µ + Ab

µνGc
µλ,λ

)

− 1
2 gfabc

(
Ab

µλλGc
µν + Ab

λµλGc
νµ + Ab

µλνGc
λµ

)
,

where Ia
µν,λρ = gfabc

(
Ab

µ Ac
νλρ + Ab

µλ Ac
νρ + Ab

µρ Ac
νλ + Ab

µλρ Ac
ν

)
and

ja
νλ = −gfabcAb

µGc
µν,λ + 1

2 gfabc
(
Ab

µGc
µλ,ν + Ab

µGc
λν,µ + Ab

λGc
µν,µ + ηνλAb

µGc
µρ,ρ

)

− gfabcAb
µλGc

µν + 1
2 gfabc

(
Ab

µνGc
µλ + Ab

λµGc
µν + Ab

µµGc
λν + ηνλAb

µρG
c
µρ

)

− gfabc∂µ

(
Ab

µAc
νλ + Ab

µλAc
ν

)
+ 1

2 gfabc[∂µ

(
Ab

µAc
λν + Ab

µνAc
λ

)
+ ∂µ

(
Ab

λAc
νµ + Ab

λµAc
ν

)

+ ∂λ

(
Ab

µAb
νµ + Ab

µµAc
ν

)
+ ηνλ∂µ

(
Ab

µAb
ρρ + Ab

µρA
c
ρ

)
], (44)

ja
νλρ = −ηλρ gfabcAb

µGc
µν + 1

2 gfabc
(
ηνρA

b
µGc

µλ + ηνλAb
µGc

µρ − Ab
ρG

c
νλ − Ab

λGc
νρ

)
(45)

− ηλρ gfabc∂µ

(
Ab

µAc
ν

)
+ 1

2 gfabc
[
∂µ

(
ηνλAb

µAc
ρ + ηνρA

b
µAc

λ

)
− ∂λ

(
Ab

νAc
ρ

)
− ∂ρ

(
Ab

νAc
λ

)]
.

Thus

∂νja
ν = 0,

∂νja
νλ = 0, ∂λja

νλ = 0,

∂νja
νλρ = 0, ∂λja

νλρ = 0, ∂ρj
a
νλρ = 0, (46)

because, as we demonstrated above, the partial derivatives of the l.h.s. of the eqs. (42) are equal to zero (see
eqs. (28) and eqs. (34)).
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8 Linearized equations and propagating modes

At the linearized level, when the gauge coupling constant g is equal to zero, the equations of motion (40)
for the second-rank tensor gauge fields will take the form

∂2 (Aa
νλ − 1

2 Aa
λν

)− ∂ν∂µ

(
Aa

µλ − 1
2 Aa

λµ

)
−∂λ∂µ

(
Aa

νµ − 1
2 Aa

µν

)
+ ∂ν∂λ

(
Aa

µµ − 1
2 Aa

µµ

)

+ 1
2 ηνλ

(
∂µ∂ρA

a
µρ − ∂2Aa

µµ

)
= 0 (47)

and, as we shall see below, they describe the propagation of massless particles of spin 2 and spin 0. It is
also easy to see that for the symmetric part of the tensor gauge field

(
Aa

νλ + Aa
λν

)
/2 our equation reduces

to the well known Fierz-Pauli-Schwinger-Chang-Singh-Hagen-Fronsdal equation

∂2Aνλ − ∂ν∂µAµλ − ∂λ∂µAµν + ∂ν∂λAµµ + ηνλ

(
∂µ∂ρAµρ − ∂2Aµµ

)
= 0, (48)

which describes the propagation of massless tensor boson with two physical polarizations, the λ = ±2
helicity states. For the antisymmetric part (Aa

νλ − Aa
λν)/2 the equation reduces to the form

∂2Aνλ − ∂ν∂µAµλ + ∂λ∂µAµν = 0 (49)

and describes the propagation of massless scalar boson with one physical polarization, the λ = 0 helic-
ity state.

We can find out now how many propagating degrees of freedom describe the system of eqs. (47) in the
classical theory. Taking the trace of the equation (47) we shall get

∂µ∂ρA
a
µρ − ∂2Aa

ρρ = 0, (50)

and the equation (47) takes the form

∂2 (Aa
νλ − 1

2 Aa
λν

)− ∂ν∂µ

(
Aa

µλ − 1
2 Aa

λµ

)
− ∂λ∂µ

(
Aa

νµ − 1
2 Aa

µν

)
+ 1

2 ∂ν∂λAa
µµ = 0. (51)

Using the gauge invariance (27) we can impose the Lorentz invariant supplementary conditions on the
second-rank gauge fields Aµλ: ∂µAa

µλ = aλ, ∂λAa
µλ = bµ, where aλ and bµ are arbitrary functions,

or one can suggest alternative supplementary conditions in which the quadratic form (29), (30), (31) is
diagonal:

∂µAa
µλ − 1

2 ∂λAa
µµ = 0, ∂λAa

µλ − 1
2 ∂µAa

λλ = 0. (52)

In this gauge the equation (51) has the form

∂2Aa
νλ = 0 (53)

and in the momentum representation Aµν(x) = eµν(k)eikx from eq. (53) it follows that k2 = 0 and we
have massless particles.

For the symmetric part of the tensor field Aa
µλ the supplementary conditions (52) are equivalent to the

harmonic gauge

∂µ

(
Aa

µλ + Aa
λµ

)
− 1

2 ∂λ

(
Aa

µµ + Aa
µµ

)
= 0, (54)

and the residual gauge transformations are defined by the gauge parameters ξa
λ + ηa

λ which should satisfy
the equation

∂2 (ξa
λ + ηa

λ) = 0. (55)
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Thus imposing the harmonic gauge (54) and using the residual gauge transformations (55) one can see that
the number of propagating physical polarizations which are described by the symmetric part of the tensor
field Aa

µλ are given by two helicity states λ = ±2 multiplied by the dimension of the group G (a=1,. . . ,N).
For the anisymmetric part of the tensor field Aa

µλ the supplementary conditions (52) are equivalent to
the Lorentz gauge

∂µ(Aa
µλ − Aa

λµ) = 0 (56)

and together with the equation of motion they describe the propagation of one physical polarization of
helicity λ = 0 multiplied by the dimension of the group G (a=1,. . . ,N).

Thus we have seen that the extended gauge symmetry (27) with eight gauge parameters is sufficient to
exclude all negative norm polarizations from the spectrum of the second-rank nonsymmetric tensor gauge
field Aµλ which describes now the propagation of three physical modes of helicities ±2 and 0.

In the Lorentz-like gauge and with the traceless condition we shall get

Hfix
αάγγ́(k) =

(
ηαγηάγ́ − 1

2 ηαάηγγ́

)
(−k2)

and the propagator ∆γγ́λλ́(k) from the equation Hfix
αάγγ́(k)∆γγ́λλ́(k) = ηαληάλ́ , thus

∆γγ́λλ́(k) = − ηγληγ́λ́ − 1
2 ηγγ́ηλλ́

k2 − iε
. (57)

The corresponding residue can be represented as a sum

ηγληγ́λ́ − 1
2 ηγγ́ηλλ́ = + 1

2

(
ηγληγ́λ́ + ηγλ́ηγ́λ − ηγγ́ηλλ́

)
+ 1

2

(
ηγληγ́λ́ − ηγλ́ηγ́λ

)
. (58)

The first term describes the λ = ±2 helicity states and is represented by the symmetric part of the polarization
tensor eµλ, the second term describes λ = 0 helicity state and is represented by its antisymmetric part.
Indeed, for the massless case, when kµ is aligned along the third axis, kµ = (k, 0, 0, k), we have two
independent polarizations of the helicity-2 particle and spin-zero axion

e1
µλ =

1√
2





0, 0, 0, 0
0, 1, 0, 0
0, 0,−1, 0
0, 0, 0, 0



 , e2
µλ =

1√
2





0, 0, 0, 0
0, 0, 1, 0
0, 1, 0, 0
0, 0, 0, 0



 , eA
µλ =

1√
2





0, 0, 0, 0
0, 0, 1, 0
0,−1, 0, 0
0, 0, 0, 0



 , (59)

with the property that e1
γγ́e1

λλ́
+ e2

αάe2
γγ́ � 1

2 (ηγληγ́λ́ + ηγλ́ηγ́λ − ηγγ́ηλλ́) and eA
γγ́eA

λλ́
� 1

2 (ηγληγ́λ́ −
ηγλ́ηγ́λ). The symbol � means that the equation holds up to longitudinal terms.

Thus the general second-rank tensor gauge field with 16 components Aµλ describes in this theory three
physical propagating massless polarizations.

9 Higher-spin extension of electroweak theory

Let us consider the possible extension of the standard model of electroweak interactions which follows
from the above generalization. In the first model which we shall consider only the SU(2)L group will be
extended to higher spins, but not the U(1)Y group. The W±, Z gauge bosons will receive their higher-spin
descendence

(W±, Z)µ,
(
W̃±, Z̃

)

µλ
, . . .
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and the doublet of complex Higgs scalars will appear together with their higher-spin partners:
(

φ+

φo

)
,

(
φ+

φo

)
,

(
φ+

φo

)

λρ

, . . . Y = +1.

The Lagrangian which describes the interaction of the tensor gauge bosons with scalar fields and tensor
bosons is:

L = − 1
4 Gi

µνGi
µν − 1

4 FµνFµν +

(
∂µ +

ig
′

2
Bµ +

ig

2
τ iAi

µ

)
φ†
(

∂µ − ig
′

2
Bµ − ig

2
τ iAi

µ

)
φ

− 1
4 Gi

µν,λGi
µν,λ − 1

4 Gi
µνGi

µν,λλ + 1
4 Gi

µν,λGi
µλ,ν + 1

4 Gi
µν,νGi

µλ,λ + 1
2 Gi

µνGi
µλ,νλ

+
g2

4
φ†τ iAi

µλτ jAj
µλφ + ∇µφ†

λ ∇µφλ + 1
2 ∇µφ†

λλ ∇µφ + 1
2 ∇µφ† ∇µφλλ

−ig∇µφ† Aµλφλ + igφ†
λAµλ ∇µφ − ig∇µφ†

λ Aµλφ + igφ†Aµλ ∇µφλ −
− 1

2 ig∇µφ† Aµλλφ + 1
2 igφ†Aµλλ ∇µφ , (60)

where ∇µ = ∂µ − ig
′

2 Y Bµ − igT iAi
µ, Y is hypercharge, Q is charge, Q = T3 + Y/2, and for isospinor

fields T i = τ i/2. The three terms in the first line represent the standard electroweak model and the rest of
the terms - its higher-spin generalization. Therefore all parameters of the standard model are incorporated
in the extension. The first term in the third line will generate the masses of the tensor W̃±, Z̃ gauge bosons:

1
8 g2η2

[(
A3

µλ

)2
+ 2A+

µλA−
µλ

]
, (61)

when the scalar fields acquire the vacuum expectation value η: φ = 1√
2

(
0

η + χ(x)

)
and

Z̃µλ = A3
µλ, W̃±

µλ =
1√
2

(
A1

µλ ± iA2
µλ

)
,

Thus all three intermediate spin-2 bosons will acquire the mass proportional to mW̃ ,Z̃ = 1
2 gη = mW . The

rest of the terms describe the interaction between “old” and new particles. One should also introduce the
Yukawa self-interaction for the bosons φλ in order to make them massive.

Let us consider the fermion sector of the extended electroweak model. One should note that the interaction
of tensor gauge bosons with fermions is not as usual as one could expect. Indeed, let us now analyze the
interaction with new spinor-tensor leptons

L = 1
2 (1 + γ5)

(
νe

e

)
, Lλ = 1

2 (1 + γ5)

(
νe

e

)

λ

, Lλρ = 1
2 (1 + γ5)

(
νe

e

)

λρ

. . . Y = −1.

All these left-handed states have hypercharge Y = −1 and the only right-handed state

R = 1
2 (1 − γ5)e, Y = −2

has the hypercharge Y = −2. The corresponding Lagrangian will take the form

LF = L̄ �∇L + R̄ �∇R + L̄λ �∇Lλ + 1
2 L̄ �∇Lλλ + 1

2 L̄λλ �∇L + gL̄λ �AλL

+gL̄ �AλLλ + 1
2 gL̄ �AλλL,

where the first two terms describe the standard electroweak interaction of vector gauge bosons with standard
spin-1/2 leptons, the next three terms describe the interaction of the vector gauge bosons with new leptons of
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the spin 3/2 and finally the last three terms describe the interaction of the new tensor gauge bosons W̃±, Z̃
with standard spin-1/2 and spin-3/2 leptons.

The new interaction vertices generate decay of the standard vector gauge bosons through the channels

γ, Z → e3/2 + ē3/2, γ, Z → ν3/2 + ν̄3/2, W → ν3/2 + e3/2, W → ν3/2 + e3/2 ,

where a pair of new leptons is created. The observability of these channels depends on the masses of the new
leptons. This information is encoded into the Yukawa couplings, as it takes place for the standard leptons
of the spin 1/2. We can only say that they are large enough not to be seen at low energies, but are predicted
to be visible at higher-energy experiments.

The decay reactions of the new tensor gauge bosons W̃±, Z̃ can take place through the channels

Z̃ → e3/2 + ē1/2, Z̃ → ν3/2 + ν̄1/2, W̃ → ν1/2 + e3/2, W̃ → ν3/2 + e1/2. (62)

The main feature of these processes is that they create a pair which consists of a standard lepton e1/2 and of
a new lepton e3/2 of the spin 3/2. Because in all these reactions there always participates a new lepton, they
may take place also at large enough energies, but it is impossible to predict the threshold energy because we
do not know the corresponding Yukawa couplings. The situation with Yukawa couplings is the same as it is
in the standard model. There is no decay channels of the new tensor bosons only into the standard leptons,
as one can see from the Lagrangian. Therefore it is also impossible to create tensor gauge bosons directly
in e+ + e− annihilation, but they can appear in the decay of the Z

e+ + e− → Z → W̃+ + W̃− (63)

and will afterwards decay through the channels discussed above (62) W̃ → ν + ẽ or W̃ → ν̃ + e . It seems
that reaction (63), predicted by the generalized theory, is the most appropriate candidate which could be
tested in the experiment. The details will be given in the forthcoming publication.

We did not consider the tensor extension of the U(1)Y in the first place, because in that case we shall
have the massless spin-2 descendent of the photon, which most probably should be associated with the
graviton. The right-handed sector should be enlarged in the following way:

R = 1
2 (1 − γ5)e, Rλ = 1

2 (1 − γ5)eλ, Rλρ = 1
2 (1 − γ5)eλρ, . . . , Y = −2,

and the Lagrangian will take the form

LF = L̄ �∇L + R̄ �∇R (64)

+L̄λ �∇Lλ + 1
2 L̄ �∇Lλλ + 1

2 L̄λλ �∇L + gL̄λ �AλL + gL̄ �AλLλ + 1
2 gL̄ �AλλL

+R̄λ �∇Rλ + 1
2 R̄ �∇Rλλ + 1

2 R̄λλ �∇R + g
′
R̄λ �BλR + g

′
R̄ �BλRλ + 1

2 g
′
R̄ �BλλR,

where the terms in the last line describe the interaction of the Abelian U(1)Y tensor fields Bµ, Bµλ, . . .
with the right-handed sector of new leptons.

Acknowledgements I wish to thank the organizers of the conference Corfu2005 and especially Ionnis Bakas for the
invitation. This work was partially supported by the EEC Grant no. MRTN-CT-2004-005616.

References

[1] C. N. Yang and R. L. Mills, Phys. Rev. 96, 191 (1954).
[2] G. Savvidy, Phys. Lett. B 625, 341 (2005), http://www.inp.demokritos.gr/˜savvidy/Savvidis 2005.ppt.
[3] G. Savvidy, Generalization of Yang-Mills theory: Non-Abelian tensor gauge fields and higher-spin extension of

standard model, arXiv:hep-th/0505033.

www.fp-journal.org c© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



486 G. Savvidy: Non-Abelian tensor gauge fields

[4] G. K. Savvidy, Int. J. Mod. Phys. A 19, 3171–3194 (2004).
[5] G. K. Savvidy, Phys. Lett. B 552, 72 (2003).
[6] G. Savvidy, Phys. Lett. B 615, 285 (2005).
[7] M. Fierz, Helv. Phys. Acta. 12, 3 (1939).

M. Fierz and W. Pauli, Proc. Roy. Soc. A 173, 211 (1939).
[8] W. Rarita and J. Schwinger, Phys. Rev. 60, 61 (1941).
[9] H. Yukawa, Phys. Rev. 77, 219 (1950).

M. Fierz, Phys. Rev. 78, 184 (1950).
[10] J. Schwinger, Particles, Sourses, and Fields (Addison-Wesley, Reading, MA, 1970).
[11] S. Weinberg, Phys. Rev. 133, B1318 (1964).
[12] S. J. Chang, Phys. Rev. 161, 1308 (1967).
[13] L. P. S. Singh and C. R. Hagen, Phys. Rev. D 9, 898 (1974).
[14] L. P. S. Singh and C. R. Hagen, Phys. Rev. D 9, 910 (1974).
[15] C. Fronsdal, Phys. Rev. D 18, 3624 (1978).
[16] J. Fang and C. Fronsdal, Phys. Rev. D 18, 3630 (1978).
[17] J. Fang and C. Fronsdal, J. Math. Phys. 20, 2264 (1979).
[18] F.A. Berends, G. J. H Burgers, and H. Van, Dam, Nucl. Phys. B 260, 295 (1985).
[19] A. K. Bengtsson, I. Bengtsson, and L. Brink, Nucl. Phys. B 227, 31 (1983).
[20] A. K. Bengtsson, I. Bengtsson, and L. Brink, Nucl. Phys. B 227, 41 (1983).
[21] G. K. Savvidy, Symplectic and Large-N Gauge Theories, in: Proceedings of Vacuum Structure in Intense Fields,

Cargese, 1990, v. 225 (Plenum Press, New York, 1991), p. 415; Renormalization of Infinite Dimensional Gauge
Symmetries, Minnesota University and Yerevan Physics Institute Report TPI-MINN-90-2-T (1990), 18 pp.

c© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.fp-journal.org


