
PHYSICAL REVIEW D 1 JUNE 1996VOLUME 53, NUMBER 11
ARTICLES

Studies of topological distributions of inclusive three- and four-jet events inp̄p collisions
at As51800 GeV with the D0 detector

S. Abachi,12 B. Abbott,34 M. Abolins,23 B.S. Acharya,42 I. Adam,10 D. L. Adams,35

M. Adams,15 S. Ahn,12 H. Aihara,20 J. Alitti, 38 G. Álvarez,16 G. A. Alves,8 E. Amidi,27
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The global topologies of inclusive three- and four-jet events produced inp̄p interactions are described. The
three- and four-jet events are selected from data recorded by the D0 detector at the Fermilab Tevatron C
operating at a center-of-mass energy ofAs51800 GeV. The measured, normalized distributions of variou
topological variables are compared with parton-level predictions of tree-level QCD calculations. The pa
level QCD calculations are found to be in good agreement with the data. The studies also show tha
topological distributions of the different subprocesses involving different numbers of quarks are very sim
and reproduce the measured distributions well. The parton-shower Monte Carlo generators provide
satisfactory description of the topologies of the three- and four-jet events.@S0556-2821~96!01611-6#

PACS number~s!: 14.65.Ha, 13.85.Ni, 13.85.Qk
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INTRODUCTION

The Fermilab Tevatron Collider provides a unique oppo
tunity to study the properties of strong interactions inp̄p
collisions at short distances. The hard scattering is descri
by the theory of perturbative quantum chromodynami
~QCD! @1–3# and has been studied extensively in the la
decade@4,5#. Within the context of QCD, the hard process
described as a pointlike scattering between constituent p
tons ~quarks and gluons! of protons and antiprotons. The
scattering cross sections can be written in expansions
terms of powers of the strong coupling constantas convo-
luted with parton momentum distributions inside th
nucleon. The lowest-orderas

2 term corresponds to the pro
duction of two-parton final states. Terms of orderas

3 and
as
4 in the expansion imply the existence of three- and fou

parton final states, respectively. Colored partons from t
hard scattering evolve via soft quark and gluon radiation a
hadronization processes to form observable colorless h
rons, which appear in the detector as localized energy dep
its identified as jets. High-energy jets originating from pa
tons in the initial hard scattering process are typica
isolated from other collision products. They are expected
preserve the energy and direction of the initial partons, a
therefore the topologies of the final jet system are assume
be directly related to those of the initial parton system.

The cross section and angular distributions for two-j
events have been successfully compared with the predicti
of QCD @5,6#. A study of three- and four-jet events allows
test of the validity of the QCD calculations to higher orde
(as

3 or beyond! and a probe of the underlying QCD dynam
ics. This paper explores the topological distributions
three- and four-jet events. The distributions provide sensit
tests of the QCD matrix element calculations. Topologic
distributions for the three- and four-jet events have been p
lished previously by the UA1, UA2, and CDF Collaboration
@7–10#. However, all of these studies imposed requiremen
on the topological variables themselves, and therefore s
nificantly reduced the phase space under study. For exam
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all previous studies excluded the forward region and im
posed severe limits on the scaled energy variables. Th
requirements in effect excluded most of the events from t
comparisons. This paper extends these studies to previou
untested regions of phase space by removing those requ
ments and represents the most extensive tests of the top
gies of the four-jet events. The measured distributions, wit
out restrictions on the topological variables themselves, a
compared with the QCD tree-level matrix element calcul
tions. Unless otherwise specified, all distributions are no
malized to unit area. The study shows that the QCD calc
lations reproduce the data well even in the phase spa
region unexamined by the previous studies. The predictio
from simple phase-space matrix elements are shown a
comparison, and the distributions of QCD subprocesses
volving different numbers of quarks are also examined. F
nally, the data are compared with the predictions of thr
parton-shower event generators.

DEFINITION OF TOPOLOGICAL VARIABLES

The topological variables used in this paper are defined
the parton or jet center-of-mass system~c.m.s.!. The defini-
tions refer to partons and jets interchangeably. The parto
are assumed to be massless and the jet masses are ignore
using the measured jet energies as the magnitudes of jet
menta.

The topological properties of the three-parton final state
the center-of-mass system can be described in terms of
variables. Three of the variables reflect partition of the c.m
energy among the three final-state partons. The other th
variables define the spatial orientation of the planes conta
ing the three partons. It is convenient to introduce the no
tion 112→31415 for the three-parton process. Here
numbers 1 and 2 refer to incoming partons while the num
bers 3, 4, and 5 label the outgoing partons, ordered in d
scending c.m.s. energies, i.e.,E3.E4.E5 . The final state
parton energy is an obvious choice for the topological va
ables for the three-parton final state. For simplicity
Ei( i53,4,5) is often replaced by the scaled variab
xi( i53,4,5), which is defined byxi52Ei /Aŝ, whereAŝ is
the center-of-mass energy of the hard scattering process.
definition,x31x41x552. The scaled parton energiesxi and
the angles between partons (v jk , j ,k53,4,5) for the three-
parton final state have the relationship
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FIG. 1. Illustration of the topological vari-
ables xi , v i j , u3* , and c* for the three-jet
events.
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2sinv jk

sinv341sinv451sinv53
, ~1!

where i , j ,k53,4,5 andiÞ jÞk. Clearly, the internal struc-
ture of the three-parton final state is completely determin
by any two scaled parton energies. The angles that fix
event orientation can be chosen to be~1! the cosine1 of the
polar angle with respect to the beam (cosu3* ) of parton 3,~2!
the azimuthal angle of parton 3 (f3* ), and ~3! the angle
between the plane containing partons 1 and 3 and the pl
containing partons 4 and 5 (c* ) defined by

cosc*5
~pW 13pW 3!•~pW 43pW 5!

upW 13pW 3uupW 43pW 5u
, ~2!

wherepW i is the parton momentum. Figure 1 illustrates th
definition of the topological variables for the three-parto
final state. For unpolarized beams~as at the Tevatron!, the
f3* distribution is uniform. Therefore, only four independen
kinematic variables are needed to describe the topolog
properties of the three-parton final state. In this paper, th
are chosen to bex3 , x5 , cosu3* , andc* .

Another set of interesting variables is the scaled invaria
mass of jet pairs:

m i j5
mi j

Aŝ
[Axixj~12cosv i j !/2, i , j53,4,5 and iÞ j ,

~3!

wheremi j is the invariant mass of partonsi and j andv i j is
the opening angle between the two partons. The scaled
variant mass (m i j ) is sensitive to the scaled energies of th
two partons, the angle between the two partons, and the c
relations between these variables. Using dimensionless v
ables and making comparisons of normalized distributio
minimizes the systematic errors due to detector resolut
and jet energy scale uncertainty and therefore facilita
comparison between data and theoretical calculation.

The four-parton final state is more complicated. Apa
from the c.m.s. energy, eight independent parameters
needed to completely define a four-parton final state in
center-of-mass system. Two of these define the overall ev

1Unless otherwise specified, the absolute values of the cosine
polar angles are implied throughout this paper.
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orientation while the other six fix the internal structure of th
four-parton system. In contrast to the three-parton final st
there is no simple relationship between the scaled par
energies and the opening angles between partons. Co
quently, the choice of topological variables is less obvious
this case. In this paper, variables are defined in a way sim
to those investigated for the three-parton final state. The f
partons are ordered in descending c.m.s. energy and lab
from 3 to 6. The variables include the scaled energ
(xi , i53, . . . ,6), the cosines of polar angles
(cosui* , i53, . . . ,6) of thefour jets, the cosines of the open
ing angles between partons (cosvij , i,j53, . . . ,6, and i
Þ j ), and the scaled masses (m i j5mi j /Aŝ, i , j53, . . . ,6
and iÞ j ) of parton pairs. In addition, two variables chara
terizing the orientation of event planes are investigated. O
of the two variables is the ‘‘Bengtsson-Zerwas’’ ang
(xBZ) @11# defined as the angle between the plane contain
the two leading jets and the plane containing the two no
leading jets:

cosxBZ5
~pW 33pW 4!•~pW 53pW 6!

upW 33pW 4uupW 53pW 6u
. ~4!

The other variable is the cosine of the ‘‘Nachtmann-Reite
angle (cosuNR) @12# defined as the angle between the m
mentum vector differences of the two leading jets and
two nonleading jets:

cosuNR5
~pW 32pW 4!•~pW 52pW 6!

upW 32pW 4uupW 52pW 6u
. ~5!

Figure 2 illustrates the definitions ofx BZ anduNR variables.
Historically, xBZ and cosuNR were proposed fore1e2 colli-
sions to study gluon self-coupling. Their interpretatio
in p̄p collisions is more complicated, but the variables c
be used as a tool for studying the internal structure of
four-jet events.

THEORETICAL MODEL

The cross section for the production of then-parton final
state 112→31•••1(n12), in p̄p collisions at a center-
of-mass energyAs, is described by the expression

sn5(
l
E f 1

l ~x1! f 2
l ~x2!uMl

nu2Fndx1dx2 , ~6!s of
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FIG. 2. Illustration ofxBZ and
uNR definitions for the four-jet
events.
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where the sum runs over all possible (112→n)-parton sub-
processes. The functionsf 1

l (x1) and f 2
l (x2) are the parton

density functions of the incoming partons,uMl
nu2 represents

the matrix elements of the subprocess, andFn is the
n-body phase space. TheoreticallyuMl

nu2 is well behaved if
calculated to all orders in theas expansion. At present, this
calculation is technically not possible and one has to d
with truncated expansion. As a result,uMl

nu2 diverges when
the energy of any final state parton or the angle between
two partons approaches zero. The singularities inuMl

nu2

cause poles in the topological distributions. In comparison
phase-space model in whichuMl

nu2}1/ŝn22, where
ŝ5x1x2s, does not have singularities in the matrix elemen
therefore, the topology of the model is determined by t
phase spaceFn . In this paper, the distributions from the
phase-space model are used as references for the com
sons between the data and QCD.

Presently two approaches for modeling perturbative QC
for multijet production exist. The straightforward method
the matrix element method, in which Feynman diagrams
calculated order by order inas . Technical difficulties have
limited the calculations to the tree level of the relevant pr
cesses. The exact tree-level matrix element calculation
the three-parton final state has been available for some t
@13#. The complete tree-level matrix element calculations f
up to five final state partons have been recently calculated
Berends, Giele, and Kuijf~BGK! @14# using a Monte Carlo
method. The other commonly used approximate calculatio
are those of Kunszt and Stirling~KS! @15# and of Maxwell
@16#. The perturbative QCD calculations have been incorp
rated into several partonic event generators. The exact t
level matrix elements calculations for up to five jets a
implemented in theNJETS @14# program. PAPAGENO @17#
implements an exact matrix element calculation of tree-lev
contributions for final states with up to three partons a
provides KS and Maxwell approximations for up to six pa
tons. These approximations are used in part to speed up
calculations, in view of the complicated exact matrix el
ments. For the analysis described in this paper, theNJETS

program is used to calculate QCD predictions while th
PAPAGENOprogram is used as a cross-check and to calcul
distributions from the phase-space model.

The second approach is based on the parton-sho
scheme. In this method, the hard scattering begins with t
initial outgoing partons. An arbitrary number of partons a
then branched off from the two outgoing partons and the t
incoming partons~backward evolution! to yield a description
for multiparton production, with no explicit upper limit on
eal

any

, a
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the number of partons involved. The parton-shower picture
derived within the framework of the leading logarithmic a
proximation ~LLA ! @18#. As a result of the approximation
the reliability of the parton shower is expected to decrease
parton multiplicity increases. Many parton-shower Mon
Carlo event generators are available. In this paper,HERWIG

5.8 @19#, ISAJET 7.13@20#, andPYTHIA 5.6 @21# are used.

DATA SAMPLE

The data used in this analysis were collected with the
detector during the 1992–1993 Tevatron run at a center
mass energy of 1800 GeV. The D0 detector consists o
central tracking system, a calorimeter, and muon chamb
Jets are measured in the calorimeter, which has a transv
segmentation ofDh3Df50.130.1. The jet energy resolu
tion is typically 15% atET550 GeV and 7% atET5150
GeV @22#. The jet direction is measured with a resolution
approximately 0.05 in bothh andf. With the hermetic and
uniform rapidity coverage (24.5,h,4.5) of the calorim-
eter, the D0 detector is well suited for studying multij
physics. A detailed description of the D0 detector can
found elsewhere@23#.

The events used in this study passed hardware~level 1!
and software~level 2! energy-cluster-based triggers. In add
tion, a level 0 hardware trigger required that vertices alo
the beam line be within 10.5 cm ofz50. The level 1 trigger
was based on energy deposited in calorimeter towers of
Dh3Df50.230.2. The events were required to have
least two such towers with transverse energy (ET) above 7
GeV. The successful candidates were passed to the lev
trigger, which summed transverse energies of calorime
towers in a cone of radiusR@[(Dh21Df2)1/2#50.7. The
level 2 trigger selected those events with at least one s
cone, built around the level 1 trigger tower, with transver
energy above 50 GeV. The total effective luminosity used
this analysis is 1.2 pb21. The trigger efficiency for events
with at least one jet withET.60 GeV is above 90%@31#. A
detailed description of the trigger can be found elsewh
@24#.

The off-line reconstruction uses a fixed-cone jet algorith
with R50.7, similar to the algorithm used in the level
trigger. The jet reconstruction begins with seed calorime
towers of sizeDh3Df50.130.1 containing more than 1
GeV transverse energy. Towers are represented by mas
four-momentum vectors with directions given by the tow
positions and event vertices. The four-momenta of towers
the cone around the seed tower are summed to form
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four-momentum vector of the jet. The jet direction is the
recalculated using tower directions weighted by their tran
verse energies. The procedure is repeated until the jet a
converges. For two overlapping jets, if either jet shares m
than 50% of its transverse energy with the other jet, the t
jets are merged. Otherwise, they are split and the sha
transverse energy is equally divided between the two je
The final jet ET is the sum of the transverse energies
towers within the cone, while the jet direction is determine
by the jet four-momentum vector (E,Ex ,Ey ,Ez), i.e.,
u5cos21(Ez/AEx

21Ey
21Ez

2), f5tan21(Ey /Ex), and h
52 lntan(u/2).

The jet energy scale has been calibrated using direct p
ton candidates by balancing jetET against that of the photon
candidate. The electromagnetic energy scale was determ
by comparing the measured electron pair mass
Z→e1e2 events with theZ mass@25# measured bye1e2

experiments. The calibration takes into account the effects
out-of-cone particle showering using shower profiles fro
test beam data as well as the underlying event using eve
from minimum-bias triggers. Details can be found in Re
@26#.

After energy corrections, jets are required to haveET
greater than 20 GeV and lie within a pseudorapidity range
23.0 to 3.0. The pseudorapidity is calculated with respect
the event vertex determined from tracks measured by
central tracking detector. Jets passing the above criteria
ordered in decreasingET . TheET of the leading jet must be
greater than 60 GeV to reduce possible trigger bias a
threshold effects.

Three-jet events are selected by further demanding t
there be at least three jets. This leaves about 94 000 even
the sample. The separationDR between jets is required to be
greater than 1.4, which is twice the cone size used, to av
systematic uncertainty associated with the merging or sp
ting of the cone jet algorithm. This requirement remov
events with overlapping jets and therefore ensures good
energy and direction measurements. Approximately 70%
the events pass this requirement. The invariant mass dis
bution of the three highestET jets is shown in Fig. 3. Also
shown is the distribution from the exact tree-level calcul
tions of perturbative QCD after the detector simulation d
scribed below. The overall agreement between the data
QCD distributions is good with the exception of the low
mass region, where the threshold and resolution effects
important. To reduce possible bias in this region, the inva
ant mass of the three leading jets is required to be above
GeV/c2. After all selection criteria, a sample of about 46 00
three-jet events remains. The surviving events are then tra
formed to the c.m.s. frame of the three leading jets. A
other jets in the event are ignored. The jets are reordered
descending energy in their c.m.s. system. The topologi
variables (x3 , x4 , cosu3* , and c* ) are calculated. Unlike
previous studies by other experiments, no requirements
these topological variables are imposed. If the topologic
requirements similar to those in Ref.@8# were imposed, the
three-jet event sample would be reduced by more than
factor of 10.

Four-jet events are selected in a similar manner. Eve
are required to have at least four jets, which results in a d
sample of 19 000 events. TheDR between any jet pair is
n
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required to be greater than 1.4, reducing the data sample
about 8400 events. To reduce potential bias at low ma
while keeping most of the four-jet events, the minimum in
variant mass of the leading four jets is kept at 200 GeV/c2.
The mass distribution before this requirement is applied
shown in Fig. 3. A total of 8100 events remains in the four
jet event sample. The four leading jets of the remainin
events are boosted to their center-of-mass system, and
ordered in decreasing energy. Additional jets, if present, a
ignored. The topological variables are calculated using th
four boosted momentum vectors after ordering in decreasi
energy. No requirements on the topological variables are im
posed.

PREDICTIONS OF THEORETICAL MODELS

The partonic event generatorNJETSis used to calculate the
exact tree-level QCD distributions. ThePAPAGENOprogram
is used to calculate the distributions of the phase-spa
model and the KS approximation. Unless otherwise spec
fied, the parton distribution function used in the calculation
is MRS ~ BCDMS fit! @27# for bothNJETSandPAPAGENO. The
QCD scale parameter is set to 200 MeV and the renorma
ization scales are set to the average transverse momentum
the outgoing partons for both matrix elements and parto
distribution functions. The outgoing partons are analyzed
if they were observed jets and the selection criteria describ
above are applied to select three- and four-jet events.

To study the sensitivity to the choice of parton distribu
tion function, the topological distributions of QCD calcula-
tions with different parton distribution functions are com
pared. ForNJETS, the comparisons are made betweenMRS

@27# and EHLQ @28# parton distribution functions. For
PAPAGENOthe parton distribution functions ofMRS @27# and
Morfin and Tung @29# are employed. Although the total
three- and four-jet cross sections vary by as much as 30%
different parton distribution functions, the normalized topo
logical distributions are found to be relatively insensitive to
the choice. On average, the variation is about 4%.

As an example, the fractional difference in theNJETScal-
culations using the two different parton distribution function
is shown in Fig. 4~a! as dashed line for thex3 variable of the

FIG. 3. The mass distributions of the selected three- and four-
events before the mass requirement. The QCD matrix element c
culations are subjected to the detector simulation and are norm
ized to the number of events in the data.
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6006 53S. ABACHI et al.
three-jet events. Thex3 distribution from theNJETScalcula-
tions is shown in Fig. 5~a!. Because of the unit area norma
ization of the distributions, the variations in different bins a
correlated.

The dependences on the renormalization scale are inv
tigated using thePAPAGENO program. The distributions for
the renormalization scales of~1! the average transverse mo
mentum,~2! one-half the average value of transverse m
mentum, and~3! the total transverse energy are compare
Despite large differences~as much as 60%! in the total pro-
duction cross sections, the differences between normali
distributions are very small, typically less than 2%. Figu
4~a! ~dotted line! shows the bin-by-bin uncertainty of the

FIG. 4. The fractional variations of thex3 variable of the three-
jet events for the different systematic sources discussed in the
for ~a! the QCD calculations and~b! the data. Thex3 distribution is
shown in Fig. 5~a! for both the data and the QCD calculation. Th
variations in different bins are strongly correlated due to the fix
normalization of the distribution.
l-
re

es-
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x3 distribution of the three-jet events due to the uncertain
in the renormalization scale parameter.

In the following comparison with the data, the variation
in the QCD calculations using different normalization sca
parameters and parton distribution functions are calcula
on a bin-by-bin basis. The uncertainty in the QCD calcul
tions is taken as the sum of these variations in quadratur

Both NJETSandPAPAGENOincorporate tree-level calcula-
tions for three- and four-parton final states. The effect on t
normalized distributions due to higher-order loop correctio
is expected to be small in the phase-space region relevan
the analyses described in this paper@30#. Although both
Monte Carlo programs generate exclusive events, the th
or four jets of the generated events predict the behavior
the leading three or four jets of an inclusive data sample@30#.
Therefore the data distributions based on the inclusi
samples are compared with QCD calculations from exclusi
final states in this paper.

UNCERTAINTIES OF THE MEASURED TOPOLOGICAL
DISTRIBUTIONS

The measured distributions of topological variables a
corrected for detector effects~trigger efficiency and detector
acceptance and resolutions! and hadronization effects before
they are compared with the parton-level QCD calculation
Most of these corrections and their uncertainties are mi
mized by normalizing the distributions to unit area and b
selection requirements. In the following, residual uncertai
ties are discussed.

The nonuniformity of the detector acceptance and of t
trigger efficiency in the topological variables and the dete
tor energy resolution and angular resolution have direct
fects on the measured distributions. These effects are e
mated using a fast detector simulation program@31# which
takes into account the detector energy and angular resolu
and the trigger efficiency as functions of the pseudorapid
and the transverse energy of jets. The bin-by-bin correcti

text

e
ed
are

e exact
n scale
tions of
FIG. 5. The scaled energy distributions of~a! x3 and~b! x5 for three-jet events in their center-of-mass system. The statistical errors
represented by the inner error bars while the total errors~with the statistical and systematic errors added in quadrature! are represented by
the outer error bars. All distributions are normalized to unit area. The bottom plot shows the fractional difference of the data from th
tree-level QCD calculation. The dotted lines show the uncertainty of the QCD calculations estimated by varying the normalizatio
parameter and using different parton distribution function in the calculations as discussed in the text. The bin-by-bin systematic varia
the x3 variable for data and the QCD calculations are shown in Fig. 4. The data are also listed in Table I.
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factors applied are flat within 5%. The uncertainties of th
correction factors are estimated by varying the trigger ef
ciency and the detector resolutions within their errors. As
example, the bin-by-bin fractional variation of thex3 distri-
bution of the three-jet events due to the uncertainty of t
detector corrections is shown in Fig. 4~b! as a dotted line.
The variations are very small (;1%! and are correlated from
bin to bin due to the normalization.

After corrections for the detector effects, the measur
distributions are further corrected for hadronization effec
which are determined using theHERWIG event generator. The
parton-level distributions for three- and four-jet events a
compared with the distributions at the particle level. Parto
are defined as those quarks and gluons after the parton sh
ering and before hadronization. The differences between
distributions before and after hadronization are found to
small, typically less than 4%. The uncertainties of the co
rection factors are investigated using theHERWIG and the
PYTHIA event generators. The differences in the correcti
factors between the two event generators are assigned as
tematic uncertainties. Figure 4~b! ~dot-dashed line! shows
the bin-by-bin fractional uncertainty of thex3 distribution of
the three-jet events due to the uncertainty of the hadroni
tion corrections. The uncertainties are less than 2% for m
of the bins. Again, the bin-by-bin uncertainties are strong
correlated since thex3 distribution is normalized to unit area

Another systematic uncertainty of the measured distrib
tions is the uncertainty of the jet energy scale. However,
topological variables have a weak dependence on the ene

TABLE I. The measuredx3 andx5 distributions with their sta-
tistical errors for the three-jet events. The errors include both
statistical and systematic errors.

x3 1/NdN/dx3 x5 1/NdN/dx5

0.66–0.68 0.0760.01 0.075–0.100 0.1560.02
0.68–0.70 0.4060.03 0.100–0.125 0.4260.04
0.70–0.72 0.7460.05 0.125–0.150 0.6860.06
0.72–0.74 0.9960.08 0.150–0.175 1.1360.09
0.74–0.76 1.4760.09 0.175–0.200 1.5060.08
0.76–0.78 1.8260.10 0.200–0.225 1.9060.09
0.78–0.80 2.1860.10 0.225–0.250 2.0060.08
0.80–0.82 2.7460.12 0.250–0.275 2.0760.07
0.82–0.84 3.1960.12 0.275–0.300 2.1360.07
0.84–0.86 3.9460.14 0.300–0.325 2.1360.06
0.86–0.88 4.7160.14 0.325–0.350 2.1660.06
0.88–0.90 5.4760.16 0.350–0.375 2.1960.06
0.90–0.92 6.2260.21 0.375–0.400 2.2760.06
0.92–0.94 6.2260.32 0.400–0.425 2.2460.07
0.94–0.96 5.5060.31 0.425–0.450 2.3260.07
0.96–0.98 3.5760.23 0.450–0.475 2.4660.08
0.98–1.00 0.7760.06 0.475–0.500 2.5460.08

0.500–0.525 2.6460.09
0.525–0.550 2.3060.09
0.550–0.575 1.8460.07
0.575–0.600 1.3760.09
0.600–0.625 0.9560.07
0.625–0.650 0.5060.04
0.650–0.675 0.0960.01
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scale since only the scaled energies and directions of the
are used. Nevertheless, the event selection criteria, such
ET and invariant mass requirements, are susceptible to
uncertainty in energy scale error. The possible distortion
the measured topological variables due to the uncertainty
the energy scale is studied by varying the energy calibrati
constants within their nominal errors which take into accou
the pseudorapidity-dependent systematic effect of the ene
scale. The selection procedure described above is repea
for the events calibrated with these modified constants. O
average, the variations in the measured topological variab
are about 3%. The small variation is in part due to the fa
that the topological distributions change slowly with the je
ET and the invariant mass of the jet system. The fraction
variation in thex3 distribution of the three-jet events due to
the uncertainty in the jet energy scale is shown in Fig. 4~b! as
a dashed line.

In the following, the measured topological distribution
after being corrected for detector and hadronization effe
are compared with the QCD tree-level calculations at t
parton level. The variations on the measured distributio
due to the uncertainties of the correction factors and the u
certainty of the jet energy scale are calculated bin by b
These variations are added in quadrature bin by bin and
sum is assigned as systematic uncertainty of the measu
ment for each bin. Finally, we note that changing the j
separation requirementDR from 1.4 to 1.0 does not change
the degree of agreement between the data and QCD calc
tions.

TOPOLOGIES OF THREE-JET EVENTS

Figure 5 and Table I show the measuredx3 andx5 distri-
butions for the final selection of three-jet events. The stat
tical errors are represented by the inner error bars while
outer error bars represent the statistical and bin-by-bin s
tematic errors added in quadrature. The three jets are labe
in order of decreasing energy in their c.m.s. frame. The a
erage values ofx3 and x5 are 0.88 and 0.39, respectively
The data are compared with the predicted distributions of t
exact QCD tree-level calculations and the expectations fro
the phase-space model. The QCD calculations reproduce
measured distributions well for the entire range. Unlike th
predictions of the phase-space model, the data heavily po
late the highx3 region and have significant contributions a
low x5 values, a characteristic of gluon radiation. The d
crease inx3 distributions at highx3 values is due to the
DR requirement in the event selection. The bottom pl
shows the fractional difference between the data and
QCD predictions with dotted lines indicating the uncertain
of the QCD predictions using different normalization sca
parameters and different parton distribution functions di
cussed above. The bin-by-bin variations of thex3 variable
for both data and the QCD calculations from the differe
systematic sources discussed above are shown in Fig. 4.

The cosu3* distribution is shown in Fig. 6~a!. As in the
angular distribution of two-jet events, an angular dependen
characteristic of Rutherfordt-channel scattering is unmistak-
able. The large angular coverage of the D0 calorimeter
lows the analysis to cover the entire cosu3* range, extending
the study into a previously untested region of phase spa

the



6008 53S. ABACHI et al.
TABLE II. The measured cosu3* andc* distributions for the three-jet events. The errors include both
statistical and systematic errors.

cosu3* 1/NdN/dcosu3* c* 1/NdN/dc*

0.00–0.05 0.1560.01 0.0–10.0 0.007460.0002
0.05–0.10 0.1760.01 10.0–20.0 0.007960.0002
0.10–0.15 0.1760.01 20.0–30.0 0.007860.0002
0.15–0.20 0.1860.01 30.0–40.0 0.006860.0002
0.20–0.25 0.1960.01 40.0–50.0 0.005660.0002
0.25–0.30 0.1960.01 50.0–60.0 0.004460.0002
0.30–0.35 0.2560.01 60.0–70.0 0.003760.0001
0.35–0.40 0.2660.01 70.0–80.0 0.003260.0001
0.40–0.45 0.2860.02 80.0–90.0 0.003260.0001
0.45–0.50 0.3560.02 90.0–100.0 0.003160.0001
0.50–0.55 0.4160.02 100.0–110.0 0.003360.0001
0.55–0.60 0.5360.02 110.0–120.0 0.003860.0001
0.60–0.65 0.6660.02 120.0–130.0 0.004460.0001
0.65–0.70 0.9260.03 130.0–140.0 0.005560.0002
0.70–0.75 1.2060.04 140.0–150.0 0.006960.0002
0.75–0.80 1.6860.04 150.0–160.0 0.008060.0002
0.80–0.85 2.1660.05 160.0–170.0 0.007960.0002
0.85–0.90 2.7860.06 170.0–180.0 0.007360.0002
0.90–0.95 3.6760.08
0.95–1.00 3.8060.09
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As is evident in the figure, the data are well reproduced
the predictions of the exact QCD tree-level calculations ov
the entire range of cosu3* . The phase-space distribution i
mostly flat with high-cosu3* bins suppressed as a result of th
pseudorapidity requirement in the event selection. The dep
tion in the data and the QCD calculations is compensated
a large cross section in this region and therefore is less v
ible. The measuredc* distribution is shown in Fig. 6~b!
together with the results of the exact QCD tree-level calc
lation and of the phase-space model. The phase-space d
bution shows depletions at small and largec* angles, an
effect of the event selection. However, the data and the Q
distributions are enhanced in these regions because of ini
state radiation in which one of the two nonleading jets
close to the beam line. As in the case of thex3 , x5 , and
cosu3* distributions, the overall agreement between data a
the QCD tree-level calculations is very good.

The scaled mass distributions are sensitive to the jet
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ergies, the opening angles between jets, and the correlatio
between these quantities. The measuredm34,m35, andm45

distributions for the three-jet event sample are compare
with the exact QCD predictions in Fig. 7. The QCD predic
tions agree with the data well, while the differences betwee
the data and the phase-space model are large. We also n
that some systematic shift inm35 and m45 distributions is
clearly visible.

We note that the KS approximate QCD calculations ar
essentially identical to the exact tree-level QCD calculation
for the topological variables studied above. This implies tha
the topological distributions are insensitive to the approxima
tion made in the KS calculations. Finally, we also note tha
compared with an earlier study@8# of the topologies of the
three-jet events, the cosu3* region studied has been expande
from 0.8 to 1.0, thex3 upper limit from 0.9 to 1.0, and the
c* range from 20°,c*,160° to 0°<c*<180° for a
minimum three-jet invariant mass of 200 GeV/c2. The ex-
s
d
y

FIG. 6. The distributions for the three-jet
events of~a! the cosine of the leading jet polar
angle and~b! the anglec* ~defined in the text! in
their center-of-mass system. The bottom plot
show fractional differences between the data an
QCD. The dotted lines represent the uncertaint
of the QCD calculations described in the text.
The data are also listed in Table II.
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FIG. 7. The scaled mass distributions of~a! m34, ~b! m35, and~c! m45 for the three-jet events in their center-of-mass system. The bot
plots show fractional differences between the data and QCD. The dotted lines represent the uncertainty of the QCD calculations
in the text. The data are also listed in Table III.
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tension of the phase space dramatically increases numbe
events under study since the cross section peaks strongl
these regions of phase space.

TOPOLOGIES OF FOUR-JET EVENTS

The four measured energy fractions of four-jet events a
shown in Fig. 8 and also listed in Table IV. The inner erro
bars represent the statistical errors while the outer error b
r of
y in

re
r
ars

represent the statistical and bin-by-bin systematic err
added in quadrature. The four jets are labeled in order
decreasing energy in their center-of-mass system. Altho
four scaled energy variables are shown, only three of th
are independent. The other is fixed by the conditi
( ixi52. The measured mean values of the four energy fr
tions are 0.76, 0.61, 0.39, and 0.24. The QCD predictions
the exact tree-level calculations are represented by the s
curves and are in an excellent agreement with the data fo
TABLE III. The measuredm34, m35, andm45 distributions for the three-jet events. The errors include
both statistical and systematic errors.

m34 1/NdN/dm34 m35 1/NdN/dm35 m45 1/NdN/dm45

0.58–0.60 0.2860.03 0.22–0.24 0.1060.01 0.08–0.10 0.0960.01
0.60–0.62 0.8160.06 0.24–0.26 0.2060.02 0.10–0.12 0.2660.02
0.62–0.64 1.3560.09 0.26–0.28 0.3460.03 0.12–0.14 0.4960.03
0.64–0.66 2.0460.06 0.28–0.30 0.5760.05 0.14–0.16 0.8660.05
0.66–0.68 2.6060.08 0.30–0.32 0.8460.06 0.16–0.18 1.3160.06
0.68–0.70 3.5160.10 0.32–0.34 1.2860.08 0.18–0.20 1.6960.07
0.70–0.72 3.7060.10 0.34–0.36 1.6560.08 0.20–0.22 2.2460.10
0.72–0.74 3.6160.09 0.36–0.38 1.9160.07 0.22–0.24 2.6960.11
0.74–0.76 3.4960.09 0.38–0.40 2.1960.08 0.24–0.26 3.1560.11
0.76–0.78 3.4960.09 0.40–0.42 2.3560.07 0.26–0.28 3.3360.09
0.78–0.80 3.4960.10 0.42–0.44 2.4960.08 0.28–0.30 3.6960.09
0.80–0.82 3.5360.09 0.44–0.46 2.6560.09 0.30–0.32 3.7160.10
0.82–0.84 3.5460.09 0.46–0.48 2.7860.10 0.32–0.34 3.5860.10
0.84–0.86 3.6560.10 0.48–0.50 2.9260.10 0.34–0.36 3.4360.08
0.86–0.88 3.4960.13 0.50–0.52 3.3060.10 0.36–0.38 3.2960.09
0.88–0.90 3.3060.15 0.52–0.54 3.3360.10 0.38–0.40 2.9160.08
0.90–0.92 2.3160.16 0.54–0.56 3.7460.11 0.40–0.42 2.5760.07
0.92–0.94 1.2760.10 0.56–0.58 4.0160.13 0.42–0.44 2.3660.07
0.94–0.96 0.4860.05 0.58–0.60 3.9160.13 0.44–0.46 2.0960.07

0.60–0.62 3.3860.12 0.46–0.48 1.8860.07
0.62–0.64 2.6660.11 0.48–0.50 1.5760.06
0.64–0.66 1.9360.09 0.50–0.52 1.1660.06
0.66–0.68 1.1360.06 0.52–0.54 0.9060.05
0.68–0.70 0.3060.02 0.54–0.56 0.5660.04

0.56–0.58 0.1560.02
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four variables. As in the three-jet case, the distributions fro
the phase-space model do not reproduce the data. The f
tional differences between the data and QCD are very sim
to those of the three-jet events and are not shown for s
plicity.

The cosines of the four polar angles of the four-jet even
in their center-of-mass system are compared with QCD c

FIG. 8. The jet energy fraction distributions for the four-je
events in their center-of-mass system. All distributions are norm
ized to unit area. The statistical errors are represented by the in
error bars while the total errors~with the statistical and systematic
errors added in quadrature! are represented by the outer error bar
The data are also listed in Table IV.
m
rac-
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al-

culations in Fig. 9 for the entire range. While the two leadin
jets tend to be in the forward region, the cosine distributio
of the least energetic jet is essentially flat, because the
separation requirement in the event selection favors eve
with other jets in the central region. Although small differ
ences between the data and the QCD calculations are visi
the overall agreement is good. Despite the large differenc
between the data and the phase-space model in cosu3* and

t
al-
ner

s.

FIG. 9. The distributions of jet polar angle for the four-je
events in their center-of-mass system. The statistical and total err
are represented by the inner and outer error bars, respectively.
data are also listed in Table V.
s
TABLE IV. The measured jet energy fraction distributions for the four-jet events in their center-of-mas
system. The errors include both statistical and systematic errors.

x3 1/NdN/dx3 x4 1/NdN/dx4 x5 1/NdN/dx5 x6 1/NdN/dx6

0.525–0.550 0.1460.03 0.39–0.42 0.1360.03 0.100–0.125 0.1560.03 0.050–0.075 0.1860.04
0.550–0.575 0.4360.08 0.42–0.45 0.3660.06 0.125–0.150 0.3060.04 0.075–0.100 0.9560.11
0.575–0.600 1.1160.14 0.45–0.48 1.1260.17 0.150–0.175 0.4660.06 0.100–0.125 1.9060.21
0.600–0.625 1.4960.13 0.48–0.51 2.3460.26 0.175–0.200 0.8360.09 0.125–0.150 3.0660.35
0.625–0.650 2.1860.20 0.51–0.54 3.6360.27 0.200–0.225 1.1160.11 0.150–0.175 3.8660.32
0.650–0.675 2.7560.19 0.54–0.57 4.4860.24 0.225–0.250 1.3460.13 0.175–0.200 4.5060.32
0.675–0.700 2.9260.18 0.57–0.60 4.5560.19 0.250–0.275 1.8060.15 0.200–0.225 4.5160.28
0.700–0.725 3.3760.19 0.60–0.63 3.9660.18 0.275–0.300 2.0360.15 0.225–0.250 4.2760.21
0.725–0.750 3.4160.18 0.63–0.66 3.2760.16 0.300–0.325 2.5160.17 0.250–0.275 3.7060.19
0.750–0.775 3.5260.19 0.66–0.69 2.6760.15 0.325–0.350 2.8160.15 0.275–0.300 3.2660.19
0.775–0.800 3.6760.22 0.69–0.72 2.0960.14 0.350–0.375 3.1060.16 0.300–0.325 2.9360.16
0.800–0.825 3.5360.19 0.72–0.75 1.7260.13 0.375–0.400 3.6960.18 0.325–0.350 2.2360.17
0.825–0.850 3.2960.21 0.75–0.78 1.2560.14 0.400–0.425 4.2160.20 0.350–0.375 1.8160.16
0.850–0.875 2.8460.21 0.78–0.81 0.8860.11 0.425–0.450 4.3060.20 0.375–0.400 1.3460.17
0.875–0.900 2.3360.24 0.81–0.84 0.5460.08 0.450–0.475 4.0560.23 0.400–0.425 0.8260.14
0.900–0.925 1.6360.23 0.84–0.87 0.2360.05 0.475–0.500 3.3760.30 0.425–0.450 0.5260.10
0.925–0.950 1.0260.16 0.87–0.90 0.1260.03 0.500–0.525 2.2260.26 0.450–0.475 0.1560.04
0.950–0.975 0.3260.07 0.525–0.550 1.0860.15

0.550–0.575 0.5160.10
0.575–0.600 0.1160.03
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TABLE V. The measured jet cosine distributions for the four-jet events in their center-of-mass sys
The errors include both statistical and systematic errors.

cosui* 1/NdN/dcosu3* 1/NdN/dcosu4* 1/NdN/dcosu5* 1/NdN/dcosu6*

0.00–0.05 0.1860.03 0.2760.04 0.6060.06 1.0060.10
0.05–0.10 0.1660.03 0.2460.04 0.5860.07 0.8960.10
0.10–0.15 0.1260.02 0.2960.04 0.5760.07 1.0560.12
0.15–0.20 0.2260.04 0.2760.03 0.6060.08 0.9360.10
0.20–0.25 0.1860.03 0.2760.04 0.6260.08 0.9560.10
0.25–0.30 0.2260.04 0.3360.04 0.5960.07 0.9360.11
0.30–0.35 0.2260.03 0.3360.04 0.7460.08 0.9060.11
0.35–0.40 0.2760.04 0.2960.04 0.6860.07 0.9260.11
0.40–0.45 0.3460.04 0.4260.05 0.7460.08 0.9460.10
0.45–0.50 0.3460.04 0.4660.05 0.7360.07 0.9260.10
0.50–0.55 0.3760.05 0.4660.06 0.8660.07 1.0560.11
0.55–0.60 0.4860.05 0.5860.06 0.7560.06 1.1460.12
0.60–0.65 0.6160.05 0.6460.06 0.9560.07 1.1360.09
0.65–0.70 0.7760.06 0.7760.06 0.9660.06 1.1660.08
0.70–0.75 0.9060.06 0.8860.06 1.1360.07 1.1660.08
0.75–0.80 1.1860.07 1.0560.07 1.3260.07 1.1860.08
0.80–0.85 1.6360.08 1.4660.09 1.6860.09 1.2660.09
0.85–0.90 2.2660.10 2.1160.10 2.1360.10 1.2360.09
0.90–0.95 3.5860.15 3.5660.13 2.5860.12 0.9560.07
0.95–1.00 5.9860.17 5.3160.19 1.2060.08 0.3160.04
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cosu4* distributions, the differences in the other two distribu
tions are relatively small.

The internal event structure can be further understood
examining the opening angles between jets. Figure 10 sho
the distributions of the space angle between all possible

FIG. 10. Distributions of the space angle between jet pairs
the four-jet events in their center-of-mass system. The statist
and total errors are represented by the inner and outer error b
respectively. The data are also listed in Table VI.
-

by
ws
jet

pairs of the four-jet events in their center-of-mass syste
While the two leading jets are mostly back to back, th
angles between other jet pairs are distributed widely. T
depletion in the regions where cosvij→1.0 is again due to the
DR requirement in the event selection. The structures of t
data distributions are well described by the QCD prediction

Figure 11 shows the scaled mass distributions of jet pa
of the four-jet events for both data and the QCD calculation
The average scaled mass is 0.65 for the two leading jets a
is 0.23 for the two nonleading jets. The QCD calculation
agree with the data well. Distributions of the phase-spa
model are generally too narrow and fail to reproduce the da
distributions.

Figure 12 compares the measuredxBZ and cosuNR distri-
butions with the predictions of the exact tree-level QCD ca
culations as well as those from the phase-space model. T
agreement between the data and QCD is generally good
the differences between the data and the phase-space m
are large. Although the jet separation requirement in t
event selection favors largexBZ , the data and the QCD dis-
tributions have significant contributions in the small-xBZ re-
gion, which corresponds to a planar topology of the four je
In contrast, the phase-space distribution is highly suppres
in this region. The cosuNR distributions for the data and QCD
are essentially flat while the phase-space model pea
strongly as cosuNR approaches zero.

For the four-jet events as was the case for the three-
events, the normalized distributions from the KS approx
mate QCD calculations agree well with the data.

COMPARISON OF QCD SUBPROCESSES

At the parton level, five and six partons~including the two
initial partons! are involved in the three- and four-jet pro-
cesses, respectively. It is difficult, if not impossible, to labe

for
ical
ars,
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TABLE VI. The measured distribution of the cosine of space angles between pairs of jets for the four-jet events in their center-o
system. The errors include both statistical and systematic errors.

cosvij 1/NdN/dcosv34 1/NdN/dcosv35 1/NdN/dcosv36 1/NdN/dcosv45 1/NdN/dcosv46 1/NdN/dcosv56

21.0 to20.9 4.56560.092 1.18060.062 0.54860.046 0.04360.009 0.40960.030 0.77460.039

20.9 to20.8 2.25060.071 1.48460.064 0.49360.036 0.15160.020 0.50860.035 0.53460.035

20.8 to20.7 1.20760.051 1.42160.077 0.51660.040 0.25860.029 0.53360.039 0.62160.034

20.7 to20.6 0.81560.045 1.14860.059 0.58160.050 0.29960.031 0.53660.040 0.59460.035

20.6 to20.5 0.45060.037 0.95660.053 0.64760.057 0.33860.030 0.54060.043 0.54460.038

20.5 to20.4 0.28660.032 0.82660.048 0.60660.055 0.40860.032 0.54460.045 0.59960.041

20.4 to20.3 0.19460.029 0.76860.045 0.64760.062 0.42060.032 0.56360.043 0.60060.042

20.3 to20.2 0.09660.019 0.55260.038 0.66360.064 0.50760.037 0.53760.045 0.63360.044

20.2 to20.1 0.05760.014 0.44460.034 0.68860.059 0.57260.038 0.54560.052 0.66560.044

20.1–0.0 0.02660.008 0.38960.036 0.64360.054 0.61560.038 0.61960.057 0.67660.047

0.0–0.1 0.02160.007 0.26360.029 0.70460.050 0.71460.042 0.59260.053 0.73960.053

0.1–0.2 0.02260.008 0.21160.026 0.69860.045 0.74060.044 0.63760.058 0.73760.048

0.2–0.3 0.00860.004 0.12860.021 0.58660.041 0.77360.047 0.60160.052 0.69960.045

0.3–0.4 0.10160.019 0.50860.036 0.81460.048 0.59460.054 0.46560.037

0.4–0.5 0.06360.014 0.40160.032 0.75060.050 0.56860.053 0.40160.032

0.5–0.6 0.03760.010 0.36160.031 0.74460.050 0.51260.049 0.30960.029

0.6–0.7 0.02260.007 0.30960.036 0.68860.049 0.42960.043 0.21960.028

0.7–0.8 0.00560.003 0.22860.029 0.62660.048 0.40960.044 0.11860.017

0.8–0.9 0.00260.002 0.14360.021 0.42160.032 0.26660.031 0.06060.011

0.9–1.0 0.03160.009 0.12160.014 0.05860.010 0.01160.004
,
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quark or gluon jets in the data. However, with Monte Car
event generators, the three-jet cross section can be bro
into three subprocesses involving different numbers
quarks among the initial- or final-state partons:~1! zero-
quark,~2! two-quark, and~3! four-quark. The predicted frac-

FIG. 11. Distributions of scaled jet pair mass for the four-j
events in their center-of-mass system. The statistical and total er
are represented by the inner and outer error bars, respectively.
data are also listed in Table VII.
lo
ken
of

tional contributions byNJETSto the total three-jet cross sec-
tion for the selection criteria described above are 32.9%
50.8%, and 16.2% for zero-quark, two-quark, and four-qua
subprocesses, respectively. Similarly, the four-jet proce
can be divided into~1! zero-quark~29.4%!, ~2! two-quark
~49.6%!, ~3! four-quark ~20.2%!, and ~4! six-quark ~0.7%!
subprocesses.

The studies described above show that the QCD calcu
tions agree well with the data. It is therefore interesting t
examine the topological distributions of these subprocess
Figures 13~a! and 13~b! show thex4 and cosu4* distributions
of the three-jet events and Figs. 13~c! and 13~d! show the
x5 and cosu5* distributions of the four-jet events predicted by
the exact tree-level QCD calculations~full QCD! and by the
QCD calculations of the three subprocesses. The full QCD
normalized to unit area and the subprocesses are normali
to the fractional contribution to their respective total cros
section. The data distributions are normalized to the respe
tive QCD distributions. The distributions of the subprocesse
are remarkably similar and agree well with the data. Th
six-quark subprocess contributes less than 1% of the to
cross section of the four-jet events and therefore is not show
in Figs. 13~c! and 13~d!. Nevertheless, the normalized distri-
butions are very similar to those of the other three subpr
cesses. The similarity of the subprocesses is observed in
other variables of the three- and four-jet events investigat
in this paper. This suggests that the distributions are insen
tive to the relative contributions of these subprocesses to t
total cross section and therefore have weak dependences
the quark-gluon content in parton distribution functions. Fu
thermore, Rutherford characteristics are visible in cosu* dis-
tributions for all subprocesses, implying that the matrix ele

et
rors
The
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TABLE VII. The measured distribution of scaled jet pair masses for the four-jet events in their cent
of-mass system. The errors include both statistical and systematic errors.

m i j 1/NdN/dm34 1/NdN/dm35 1/NdN/dm36 1/NdN/dm45 1/NdN/dm46 1/NdN/dm56

0.00–0.03
0.03–0.06
0.06–0.09 0.1160.03 0.2560.04 0.3360.05 0.5760.07
0.09–0.12 0.4660.07 0.7860.09 1.0060.11 1.7760.16
0.12–0.15 1.1260.16 1.5160.17 1.9660.20 3.3160.28
0.15–0.18 0.0460.02 1.5960.17 2.1260.18 2.7960.19 4.5460.23
0.18–0.21 0.1060.03 2.0660.18 2.5560.18 3.4560.17 5.2460.25
0.21–0.24 0.1960.05 3.0160.21 2.7760.20 4.2660.20 4.7760.27
0.24–0.27 0.3460.07 3.3960.21 2.9960.20 4.3260.20 3.9860.23
0.27–0.30 0.6260.10 3.6060.19 3.4960.21 4.0160.19 3.1660.19
0.30–0.33 1.2460.14 3.9060.21 3.3360.18 3.5960.22 2.3160.19
0.33–0.36 0.0660.02 1.5760.13 3.4860.22 2.9260.21 2.8760.22 1.6460.14
0.36–0.39 0.0960.03 2.1360.15 3.1060.20 2.9760.21 2.1360.24 1.0460.13
0.39–0.42 0.1160.03 2.8960.16 2.8160.21 2.7160.26 1.4060.21 0.5960.10
0.42–0.45 0.2460.05 3.5260.20 2.0460.21 2.2560.22 0.8360.13 0.2860.05
0.45–0.48 0.6060.10 4.3760.24 1.5860.22 1.4760.20 0.3760.06 0.0960.02
0.48–0.51 1.0560.12 4.9160.24 0.8060.11 0.9460.13 0.0260.01
0.51–0.54 1.6360.16 4.5960.26 0.2460.04 0.2660.04
0.54–0.57 2.7360.19 3.6360.32 0.0460.01
0.57–0.60 3.8560.24 2.0360.26
0.60–0.63 3.7960.19 0.8960.12
0.63–0.66 4.1560.21 0.2360.04
0.66–0.69 3.6760.19
0.69–0.72 3.1760.19
0.72–0.75 2.6460.19
0.75–0.78 2.0660.20
0.78–0.81 1.5860.17
0.81–0.84 1.0460.12
0.84–0.87 0.5560.09
0.87–0.90 0.2960.05
-
re
g
y

ments of these subprocesses are dominated by
t-channel exchange.

COMPARISON WITH PARTON-SHOWER EVENT
GENERATORS

As discussed above, the measured topological distri
tions of three- and four-jet events are reproduced well by t
the

bu-
he

exact tree-level QCD calculations. However, in many inves
tigations, parton-shower Monte Carlo event generators a
used to model multijet production. Therefore, it is interestin
to compare the data distributions with those predicted b
parton-shower event generators.

As an example, thex3 and cosu3* distributions of three-jet
events andm34 andm56 distributions of four-jet events are
shown in Fig. 14 for the data and for theHERWIG 5.8, ISAJET
h
TABLE VIII. The measuredxBZ and cosuNR distributions for the four-jet events. The errors include bot
statistical and systematic errors.

xBZ 1/NdN/dxBZ cosuNR 1/NdN/dcosuNR

0.0–10.0 0.007360.0004 0.0–0.1 1.0260.06
10.0–20.0 0.007960.0004 0.1–0.2 1.0760.06
20.0–30.0 0.008960.0004 0.2–0.3 0.9360.05
30.0–40.0 0.010360.0004 0.3–0.4 0.9860.06
40.0–50.0 0.010860.0005 0.4–0.5 0.9960.06
50.0–60.0 0.012360.0006 0.5–0.6 0.9860.06
60.0–70.0 0.013260.0006 0.6–0.7 0.9660.06
70.0–80.0 0.014660.0007 0.7–0.8 0.9960.06
80.0–90.0 0.014860.0010 0.8–0.9 1.0160.07
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7.13, and PYTHIA 5.6 parton-shower event generators.2 The
Monte Carlo distributions are calculated using parton je
which are formed by quarks and gluons after parton show
ing and before hadronization. The parton jets are initia
reconstructed using a cone jet algorithm implemented in
PYTHIA program@21#. Then the jet direction is redefined us
ing a D0 jet direction definition discussed above. Althoug

2All parton-shower events are generated with apT510 GeV/c
cutoff for the initial 2→2 hard scattering, using their default pa
rameters.

FIG. 12. The distribution of the angle between the planes of~a!
the two leading jets and the two nonleading jets and~b! the mo-
mentum vector differences of the two leading jets and the two no
leading jets, for four-jet events in their center-of-mass system. T
statistical and total errors are represented by the inner and o
error bars, respectively. The data are also listed in Table VIII.
ts
er-
lly
the
-
h

the parton-shower generators describe the general struct
of these variables well, differences in details are clearly vi
ible. The largest difference is seen in the cosu3* distribution.
All three parton-shower event generators show excess
contributions in the forward region.

To generate three- and four-jet events using the parto
shower generators, one has to start with 2→2 processes with
a pT cut and select events with hard gluon radiation. We no
that a large fraction of the Monte Carlo events in the forwa
region which pass the 60 GeV leading jetET requirement
have a 2→2 process withpT,50 GeV/c. Presumably the
leading jets of the these events are from hard initial-sta
radiation. This observation suggests that the initial-state
diation is not well modeled by these parton-shower gene
tors in the phase-space region studied in this paper.

Although only four topological distributions are shown
here, we have compared all other variables investigated
this paper. Apart from the cosu* distributions, theHERWIG

event generator provides a reasonably good description
the data while the differences between the data and the p
dictions of ISAJET andPYTHIA event generators are large in
many distributions. Overall, theHERWIG event generator de-
scribes the data better than theISAJET and thePYTHIA do.

SUMMARY

From the data sample recorded by the D0 detector inp̄p
collisions at As51800 GeV at the Tevatron during the
1992–1993 running period, high-statistics three-jet and fou
jet event samples have been selected. A large number
distributions characterizing the global structures of the incl
sive three- and four-jet events have been compared w
QCD calculations of the exact tree-level matrix elements a
with calculations of QCD subprocesses involving differen
numbers of quarks. This paper extends earlier studies to p
viously untested regions of phase space for a large numbe
topological variables. All comparisons have been made w
the parton-level distributions and based on normalized dis
butions rather than cross sections.

For the three-jet events, the investigated topological va
ables are the energy fractions carried by the two leading je
the cosine of the leading jet polar angle, the angle betwe
the plane containing the leading jet and the beam line, t
plane containing the two nonleading jets, and the scaled
variant masses of the jet pairs. In the case of the four-
events, the energy fractions and the cosines of the po
angles of all four jets, the six opening angles, scaled inva
ant masses of jet pairs, and the angles between jet pla
have been studied.

Studies show that the measured topological distributio
of the three- and four-jet events are well reproduced by t
exact tree-level matrix elements QCD calculations. The go
agreement implies that the topological distributions of th
three- and four-jet events are consistent with the tree-le
diagrams and therefore the topological distributions are n
very sensitive to higher-order corrections. Furthermore, t
distributions are found to be insensitive to the uncertainti
in parton distribution functions and to the quark-gluon flavo
of the underlying partons. The dominance of thet-channel
gluon exchange to a large extent determines the structure
the event. The differences between the data and the pha
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FIG. 13. The~a! x4 and ~b! cosu4* distribu-
tions for three-jet events and the~c! x5 and ~d!
cosu5* distributions for four-jet events in their
center-of-mass system. The QCD subprocesse
are normalized to their fractional contributions to
the respective total cross section for the selection
criteria described in the text. The data are scaled
to the normalization of the respective subprocess
of the QCD calculation. Therefore, only the
shapes of the subprocesses are compared. The e
ror bars on the data include both statistical and
systematic errors.

FIG. 14. Comparisons between the data, exac
tree-level QCD calculations, andHERWIG, ISAJET,
andPYTHIA Monte Carlo predictions. Shown are
~a! the scaled energy of the leading jet and~b! the
cosine of the leading jet for three-jet events, and
the scaled invariant mass distributions of~c! the
two leading jets and~d! the two nonleading jets
for four-jet events. The error bars on the data
include both statistical and systematic errors.
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space model are large for most of the distributions. Final
we note that apart from the cosu* distributions, theHERWIG

5.8 event generator provides a good description of the m
sured distributions while the differences between the d
and the predictions of theISAJET 7.13and thePYTHIA 5.6 event
generators are relatively large in many distributions.
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