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Eisagwg

H jewrhtik fusik tou prohgoOmenou ai na garakthrBsthke api thn an“ptuxh thc
Kbantik ¢ JewrDac Pedbou (KJP), h opoPa ebge plhj,ra efarmog,n. Mésw autoO
tou plaisbou katano jhkan arket™ jemeli,dh fainimena se di“forouc klI"douc, ipwc

h fusik sumpuknwmeénhc Olhc kai h swmatidiak fusik . Parila aut” oi perissiteroi
upologismob sthn KJP basbzontai sthn jewrba diataraq,n, étsi pollob upologismob,
oi opoboi aforoOn thn mh diataraktik periog orisménwn jewri n kai aforoOn shman-
tik™ erwt mata, den mporoOn na ulopoihjoOn. Poll” endiaféronta fainimena ipwc o
Egklwbismic, h Uperagwgimithta Uyhl,n Jermokrasi,n, h Uperreustithta kai to
PI'sma Kou'rk - GklouonBwn ebnai eggen,c mh diataraktik”, epomenwc den mporeb na
up’rxei ektetamenh posotik , all” kai poiotik , perigraf mésw thc apl ¢ efarmog c

twn tegnik,n thc KJP.

'‘Enac monternoc tripoc na xeperasteb auti to empidio ePnai h anagn. rish enic duds-
moO. 'Enac dudsmic sgetbzei me tetrimména dOo jewrDec, étsi ste h mh diataraktik
perioq thc mbac jewrbac na antistoigeb sthn diataraktik perioq thc “lihc. 'Etsi,
ipote up“rgei énac dudsmic, mh diataraktikob upologismob sthn mia jewrba sgetbzon-
tai me diataraktikoOc upologismoOc sthn dudk jewrba. To pr.to par'deigma duds-
moO afor” ton dudsmi metaxO thc jewrbsine-Gordonkai tou montélou Thirring
[11]. Efison h jewrDa sine-Gordon[12,13] ePnai mpozonik , en, to montéldirring
fermioniki, auti to par’deigma anadeiknOei éna perBergo garakthristiki twn duds-
m,n. En génei mporeb na susgetbzoun jewrbec entel ¢ diaforetik ¢ fOshc. 'Ena polO
shmantikitero “Ima ison afor” touc dudsmoQOc élabe g,ra stic argéc thc dekaetbac
tou 90 , opite kai anakalOfjhkan oi dudsmobP metaxO upersummetrik .n jewri.n ba-
jmbdac [14,15]. O dudsn8eiberg-Witten epitrépei ton akrib upologismoO thc en-
ergoO dr'shc twnN = 2 upersummetrik n jewri.n bajmPdac, oi opoPac moi"zoun me
thn Kbantik Qrwmodunamik . Aut h perigraf epitrepei thn posotik , all” kai
poiotik , perigraf tou EgklwbismoO, o opobPoc stic jewrbec autéc ulopoiebtai wc h
uperag,gimh f'sh thc jewrbac, me ta fortba gr,matoc na egklwbbzontai ligw tou
an’logou tou fainomenouMeissner

Mia austhr apideixh enic dudsmoO ebnai dOskolh, parila aut™ h Oparxh tou duds-
moO mporeD na uposthrigieD me arketoOc tripouc. Gia na up’rgei énac dudsmoO eb-
nai aparabthto na tairi"’zoun oi summetrbec kai oi anwmalbec twn dudk,n jewri n.
Epipléon, ipote ebnai efikti na epektajeb énac diataraktikic upologismic sthn mh
diataraktik perioq, autic prépei na tairi"’zei me ton antbstoiqo diataraktiki up-
ologismi sthn dudk jewrbBa. An up'rgei upersummetrba, tétoioi mh diataraktikob
upologismob enbote ebnai efiktob. H upersummetrba ebte apotrépei posithtec api to
na I"boun kbantikec diorj,seic ebte epitrépei thn topikopobhsh oloklhrwm™twn di-
adrom,n [16, 17], enswmat nontac ilec thc kbantikéc diorj,seic wc uper-orbzousec



enic brigqou.

Mia uperbolik™ endiaférousa kathgorba dudsm n afor™ touc dudsmoOc metaxO Jew-
ri,n Bajmbdac kai BarOthtac. Sun jwc autoB sgetBzoun mia jewrDa barOthtac se
(d+1) -di"stato asumpwtik™ Anti-de Sitter qwrogrino me mia SOmmorfh Jewrba Pedbou
stic d diast’seic. Aut h kathgorba dudsm_n ulopoieb thn Olografik Arq [18,19],
afoO to sOnoro tou AdS qwrogrinou dra wc olografik ojinh. O pio melethménoc
kai pio isqur” jemeliwmeénoc dudsmic Jewrbac Bajmbdac / BarOthtac ePnai h antistoigqba
AdS/CFT [20 22].

Efison oi SJP perigr-foun sust mata kont” sta krbsima shmeba, o dudsmic Jew-
rbac Bajmbdac/BarQthtac sqetbzetai me poll” endiaféronta fusik™ sust mata. Mia
api tic pléon epitughménec efarmogec tou afor” thn perigraf thc udrodunamik c
sumperifor’c tou PI"'smatoc Kouark Gklouonbwn (PKG). Apl™ epigeir mata sthn
barutik jewrba upodeiknOoun thn Oparxh enic kajolikoO “nw orbou gia ton ligo tou
ix,douc proc thn puknithta entropbac [23 26]. 'Ola ta reust” pou perigr-fontai api
to sugkekriméeno montelo ofebloun na sebontai to legimeno iriKSS. EPnai “krwc
endiaféron iti ila ta gnwst™ reust” sébontai auti to irio, en, ta peirmata sto
RHIC upodeiknOoun iti 0 sugkekriménoc ligoc gia to PKG sumpbptei me to Ki8S.

H efarmosmenh antistoigpAdS/CFT apoteleb éna “krwc energi pedbo éreunac me em-
fash sthn perigraf twn diafirwn f'sewn sthn Fusik Sumpuknwmeénhc Olhc [27 29]
kai sthn Uperreustithta [30, 31].

H antistoigPaAdS/CFT apoteleD mia dunamik isodunamba metax@Bthgew-
rbac gord.n ston qwrogrino AdSs S°, meN mon“dec ro ¢ mésw thc sfabrac®S
kai thc N = 4 upersummetrik ¢ jewrba&ang Mills me om“da bajmbdad(N). H
jewrba bajmbdac qarakthrbzetai api thn t"xh thc om”"dac bajmBlaai thn stajer”
zeOxh¢t Hooft , en, h jewrDa qord,n garakthrbzetai api thn stajer” zeOxhc thc
kai to mkoc thc qordc. Toirio N !1 kai !1 antistoigeb se klasik up-
erbarOthta ison afor” thn barutik jewrDa, ipou ila ta kbantik™ fainimeno kai ta
fainimena pou sgetbzontai me to peperasméno m koc gord ¢ ebnai amelhtea. Aut h
perioq éqei melethjeb ektenéstata sthn bibliografba, blepe [32] gia mia anaskiphsh.
Kanebc mporeb na esti"sei se mia “llh endiaferousa perioq af nontac thn sta-
jer” zeOxhc 't Hooft peperasménh. Auti to irio antistoigeD se klassik jewrba
gord,n, fainimena pou sqgetbzontai me to peperasméno m koc gord ¢ ePnai parinta
kai shmantik™, all” ta kbantik™ fainimena exakoloujoOn na ePnai amelhtéa. Genik”
oi klassikéc qordéc diadbdontai polO perbploka, afoO oi parousPa touc epidr™ sthn
gewmetrba tou g,rou ston opobo diadbdontai. Gia na aplousteOsoume aut thn kat"s-
tash mporoOme h an“drash thc gord ¢ sthn gewmetrba tou g,rou prépei na meiwjeD.
Auti epitugg netai api peperasménh men, all” arket” meg’lh de, stajer” zeOxhc't
Hooft. Aut h epilog kajist™ thn kbnhsh thc gord c oloklhr,simh, mia idiithta tou
ep’getai api ta Mh Grammik™ SBgma Montéla se SummetrikoOc Q rouc. Klassikéc



|Oseic thc jewrbac qord n [33], oi opoPec diadbdontai se summetrikoOc g,rouc, ipwc
AdSs S°kai AdS, CP? épaixan shmantiki rilo sthn bajOterh katanihsh thc antis-
toiqPacAdS/CFT . Stic dhmosieOseic [2 5] ekmetalleuimaste thn oloklhrwsimithta
prokeiménou na kataskeu“soume idiabtera perbplokec klassikéc IOseic thc jewrbac
gord.n, oi opoPec imwc mporoOn na melethjoOn analutik™ kai sgetbzontai me endi-
aferontai fainimena.

Sto jermodunamiki irio, toi sto irio ipwc oi sOnjetoi telestéc perilamb™noun
polO meg’lo arijmi pedbwn, h oloklhr,simh dom tou MGSM mporeD na axiopoihjeD
prokeiménou na kataskeuasteD mia antistoBgish an"mesa sta diathroOmena fortba twn
klassik,n gord,n kai tic an,malec diast’seic kai ta fortba twn dudk,n telest.n
[34,35]. Parilo pou aut h antistobgish ebnai gnwst, ebnai entel,c afhrhmenh kai
basbzetai sthn tautopobhsh twn fasmatik.n kampOlwn. Den ebnai kajilou tetrim-
ménh h eOresh sugkekriménou telest kai sugkekriménhc klassik ¢ IOshc thc jew-
rbac gord,n pou sgetbzontai metaxO touc. MporoOn na axiopoihjoOn arketéc tegnikéc
prokeiménou na melethjeb h antistoigRdS/CFT se auti to irio, kurbwc api thn
pleur” thc jewrbac pedbou [36]. Sthn ergasPa [10] brBskoume thc IOsh tou bo-
hjhtikoO sust matoc, tou antistoigeD sthn di"dosh qord.n ston gro R S H
genbkeush aut ¢ thc kataskeu c ston q,ro uper-phlbkoP SU(2; 2j4)=SO(1; 5)
SO(6) ja mporoOse na suneisférei sthn kateOQjunsh thc "meshc susgétishc klas-
sik,n 10sewn thc jewrbac qord n kai dudk_n telest n.

'Opwc anaférjhke, o dudsmic Jewrbac Bajmbdac / BarOthtac upodeiknQOei iti sto
irio megilou N kai meg’lhc stajer’c zeOxhc't Hooft h baurik jewrbPa an’getai
sthn klassik uperbarOthta. Sto irio auti up’rgei mia suntag gia ton upolo-
gismi thc Olografik ¢ Entropbac Diemplok ¢, h opoba prot’jhke api touc Ryu kai
Takayanagi[37 39] kai metéepeita apodebqthke sto plabsia thc antistoigPaS/CFT
[40,41]. H entropba diemplok ¢ ebnai h entrooBaNeumanntou anhgmeénou telest
puknithtac, o opoboc perigrfei touc bajmoOc eleujerBac enic uposust matoc. Auti
to uposOsthma orbzetai na perilamb™nei touc bajmoOc eleujerDac pou up“rgoun se
mia sugkekriménh perioq tou g,rou, h opobPa orbzetai api mia kampOlh diemplok c.
O upologismic thc entopbac diemplok ¢ sthn kbantik jewrba pedbou ebnai idiaiterwc
dOskoloc, akima kai gia thn eleOjerh jewrba [42 46]. SOmfwna me thn suntag twn
Ryu kai Takayanagi h olografik entropPa diemplok ¢ ePnai an’logh tou embadoO
miac el"gisthc epif'neiac sun-di“stashc 2, h opoba éqei wec sOnori the thn kampOlh
diemplok ¢ kai ektebnetai sto eswteriki tou g,rou. Parilo pou autic o kaninac
ebnai idiabtera aplic, sthn pr'xh h efarmog tou ebnai polO dOskolh, kaj.c prépei
na ebnai gnwst h ékfrash thc el’gisthc epif'neiac gia na upologisteb to embadin
thc. Akima kai itan o g,roc ePnai amig,cAdS, polO IDgec el gistec epif'neiec ePnai
gnwstec se tugabo arijmi diast’sewn. Autec ebnai kurbwc el"gistec epif'’neiec pou
antistoiqgoOn se sfairikéc epifanePec uperepif'neiec diemplok c.



Antimetwpbzoume auti to priblhma me dOo diaforetikoOc tripouc. Pr ta esti -
zoume ston g,ro AdS,. Se aut thn perbptwsh oi el gistec epif'’neiec sun-di"stashc
2 ebnai 2-di"stata Euklebdeia kosmik™ sentinia, opite up“rqoun perissitera ergaleba
diajésima se sgésh me thn tugoOsa perPptwsh. Autéc oi el’gistec epif'neiec eb-
nai IOseic twn exis sewn énoc MGSM. Sugkekriména, statikéc el gistec epif'neiec
sun-di“stashc 2 ston AdS, ePnai isodOnamec me el gistec epif°neiec sun-distashc 1
ston uperboliki g,ro  H3. Genik™ tétoiou eDdouc el gistec epif'neiec embaptisménec
ston HY, parousi’zoun meg’lo endiaféron, kaj,c ePnai to olografiki an“logo twn
briggwn Wilson se isqur zeOxh [47,48]. Sthn ergasPa [9] pragmateuimaste thn
efarmog thc mejidou endushc se tétoiec el’gistec epif'neiec. Se sgesh me thn
genik perbptwsh, gia tugabo arijmi diast’sewn, sthn ergasba [8] parousi"zoume mia
exbswsh gewmetrik ¢ ro ¢, h opoba perigrifei thc el"qgistec epif'neiec kai mporeb na
grhsimopoihjeP gia na melethjoOn orisména garakthristik™ touc.

H olografik entropPa diemplok ¢ sgetbzetai me dOo “krwc shmantik™ anoiqt”
erwt mata thc jewrhtik ¢ fusik c: to par"doxo thc plhroforbac twn melan,n op,n
(blépe [49] gia mia anaskiphsh) , all” kai thn Bdia thn fOsh thc barOthtac. SOm-
fwna me thn antistoigP&dS/CFT mporoOme na melet soume thn isqur,c suzeugménh
kbantik barOthta mésw thc dudk ¢ SJP. Kaj,c h aktinobolDa Hawking pou ekpém-
petai api thc melanec opéc kaj,c exatmbzontai, ePnai jermik [50], fabnetai iti g netai
plhroforba [51]. Auti to fainimeno ergetai se r xn me thn monadiak exelixh miac
amigoOc kat'stashc, h opoPa ePnai basik idiithta thc kbantik ¢ jewrDac. Dedome-
nou iti h SJP ebnai kat™ profan tripo monadiak jewrba, h antistoigpa AdS/CFT
upodeiknQei iti h barutik perigraf tou fainimenou ofebPlei kai aut na ePnai mona-
diak . Epipleon up“rqgoun sugkekrimenec prot’seic gia thn epblush touc paradixou
thc plhroforbac twn melan,n op,n sto plabsio thc sumplhrwmatikithtac (h opoba
eis gjh wc ennoia sto [52]) [53 55], all” kai [56] gia mia diaforetik optik . Oi
teleutabec exelbxeic sto jéma brbskontai sta “rjra anaskiphshc [57,58].

Akima kai sto plabsio thc Genik ¢ Sqetikithtac up“rgei mia axioshmebwth omoiithta
an"mesa sthn fusik twn melan,n op,n kai thn jermodunamik [59,60]. Upi oris-
meénec prodpojeseic, sugkekrimeéna iti h entropbPa pou antistoigeD se enan orbzonta
ePnai an’logh tou embadoO tou, mporoOn na exagjoOn oi exi€asstein wc sunépia
thc klassik ¢ jermodunamik c [61]. Aut h idéa metexelbgjhke sto plabsio thn an-
tistoiqgPac AdS/CFT , prokeiménou na susgetisteD h barOthta me thn kbantik diem-
plok [62 65]. Ek kataskeu c h suntag twn Ryu kai Takayanagianapar gei nimo em-
badoO kai epitrépei thn posotik susqgeétish thc kbantik ¢ diemplok ¢ me thn barOthta
[66,67]. Teloc, h olografik entropba diemplok ¢ susgetbzetai tiso me ton Egklw-
bismi [68] iso kai me thn ro thc om“dac epanakanonikopobhshc [69, 70].

Parousi“zei idiabtero endiaféron h meléth aut,n twn fainomenwn apeujebac sto
plabsio thc KJP. H kbantik diemplok ePnai mia idiithta sOnjetwn kbantik,n susth-



m’twn, h opoba den egei klasiki an"logo. Parousi“zetai itan ta sustatik™ enic
sust matoc, to opobo brbsketai se amig kat'stash, den mporoOn na antistoighjoOn
se sugkekrimenh kat'stash. H kbantik diemplok diadram™ise shmantiki rilo
sthn an"ptuxh thc kbantik ¢ mhganik c, kaj,c grhsimopoi jhke gia na tejeb en am-
fibilw h isqOc thc. Oi metr seic diemplegménwn uposusthm™twn ePnai susgetisménec,
anex’rthta api thn metaxO touc apistash. O Adnst'in je rhse aut thn sumper-
ifor” asumbbbasth me thn topik aitiithta, kai grhsimopobhse auti to gegonic gia
na epitejeb sthn kbantik mhqganik [71]. Parila aut”, aut h sumperifor” ebnai
egei epibebaiwjeb peiramatik™. 'Oso perbergo kai na ePnai diaisjhtik”, h fOsh douleOei
me auti ton tripo. Stic mérec mac h kbantik diemplok ebnai basikic par"gontac
tegnologik,n efarmog,n, ipwc h kbantik plhroforba kai oi kbantikob upologistéc.

H kbantik diemplok mporeb na posotikopoihjeb mésw thc entropbac diemplok ¢
(itan to sunoliki sOsthma ePnai se amig kat"stash). H entropPa diemplok ¢ sgetbze-
tai me arket” fusik™ sust mata, ipwc h kbantik plhroforba [72 75] kai h fusik
sumpuknwmeénhc Olhc. Sthn teleutaba, h entropPa diemplok ¢ grhsimopoiebtai gia na
melethjeb h krbsimh sumperifor” susthm™wn, all” kai h ro thc om”"dac epanakanon-
ikopobhshc [45, 76 80]. Parousi"zei meg’lo endiaféron to gegonic iti h entopba diem-
plok c pou sgetbzetai me thn basik kat'stash thc eleOjerhc bajmwt ¢ KJP up-
akoOei nimo embadoO [42 44, 81, 82], akrib,c ipwc h entropPa twn melan.n op, n.
Sthn ergasba [1] genikeOoume thn proséggish thc ergasPac [42] se mia méjodo gia
ton diataraktiki upologismi tou f"'smatoc tou anhgmeénou telest puknithtac kaj,c
kai thc entropPac diemplok c. Stic ergasPec [6, 7] melet'me thn eleQjerh bajmwt
KJP me m"za se peperasmenh jermokrasba. Debgnoume iti se aut thn perbptwsh h
amoibaPa plhroforba upakoOei nimo embadoO Kai iti up“rgei énac fusikic tripoc na
diagqwristoOn oi kbantikéc api tic klassikéc susgetbseic sthn amoibaba plhroforba.






Diemplok sthn Jewrba Pedbou

Melet'me thn diemplok sthn bajmwt jewrba pedbou sthn basik kat'stash kai se
peperasménh jermokrasBla AnaptOssoume mia analutik diataraktik meéjodo up-
ologismoQ tou f'smatoc tou anhgménou telest pukn,thtac kai thc entropPac diem-

plok c. Se peperasménh jermokrasPa h entropPa diemplok ¢ paOei na ePnai métro
thc kbantik ¢ diemplok c. Melet'me thn amoibaba plhroforba, h opoba orbzetai wc

| A;AC = Sy + Sac Sapac. DeBgnoume iti h amoibaba plhroforba efaptimenwn
uposusthm’™wn upakoOei nimo embadoO. MporeD na apodeigjeD iti stalitid

h amoibaba plhroforDa sumpBbptei me thn amoibaba plhroforba h opoba prokOptei api
klasikéc katanomec pijanithtac.

Armonikic Talantwt ¢ se Jermokrasba T O telest c puknithtac enic
armonikoO talantwt se peperasménh jermokrasBaebnai

r a x2+x02)

|
(x;xy= —(a+be ~ =z e
ipoua ! cothtkaib ! cschi:
H entropPason Neumannebnai h jermik entropba, h opoba dbnetai api thn ekfrash
! ! 1
= Inl e7™ +—-——:
= B

GiaT ! OprokOpteiiti a=! & =0. Se auti to irio, o talantwt ¢ brDsketai
sthn basik kat"stash, h opoba einai amig c.

ZeOgoc Suzeugménwn Talantwt n H Qamiltonian enic zeOgouc suzeug-
menwn talantwt,n ebnai

1
H=3 L+ P5+ Ko(XT+ Xx5) + k(X1 X2)?
AnaptOssontac stouc kanonikoOc tripouc tal"ntwshc pabrnoume thn Qamiltonian

H= o grp+ 128 +12¢
ipou

X:ﬁp%p:&pé_pz!_%:kolzzko+2kl

O telest ¢ puknithtac tou zeOgouc twn suzeugménwn talantwt,n ebnai

(XX %% ix = (xe:x: 9 (x :x 9
= " (@ +b)(@ +b) o (e 2oxs ®)ra (x 2ex @)

2

e b+x+x+°e b x x 0.



ipou

| |
! th—:; b ! h—:
a co T csc T

Oloklhr nontac stouc bajmoQOc eleujerbac tou sumplhrwmatikoO uposust matoc
x©, égoume ton anhgmeéno telest puknithtac
7 r
A(xY = dxC x;x%x&;xC =

(:2%)

e =z e

pou ( b ) ( b) 1
a, + a +b) _1 _
2a++a+b++b’ vo=5@ra boob):

Mporeb na apodeigjeb iti to f'sma tou anhgmenou telest puknithtac ebnai

q
2 1
ph=(1 )" =4 ;
n T 9 Ea
H antbstoigh entropba diemplok ¢ ebnai
Spa= In@ ) ——In:

1

Eidik” gia to zeOgoc suzeugménwn talantwt_n, ligw summetrDac, isqOeiSlic = Sa.
Epomeénwc, h amoibaba plhroforba dbnetai api thn sgésh

| A:A® =2S, Sy

ipou Sy, ePnai h jermik entropPa twn dOo kanonik n tripwn tal"ntwshc. 'Egei endi-
aferonitigia T!1 h amoibaba plhroforba tebnei se mia peperasmenih tim

Energ,c Perigraf Kanebc mporeb na parathr sei iti 0 anhgmeénoc telest ¢
puknithtac tautbzetai me énan telest puknithtac enic armonikoO talantwt se peperas-
meénh jermokrasbac, arkeb na gbnoun K'poiec antistoiq seic. Den up’rqgei topiki
pebrama to opoPa na ektelesteb ston éna api touc dOo suzeugménouc talantwtéc
se peperasménh jermokrasBla to opoba na éqei diaforetik™ apotelésmata api éna
pebrama pou ektelebtai se éna energi armoniki talantwt idiosugnithtac

se energi jermokrasba
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H proeleush tou I, Sto klassiki irio upojetoume iti h pijanithta na brejeb

éna swmatbdio sthn jésk ePnai antistrifwc an’logh tou meétrou the tagOthtc tou

|
Pe () = P2

Se peperasmenh jermokrastah qwrik katanom pijanithtac ebnai
Z 1
Pean (X; ;T ) =

| 2,2

! |
, 2p(E)pE (x)dE = pﬁe B

ipou p(E) ebnai h puknithta pijanithtac thc enérgeiac sthn kanonik sullog . Gia
éna zeOgoc talantwt,n isqOei iti

X+ X X1+ X
P(X1;X2; T) = Pean —192—2;!+;T Pean —p—2:1 T

1,1 P2 (gt x2)241 2 (xq x2)?

2T © "

H katanom pijanithtac tou k’je talantwt prokOptei oloklhr,nontac thn jésh tou
“llo. Met” api prixeic brbskoume fiti

z 11 (11)%3

p(Xy;T) = P(X1;X2; T)dxo = Pﬁe ar

]
ipou !l = 257
e

2412

Pléon mporoOme na upologbsoume to klassiki an’logo thc entropPac diemplok ¢

!
cl cl z 1 (! gz- )2
SA = SAC = p(Xl,T) In p(Xl; T) Xm = E 1 In 7
kaj,c kai thn jermik entropba
‘ Lyl
SR ac = P2 X2 T)IN P X2 Xos T) dxadx =1 In ——

ProkOptei iti h klassik amoibaPa plhroforDa dbnetai api thn sqésh

2
|CIA:AC _|n(!((—3)): !42-+!2

— 1.
(!é)z In o] =1

EPnai anex’rthth thc jermokrasPac kai isoOtai me thn asumptwtik tim thc amoibabac
plhroforbac stoirio T!1

11



SOsthma Suzeugménwn Armonik n Talantwt,n H Qamiltonian tou sust -
matoc ja éqei thn morf
X 1 X
H=3 pi2+§ XiKij Xj;
i=1 i =1
ipou K summetrikic pPnakac me jetikéc idiotiméc. Oi kanonikéc suntetagménec sqetb-
zontai me thc suntetagménec meésw enic orjog,niou metasghmatismoO

Yi=0iX; 6=05p;
AnaptOssontac stouc kanonikoOc tripouc tal"ntwshc paPrnoume thn Qamiltonian
1 X 1 X
=3 of + 5> ! Py
i=1 i=

i=1

H

ipou K p;j I2 j kai K = O"TKpO. Kat" analogba me to zeOgoc ton suzeugmeénwn
talantwt,n mporeb na breb kanebc to f'sma tou anhgmeénou telest puknithtac. To
f’'sma exart'tai api tic idiotimec enic pbnaka. Sthn pr'xh den mporeb na upologisteb
akrib,c me analutikec mejidouc.

QrhsimopoioOme treic diaforetikéc proseggbseic:

"~ An"ptugma se uyhléc jermokrasbec. ProkOptoun kajolik™ apotelésmata gia
ila ta armonik™ sust mata.

"~ An"ptugma gamhl.n jermokrasi n: Idiabtera sOnjeta apotelésmata. ProkOp-
toun ekjetikéc diorj,seic sta apotelesmata thc mhdenikec jermokrasbac.

" An"ptugma 1= : QrhsimopoioOme to antBstrofo thc m“zac tou pedPou wc di-
ataraktik par"metro.

Diakritopohmenh KJP stic 3+1 diast seic AnaptOssoume to bajmwti
pedbo se sfairikec armonikec kai eis"goume ena sfairiki plegma prokeimenou na di-
akritopoioOme thn aktinik suntetagménh. H Qamiltonian tou pedPou gr fetai
n #
2 . 2 NN
1 X X 2 . 1 m;j +1 ‘m;j + ( +1) + 2a2 ' 2

H:%‘. ‘m;j+ J+é j+1 j j—2 ‘mij

m j=1
Tiso h entropPa diemplok c, iso kai h amoibaPa plhroforba, mporoOn na upolo-
gistoOn wc “jroisma suneisfor.n api touc diaforetikoOc tomebc thc jewrbac, wc

R R
See=I (N;n) = (2°+1) S=I-(N;n) H = (2 +1) H:
=0 ‘=0
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Ligw ekfulismoO se kije  antistoiqoOn (2" + 1) tautishmoi tomeBc.
Upojetoume iti h epif'neia diemplok ¢ kebtetai an"mesa sthn jesim kai sthn
jésh (n+1) tou sfairikoO plégmatoc. Orbzoume

NR:=n+ =;
R 2!
,ste h aktbna thc epif'’neiac diemplok ¢ na ebnai Bsh me
R = nra:

Gia na ajrobBsoume se ila ta grhsimopoioOme ton tOuler-MacLaurin

NG Zy
f (n) = dxf (X)+ M
n=a a
. X By o i (x) d If (x) .
BP9 I« Gl dxz t __ 7

ipou oi suntelestéc By ebnai oi arijmoBernoulli.
Se kurbargh t"xh ja eqoume

Z 1
[ d@ +1)1-(N;n;” ( +1):
0

Mac endiaferei kurbwc h sumperifor” tou oloklhr,matoc gia meg’laR. Den ebnai
tetrimméno na apomon,soume aut thn sumperifor” kaj,c tong emfanbzetai sthn
oloklhrwtéa posithta mésw tou sunduasmoO (" +1) =n2 kai to * paPrnei aperiirista
meg~lec timéc kat™ thn olokl rwsh. Aut h duskolba mporeb na xeperasteb orbzontac

thn metablht olokl rwshc (" +1)=n = y. Tite
Z 1
2

1
| ' ng dyl- N;ng é;ynﬁ ;

0
to opobo mporeb na anaptuqgjeb gia matkla

Nimoc EmbadoO K’je toméac o opoboc antistoigeP se orisménapoteleD éna
sOsthma talantwt,n me pPnaka zeOxewn

1 54 I(I‘+1) . 22
a i2

ij i+1;] ihj +1

Ektel ntac ena an"ptugma gia meg’lec m"zec tou pedbou, mporeb na brei kanebc thn
amoibaba plhroforba

h p i
2coth% 2+ a2 2
| =n D— + O (nR):
R gaT 2+ @ ? (M)
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To an"ptugma uyhl .n jermokrasi,n aut ¢ thc ékfrashc ebnai

1 1 2+a?? 1
2 + +0 == +0O ;
R 2@Q+al 2 24T?  144GATH T6 (Ne)

| =n

Sto irio gamhl_n jermokrasi.n, grhsimopoioOme tic ekfr"seic tou sqetikoO anap-
tOgmatoc gia to sOsthma suzeugménwn talantwt, n kai ekteloOme thn olokl rwsh sta
> grhsimopoi_ntac thn proséggish sagmatikoO shmebou. H amoibaba plhroforba dbnetai
api thn sgésh

r

202
| re +2n2 2T ¢ 3@ ")
" 2 # " #
p2 2a2 p2+ 2a2
+
2log 4 2+ 2%a? 1 — &P =

Mporeb na dei kanebc iti o analutikic upologismic proseggbzei arket™ kal™ thn
arijmhtik prosomobwsh gia meg’lec timéc thc m“zac tou pedbou.
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Mejodoi Oloklhrwsimithtac se MGSM

SOmfwna me thn suntagRyu kai Takayanagih olografik entropPa diemplok ¢ pou
antistoigeb se mia perioq tou g,rou dbnetai api thn sqésh

_ Area(R) .
<N

S

ipou A ebnai mia kat'llhlh el"gisth epif'neiec sun-di"stashc 2. Tétoiec statikec
el"gistec epif'neiec embaptisménec stodS,; ebnai 2-di"statec. Oi exis,seic pou
ikanopoioOn mporoOn na prokOyoun api éna MGSM. Ta MGSM se SummetrikoOc
Q.rouc ebnai oloklhr,sima, gegonic pou mac epitrepei na diereun soume thn sqgésh
thc kbantik ¢ diemplok ¢ me thn oloklhrwsimithta. Kaj,c h metrik tou kosmikoO
sentonioQ ebnai EuklebBdeia dhmiourgoOntai periplokéc. Gia na apokt soume fusik
diabsjhsh melet'me gordéc oi opoPec diadbdontai sthn pollaplitiRa S?. Wc epb to
plebston ja basistoOme sthn AnagwgPohlmeyer, sth Méjodo 'Endushc kai stouc
metasghmatismo@acklund.

Anagwg Pohlmeyer H Anagwg Pohlmeyersunbstatai sto gegonic iti oi ex-
is,seic gia thn emb ptish thc IOseic tou MGSM ston g,ro pou diadDdetai, 0 opoboc
mporeP na jewrhjeD wc upigwroc enic epPpedou g,rou, ePnai poludi’statec genikeO-
seic thc exbswshsine-Gordon Oi jewrbec autéc ebnai gnwstéc wc upodebggimata
Gordon Summetrik.n Q,rwn. 'Ena polO shmantiki gegonic ePnai iti antikajist,ntac

mia |Osh thc anhgménhc kaPohimeyerjewrbac stic exis_ seic tou MGSM, autéc ka-
jPstantai grammikec. Epbshc prepei na epishmanjeb pwc up’rgei oliklhrh oikogeneia
IOsewn tou MGSM, h opoba antistoigeP se sugkekriménh I0shc thc anhgménhc kat®
Pohimeyerjewrbac.

Méjodoc 'Endushc Oi exis, seic kbnhshc MGSM se SummetrikoOc Q_ rouc mporoOn
naexagjoOnapithnsunjkhn@@ = @@ enic prwtotxiou sust matoc suzeug-
ménwn grammik,n merik, n diaforik n exis,sewn, to eponomazimeno bohjhtiki sOsthma:

@( )= %(@g)g Y( ); 2 C:fasmatik parmetroc

Auti prodpojétei thn antistoPgish thc IOshc tou MGSM se éna stoigePo enic kat'lihlou
g.rou phlbkou. Auti ofePletai sto gegonic iti to bohjhtiki sOsthma anapar™gei

tic exis,seic tou KOriou QeiralikoO Upodebgmatoc. En génei jewroOme thn ar-
gik sunjkh (0) = g. Gia thn efarmog thc Mejidou 'Endushc apaitebtai h
epbPlush tou bohjhtikoO sust matoc kai h efarmog orisménwn desm_ n. DojeBshc
thc IOshc tou bohjhtikoO sust matoc, mporeP kanebc na kataskeu’sei susthmatik®
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oliklhrh kiI"sh IOsewn tou MGSM. Ektel ntac @énan metasghmatismi bajmbdac, orb-
zoume { )= ()( ) .,steto g°= 90) na ePnai éna néo stoigePou tou q,rou
phiBkou, to opoDo ja antistoiged se mia néa IOsh tou MGSM. O par“gontasnom”ze-
tai par"gontac éndushc kai ebnai meromorfik sun’rthsh thc fasmatik ¢ parametrou

. Oi exis,seic kbnhs c tou ebnai

1 )y@) '+ (@9g* ‘=(@d)gd*

OfePloume na apait soume thn autosunépeia tou bohjhtikoO sust matoc ktw api tic
apeikonbseic pou orbzoun ton q,ro phibko.

Metasghmatismob Backlund  Ta upodebgmasene-GordonSummetrik,n Q,rwn
&goun metasghmatismoBsxcklund, oi opoPoi ePnai an“logoi ton metasghmatism, n én-
dushc tou MGSM. Oi metasghmatism@&&cklund ePnai zeOgh suzeugménwn mh gram-
mik,n merik n diaforik,n exis,sewn. Gia thn exbswshsine-Gordon oi metasghma-
tismob ebnai

a+ a 1 a a

= —m sin

@2 5

LOseic oi opobec éqoun exagjeb api metasghmatismoOc B acklund, xekin ntac api thn
bdia IOsh, mporoOn na sunduastoOn algebrik™ grhsimopoi,ntac ajroistikoOc tOpouc,
prokeiménou na prokOyoun néec I0seic. EPnai idiabtera shmantiki iti @énac metasghma-
tismic endushc sto MGSM, pragmatopoieb autimata enan metasghmatBacklund,

sthn anhgmenh katPohlmeyerjewrba.

Elleiptikec qordec ston R & Hdrsh thc mpozonik ¢ jewrDac gord n ston
gq,;o0 R & ebnai
Z h i

S=T d~d @x’@x’+@x @x+ X X 1
EOkola mporeb na dei kanebc iti oi exis seic kbnhshc ebnai:
X%(*: )=m, *+m ; @@X= m.m cosax:
kai sunodeQontai api touc desmo®uasoro
@X @X = m?:
Orbzoume to pedPohimeyermesw twn sgésewn

@X @X=mim cosa;, X @X @X =mym sina:
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Mésw thc anagwg ¢ Pohimeyer prokOptei iti to pedDoPohlmeyer ikanopoieb thn
exbswslsine-Gordon

@@a= °sina; %= m.m :

Oi I0seic thc exPswsheine-Gordon oi opoPec ekfr'zontai mésw elleiptik,n
sunart sewn, ebnai

_ E
cos % HE = 5 2 TH1(E)ik(E) + 3

ipou } ebnai h elleiptik sun’rthsh tou Weierstrasskai E elef)jerh par’metroc.
Antikajist, ntac stic exis, seic kbnhshc tou MGSM, blepoume iti gia k”je sunist,sa,
autéc diaqwrbzontai se dOo probl magchredinger, to @na den éqei den éqgei dunamiki,
en, to “llo éqgei to dunamiki Lame . 'Etsi, oi idiosunart seic thc exbswshcLane

d’y

—+2} (x+! =y, = a):

Got2 (x+ly=y } (a)
ebnai ta sustatik™ twn sugkekrimenwn klassik,n IOsewn thc jewrbac gord,n. An
h parmetroc a den sumpbptei me k' poia hmiperbodo thc sun’rtNgbierstrass oi
idiosunart seic egoun thn morf

(X+!2 a) (!2)e ( a)x

y (2= (x+13) (f2 9

Apait ntac h 10Osh na ikanopoieb ton gewmetriki desmi, dhlagXj = 1 kaj,c kai
touc desmoOVWirasoro, prokOptei iti

0
Re v. ( La)e ™"’
1
X:T% IFr)n y+(1;a)e“°§
Xxp }(r+1y)

. .. b . AL A
ipou ~ = x; } (a) kai x; = E=3. Api touc desmoOc/irasoro prokOptei iti h
par"metroc a sgetbzetai me tic parametrous mesw thc sgéshc

E m2+m?

b@= & g

Gia na emfanbsoume ton fusiki grino stic ekfr’seic, prépei na ektelesoume énan
metasghmatismiLorentz sto kosmiki sentini, ,ste na epiléxoume thn statik bajmbda
Xo = 0-
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Argik IOsh @gg *
BMN Stajeric
Elleiptikec gordéc Exarttai mino
api mia metablht?!
Genik perbptwsh Exarttai kai
api tic duo metablhtec

Endeduménec qordéc ston R S* 'Ena basiki er,thma ePnai piso eOkolh ePnai
h efarmog thc mejidou endushc sthn pr'xh. Ston pPnaka pou akoloujeb parajétoume
tic treic diaforetikéc peript,seic pou mporeb na sunant sei kanebc. Gia na epilOsoume
to bohjhtiki sOsthma, ekfr’zoume thn IOsh tou MGSM wc X = UX,, ipou U =
U,U; kai

0 1 0 . 1 01

coS 0 sin coSs sin O 0
UU=@ 0 1 0A;U,=@sin cos O0A;Xo= @oA:
sin 0 cos 0 0 1 1

Kataskeu"zoume éna stoigePo tou g,rou phibkou vgc= J(I  2XX T), ipou
J=1 2X¢X{. Omobwc orbzoume,

= JW;v= ¢, 0, 0,
To bohjhtiki sOsthma apokt™ thn morf
@=1\7i = A0=1<>i;

ipou gia elleiptikéc IOseic 0 énac api touc pPnakel,-; exart'tai mino api thn mia

metablht . 'Etsi h mia exDswsh mporeb na lujeD wc grammiki sOsthma me stajeroOc

suntelestéc me thn deOterh exDswsh na prosdiorDzei tic ghwstec sunart seic.
ParaleDpontac énan idiabtera teqniki upologismi, h endededuménh I0sh exart’tai

mh tetrimmeéna api thn fasmatik par"metro mésw thc paramétroa, h opoba orbzetai

api thn sgésh

E m 1 % m? 1+

Y@= 5 7 1= 4 1

Sugkrbnontac me thn par"meteotwn elleiptik n IOsewn, biépoume iti h mia prokOptei
api thn “llh me énan metasghmatismi twrm . EbBnai idiabtera krbsimo iti autic
o0 metasghmatismic af nei to ginimenon. m anallobwto. Auti shmabnei iti an
jewroOsame me klassik 10sh me par'metra, aut ja ikanopoioOse tic exis seic
kBnhsh, ton gewmetriki desmi, ja antistoigoOsan sthn Bdia I0sh thc anhgménhc kat®
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Pohlmeyerjewrbac, all” ja up”kouan desmoOd/irasoro me migadikéc stajeréc. Sthn
aploOsterh perbptwsh mporoOme na kataskeu“soume énan par“gonta @ndushc o opoboc
ja égei pilouc ston monadiabo kOklo, sugkekriména gia exp( i 1).

MeletoOme ekten,c tic fusikéc idiithtec twn endeduménwn elleiptik.n qord,n,
kaj,c kai twn eikinwn touc sthn anhgmenh kat” Pohimeyerjewrba. Ed, ja anafer-
joOme mino sthn Oparxh miac klI’shc IOsewn, h opoba antistoigeP stic ast’jeiec
twn elleiptik,n qord,n. Autec oi ast’jeiec up'rgoun ipote mporeb na diadojeb
éna tagioniki solitinio sto upibajro thc antbstoighc elleiptik ¢ IOshc thc anhg-
meénhc kat"Pohimeyer jewrDac. Oi sunoriakéc sunj kec ePnai polO shmantikéc gia
ton prosdiorismi twn astajei,n pou epitrépetai na diadojoOn. Aut” ta sumper’s-
mata epibebai nontai kai api grammik an’lush eust’jeiac sthn jewrbaine-Gordon
H an’lush basbzetai sthn dom twn energeiak,n zwn_n tou dunamikaG 1 Lane .

H epPlush tou bohjhtikoO sust matoc gia tugaba arqgik 10sh Ac
jewr soume mia tugaba I0sh h opoba se polikéc suntetagménec parametropoiebtai api
tic gwnbec kai . Qwrbc na mpoOme se leptomeéreiec, mporoOme na prosdiorDsoume tic

stlec ¥ pou IOnoun to bohjhtiki sOsthma. ProkOptei iti

J=— 2 @ — O @0+ 0%y
e ) X0 (v o) Ko
ipou
0,1 Lo 1+ 2 2
0=1 0=1 = SIN 5 @1 5@
_ % 2 X ) 1 1
~0=1 — 0=1 ) 1 + 2 2
O (?:1 = 1 2@21 + 1 2@:0

me ta stoigei” thc trBthc gramm ¢ na dbnontai kataskeu"zontai api thn argik |Osh
wc

\/)iSZXijm 'm 1—

Api aut thn kataskeu prokOptoun poll” sumper’smata. H IOsh touc bo-
hjhtikoO sust matoc gia tugaPa argik 10sh, kataskeu"zetai sundu“zontac thn ar-
gik 10sh me mia oiwnob I0sh. Aut mporeD na kataskeuasteD susthmatik™ arkeD na
gnwrbzei kaneBc ilh thn oikogéneia IOsewn tou MGSM h opoPa antistoigeD sthn Ddia
IOsh thc exDswshaine-Gordon Aut™ ta dedoména arkoOn prokeiménou na eisag-
jeb éna solitinio sto upibajro thc sugkekriménhc 10shc thc exBswshsine-Gordon
gwrDc na greiasteD h epBlush twn exis,sewn tou metasghmatisBacklund. Ou-
siastik”, sthn prokeiménh perbptwsh h méjodoc endushc ulopoieb thn mh grammik
uperjesh pou parousi'same. Ta solitinia thc exbswshcsine-Gordon ebnai h eikina
thc mh grammik ¢ upérjeshc sthn anhgménh k&ohlmeyerjewrba.
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Endedumenec el qistec epif'neiec Gia tic el’gistec epifaneiec ston H3
grhsimopoioOme thn apeikinish

Y2REI)1 g= 1+2YY,J 1+2YY"] 2 SO(13)=SO(3)

ipou | ebnai o tautotikic pPnakad, = diagf 1;1;1;1g h metrik tou R®?® kai Y
éna stajeri di'nusma ston uperboliki g,ro H?, dhlad éna di"nusma pou ikanopoieD
thn sqesh Y, JYo = 1. Epilégontac Y,y = 1 0 0 O eqoume

g=J+2JYY'J

To bohjhtiki sOsthma égei thn Bdia morf
1 1 .
@ = 1 (@9)g ;

all” oi telestéc parag,gishc @ orbzontai wc@ = @kai @ = @ Auti eqei wc
apotelesma h sunj kh pragmatikithtac na apokt™ thn morf ()= ( ).

Kat™ antistoigba, sthn aploOsterh perBptwsh mporoOme na kataskeusoume énan
par"gonta endushc o opoboc ja egei pilouc ston "xona twn fantastik,n arijm.n,
sugkekriménagia =i ;kai = i ;. ProkOpteiiti h endeduménh IOsh sqetbzetai
me thn argik mesw thc sqéshc

Y 1+ P IW

Yo=i —+

. — ; . T —-N-
- > WY W= (1 p; WJIW=0:

H anwterw an’lush den exart'tai api to pl joc twn diast"sewn, ipote katal goume
sto akiloujo sumpérasma: 'Enac metasghmatismic éndeishc me ton aploOstero par’-
gonta éndushc grhsimopoi ntac ton g.ro phibko SO(1; d)=SO(d) susgetbzei IOseic
tou EukleDdeiou MGSM ston uperboliki g,ro HY kai IOseic tou EukleBdeiou MGSM
ston q,ro de Sitter dSg.

Aut h periplok mac anagk’zei na melet soume pollaploOc metasghmatismoOc
endushc

@ W)= (@3 Vot W) 8 1= «O):

ApodeiknOetai iti mporoOme na kataskeu“soume pragmatikéc IOseic epagwgik™ grhsi-
mopoi,ntac thn sgésh

Ye= 1 1+ 4 Yk2+11+k1k
X K Kk 1

1 y

“ OVIYk 2 SR VAR
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ipou
11+ §) 1+ ¢, VI IVie 1

2 (« k1 MYe2) VY2

kai
Vie= ko1l P V1= kool k )P o
Up“rgoun arketéc endeDxeic iti to sOnoro thc endeduménhc epif'neiac prosdiorbze-
tai api thn sgesh X =0. Teloc, mporeb na debxei kanebc iti to embadin thc el qisthc
epif'neiac metasghmatbzetai wc

Z
Ay = dudv(@Yx 2)" J@ Yk »
> z h i
dn Fin VT Ye 2 WV Yk 2 X
@«
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Olografik Entropba Diemplok c

Parametropobhsh el"gistwn epifanei,n mésw gewmetrik,n ro.n Ac
upojesoume iti jeloume na melet soume el gistec epif'neiec se éna q,ro me stoigebo
m kouc

ds? = f (r)dr?+ hy r;x* dx'dx;

o opoboc égei éna sOnoro. H el gisth epif'neia parametropoiebtai wc
r=; x'=X'(;u?

Melet ntac thn emb ptish thc el"gisthc epif°neiac, mporoOme na kataskeu“soume mia
gewmetrik ro h opoba perigr-fei thn el’qisth epif'neia wc exelixh thc epif'neiac
diemplok c.

Sthn perbptwsh tou uperbolikoO g,rouH? (gia ton opobo isqOéi; = f () ; kai
f( )=1=2?) hexbswsh ro c ePnai

P—— P_—— O
c det +(d 1) det — 0 1+ @(@(

1_
c e @ @

ipou ebnai h orbzousa thc epagimenhc metrik c. Autic o formalismic mac epitrepei
na ektelésoume énan pl rwe olografiki upologismi. Aplodk™ to an”ptugma twn x'
ebnai | . X | o
x'(;u?)= X(m) (U%)
m=0;2;4;:::

@

Wstiso, se t'™xh d grei"zontai epiprisjetec suneisforec. An to d ebnai peritti,
mporoOn na emfanistoOn perittoD iroi sto an"ptugma, en, and@Pnai “rtio apaitoOn-
tai logarijmikoD iroi.
To embadin thc el gisthc epif°neiac ja éqgei éna an"ptugma thc morf
X 2 a,
A()= —  @&In + non-divergent termc

n=1

ProkOptei iti oi pr toi suntelestéc ePnai:

Z
1 PR R |
= — :—A
aq 2 F' > d uRdetG 1 2 d 3
s © 2P detGK d 4
dg 4= c
‘ : dzupdetGKZ; d=4

R p_— 42
d 5 d 2 d? 5d+8 4 2 ab .
. T AT R d? 2undet G G2 iK K ?KagpK® K 2K ; d 6

1 4 TJor ¢ 1L 4 2 ab . —
B dhuT TG LKA K ZKapK® K 2K d=6
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O pr,toc nimoc thc jermodunamik ¢ thc diemplok ¢ kai oi exis,-
seic Adnst’in Upojétoume iti @goume éna sOsthma se amig kat'stash, h opoba
exart'tai api kK'poiec parametrouc. Metab’llontac thn kat'stash eqoune

SA:TT(HA A): H"AI, A:eHA:

ipou H ebnai h arjrwt Qamiltonian . Aut h isithta moi“zei me ton pr to jermod-
unamiki nimo kai isqOei tetrimména gia k’je kbantiki sOsthma.

Ac thn melet soume upi to prbsma thc antistoigpa&dS/CFT . Epiléegoume thn
basik stjmh thc jewrBac, h opoPa antistoigeD se gewmetBdS kai jewroOme
sfairikéc epif'neiec diemplok c. H metabol thc arjrwt ¢ Qamiltonian ¢ ebnai

Z
HHAl = R d? IX(R? | %2 HhTgo(x)i
B

ipou T ebnai o olografikic tanust ¢ enérgeiac - orm c. H arjrwt Qamiltonian
ebnai topik sun’rths tou, laj,c h antbstoigh arjrwt ro ebnai topik .

JewroOme iti h allag thc kat'stashc ofePletai se barutikéc diataragéc. En
genei h diataragménh gewmetrba ja dbnetai api éna an"ptbBgmanan - Graham:

ds?:z—l2 dzZ2+ dx dx + z'H dx dx ;

,Ste 0 g,roc na ebnai asumptwtik™ AdS. Qrhsimopoi, ntac olografik epanakanon-
ikopobhsh mporoOme na debxoume iti o olografikic tanust ¢ enérgeiac-orm c sgetbze-
tai me tic diataragec mésw thc sqeshc

d
T = H =0;
166, @70
H metabol tou embadoO thc elgisthc epif'neiac ebnai
z z
1P 1 .
Area = E . det ab cd cd = ﬁ . dd 1X(R2Hii X' x! Hij ):

Apait ntac thn isqO tou pr tou jermodunamikoO nimou thc diemplok ¢, dhlad
Sa = MHai, prokOptei iti

H =0; @H =0; Zd1+1@zd+1@H +@H =0

Autéc ebnai oi grammikopoihmenec exis, seic Adnst’in sto upibajro tads.

An h isodunamba metaxO tou pr,tou jermodunamikoO nimou kai twn exis ,sewn
Adnst’in isqOei genik”, ja prépei na isqOei gia k’je epif'neia diemplok c. Oi sfairikéc
epif"neiec diemplok ¢ ePnai polO eidikéc. EPnai orbzKillieg Kkai ilec oi exwterikéc
touc kampulithtec mhdenbzontai.
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Dustug,c h arjrwt Qamiltonian den ePnai gnwst péra api tic sfairikéc epif'neiec
diemplok c. Gia tic statikec elleiptikec el"gistec epif'neiec ston AdS,; an kai den
mporeD na prosdioristeD, prokOptei iti eDnai mh topik sun’rthsh u.

Esti"zontac ston sundetiki krbko, dhlad stic barutikec diataragec, kataskeu"same
ton diadith api to sOnoro sto eswteriki sthn bajmPda Fe erman - Graham, o opoBoc
ebnai 166G « 1 Z

d Co) — N
HO(x ;z)= TV
ipou BY ePnai h monadiaba mp’la dtidiast’seic. Antikajist ntac sthn ékfrash
aut ton olografiki tanust enérgeiac orm ¢, mporoOme na upologbsoume tic gram-
mikopoihménec barutikéc diataragéc pou ep”gei. Mésw autoO tou formalismoO d_same
enallaktikec apodebxeic thc isodunambac tou pr,tou nimou thc jermodunamik ¢ thc
diemplok ¢ gia sfairikec epif'neiec diemplok c.

duT X%+ zug %+ izd ;
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Introduction







Introduction

Theoretical physics of the previous century was marked by the development of quan-
tum eld theory (QFT), which found a plethora of applications. Within this frame-
work mankind came to conceptually understand fundamental phenomena in various
elds, including solid state physics and particle physics. However, most calcula-
tions in QFT rely on perturbative methods; as a result, many calculations in the
strongly coupled regimes of theories, which are related to very important questions,
cannot be performed. Very interesting physical phenomena, such as Con nement,
High Temperature Superconductivity, Super uidity and Quark { Gluon Plasma are
of non-perturbative nature; consequently, a very limited quantitative and qualitative
description of them is possible through straightforward application of the standard
QFT machinery.

An elegant and modern method to overcome this obstacle is through the iden-
ti cation of a duality. A duality relates two theories in a very non-trivial way, so
that the strongly coupled regime of one of them is mapped to the weakly coupled
regime of the other and vice versa. That said, whenever a duality exists, it is possible
to map non-perturbative calculations in a theory to perturbative calculations in the
dual theory. A prototype example is the sine-Gordon { Thirring duality [11]. Since
sine-Gordon theory [12, 13] contains only bosonic degrees of freedom, whereas the
Thirring model [83] contains only fermionic degrees of freedom, this example reveals
a very peculiar characteristic; a duality can relate two theories of completely di erent
nature. A far more important breakthrough in the eld of dualities was achieved in
the early nineties, when the existence of dualities in supersymmetric gauge theories
was discovered [14,15]. Remarkably, the Seiberg-Witten duality allows the calcula-
tion of the exact low energy e ective action oN = 2 supersymmetric gauge theories,
which are theories similar to Quantum Chromodynamics. This description provides
guantitative, but also qualitative, insights in the phenomenon of con nement, which
in this framework is realized as a magnetic superconducting phase of the theory,
where the color charges are con ned due to the analogue of the Meissner e ect.

A formal proof of a duality is extremely di cult, yet its existence can be moti-
vated quite rigorously. One necessary condition for the existence of a duality is the
matching of symmetries and anomalies of the dual theories. In addition, whenever a
perturbative calculation can be extrapolated to the strongly coupled regime, it should
match the perturbative calculation of the dual theory. Such non-perturbative cal-
culations are sometimes possible in the presence of supersymmetry. Supersymmetry
either protects quantities from receiving quantum corrections or enables the local-
ization [16, 17] of path integrals, thus e ectively capturing all quantum corrections
as one-loop super-determinants.
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An extremely interesting class of dualities is that of Gauge/Gravity Dualities.
These typically interrelate a (d+1)-dimensional gravitational theory in asymptoti-
cally Anti-de Sitter spacetime and a d-dimensional conformal eld theory (CFT).
This class of dualities incorporates the holographic principle [18,19] since the bound-
ary of the AdS space acts as a holographic screen. The most well studied and robust
formulation of a Gauge/Gravity Duality is the AAS/CFT correspondence [20{22].

Since CFTs describe systems near their critical points, the Gauge/Gravity du-
ality is relevant to many interesting physical systems. One of its most successful
applications is the description of the Quark { Gluon Plasma (QGP) uid dynamics.
Simple arguments in the gravitational theory indicate the existence of an upper uni-
versal bound for the ratio of viscosity over entropy density [23{26]. Fluids that are
described by this setup should obey the so-called KSS bound. Interestingly enough,
all known liquids obey this bound and the experiments in RHIC suggest that this
bound is saturated by the QGP. \Applied AdS/CFT" came to be a very active eld
of research with emphasis on the description of quantum phases in Condensed Matter
Physics [27{29] and on Super uidity [30, 31].

The AdS/CFT correspondence is a dynamical equivalence between type IIB string
theory on AdS;  S°, with N units of ux though S°, and the N = 4 Super Yang
Mills theory with SU(N) gauge group. The gauge theory is characterized by the
rank of the gauge grougN and the 't Hooft coupling , whereas are string theory is
characterized by its coupling and the string length. The limitN '1  and !1
corresponds to classical supergravity in the gravitational side, where all guantum and
stringy phenomena are suppressed. This regime has been explored extensively in the
literature, see [32] for a review. One can reach another very interesting regime by
allowing the "t Hooft coupling to be nite. This limit corresponds to classical string
theory on the gravitational side, i.e. stringy phenomena are present and important,
but quantum e ects are still suppressed. In general, the classical strings propagate in
a very complicated way, since their presence alters the geometry of the target space.
In order to simplify the situation, the backreaction of the string to the background
geometry has to be suppressed. This is achieved by a nite, yet large enough 't
Hooft coupling. This choice renders the motion of the string integrable, a property
which is inherited by the non-linear sigma models (NLSMs), which describe string
propagation on symmetric spaces. Classical string solutions [33], which propagate
on target spaces, such as AgS S and AdS, CP? have played an important role
in the deeper understanding of the Gauge/Gravity duality. In papers [2{5] we take
advantage of integrability in order to construct highly non-trivial string solutions that
can be studied analytically and are associated with many interesting phenomena.

In the thermodynamic limit, i.e. the limit where the composite operators include
in nitely many insertions, the integrable structure of the NLSM can be used in order
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to establish a mapping between the conserved charges of the classical strings and the
anomalous dimensions and charges of the dual CFT operators [34,35]. Even though
this mapping is known, it is a formal, abstract construction based on the identi ca-
tion of spectral curves; it is highly non-trivial to identify the speci c operators and
classical string solutions that are interrelated. Various techniques can be used to
explore the ADS/CFT correspondence at this particular limit, mainly on the side of
the boundary eld theory [36]. In [10] we obtain the formal solution of the auxil-
iary system, which corresponds to strings propagating iR S>. Generalization of
this construction to the supercoseP SU(2; 2j4)=S(O(1;5) SO(6) could contribute
towards establishing a direct relation between speci ¢ string con gurations and dual
operators.

As discussed, Gauge/Gravity duality suggests that at the largé&l and large 't
Hooft coupling limit, the gravitational theory reduces to classical supegravity. At
this limit, a prescription for the calculation of the holographic entanglement entropy
was put forward by Ryu and Takayanagi [37{39] and subsequently derived in the
context of AAS/CFT in [40,41]. Entanglement entropy is given by the von Neumann
entropy associated with thereduced density matrix that describes the degrees of
freedom of a given subsystem. This subsystem is de ned to contain the degrees of
freedom in a given spatial region of space, de ned by a particular entangling surface.
The calculation of entanglement entropy in quantum eld theory is a formidable
task, even for free eld theories [42{46]. The prescription of Ryu and Takayanagi
states that the holographic entanglement entropy is proportional to the area of the
co-dimension two minimal surface, which is anchored on the entangling surface at
the boundary and extends towards the interior of the bulk. While this is a very well
posed and clear prescription, in practice, its implementation is far from trivial, since
one has to know the exact expression of the minimal surface in order to calculate its
area. Even in the case of pure AdS geometries, very few minimal surfaces are known
for an arbitrary number of dimensions, namely, minimal surfaces that correspond to
spherical entangling surfaces or strip regions.

We tackle this problem using two di erent approaches. First, we focus on AdS
Since in this case the co-dimension two minimal surfaces are two-dimensional Eu-
clidean world-sheets, there are extra tools that can be used compared to the general
case. Such minimal surfaces are solutions of the equations of motion of a Non-Linear
Sigma Model. In particular, the static co-dimension two minimal surfaces in AdS
are equivalent to co-dimension one minimal surfaces in the hyperbolic space Buch
two-dimensional Euclidean world-sheets, embedded irf Hare of great interest, since
they are the holographic duals of Wilson loops at strong coupling [47,48]. In [9] we
discuss the application of the dressing method on such static minimal surfaces. As
far as the general case is concerned, in [8] we present a ow equation, which governs
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the minimal surfaces and can be used in order to study some of their characteristics.

Holographic entanglement entropy is related to two very important open prob-
lems of theoretical physics; the black hole information paradox (for a review see [49]),
as well as, the very nature of gravitational force. AAS/CFT correspondence suggests
that we can study quantum gravity in terms of the dual CFT. As the Hawking ra-
diation emitted by evaporating black holes is thermal [50], information seems to be
lost [51]. This fact contradicts the unitary evolution of pure states, which is a funda-
mental property of guantum mechanics. Since CFT is manifestly unitarity, AAS/CFT
suggests that the gravitational description has to be unitary too. Moreover, there
are concrete proposal on the resolution of the blackhole information paradox in the
framework of complementarity (introduced in [52]) [53{55], see also [56] for an op-
posite point of view. The state of art on the subject is reviewed in [57,58].

Even in the framework of general relativity, there is a remarkable similarity be-
tween black hole physics and thermodynamics [59, 60]. Under some assumptions,
namely that entropy associated to horizons is proportional to their area, one can de-
rive Einstein equations as a consequence of classical thermodynamics [61]. This idea
was evolved in the context of AdS/CFT, in order to relate the gravitational force
to quantum entanglement [62{65]. By construction Ryu - Takayanagi conjecture
reproduces area law and enables us to quantify the relation between quantum entan-
glement and gravity [66,67]. Finally, holographic entanglement entropy is related to
both con nement [68] and renormalization group ow [69, 70].

It is interesting to study these phenomena directly in the framework of eld
theory. Quantum entanglement is a property of composite quantum system, which
has no classical analogue. It emerges when the constitutes of a system, which lies
in a pure state, cannot be associated to a specic states. Interestingly, quantum
entanglement played an important role in the early days of quantum mechanics; it
was used in order to question its validity. Measurements of entangled subsystems are
correlated, no matter how far apart these subsystems are. Einstein, thinking that this
behaviour is inconsistent with local causality, used this fact to attack on quantum
mechanics [71]. Nevertheless, it was experimentally veri ed that no matter how
counter-intuitive it is, quantum entanglement describes nature. Nowadays, quantum
engagement is key for many technological applications, such as quantum information
and quantum computing.

Quantum entanglement can be quanti ed in terms of entanglement entropy (when
the overall system lies in a pure state). Entanglement entropy is a related to many
physical applications, such as quantum information [72{75] and condensed matter
physics. In the latter case entanglement entropy can be used to study the critical
behaviour of systems, as well as the renormalization group ow [45,76{80]. Remark-
ably, entanglement entropy associated to the ground state of free scalar QFT obeys
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an area law [42{44,81, 82], just like the entropy of black holes. In [1] we generalize
the approach of [42] in a method for the perturbative calculation of the spectrum of
the reduced density matrix and entanglement entropy as well. In [6,7] we study free
massive scalar QFT at nite temperature. We show that it is the mutual information
that obeys an area law and that there is a natural way to separate the contribution
of classical and quantum correlations to the mutual information.
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Outline

This dissertation is divided into ve parts.

In Part 1 we review ideas and concepts, which constitute the framework for the
research presented in this dissertation. We discuss ideas about the behaviour of in-
formation in quantum gravity, which preceded AdS/CFT and led to the formulation
of the Holographic Principle. Then, we give brief introductions to AdS/CFT cor-
respondence, as well as to Quantum Entanglement and Entanglement in Quantum
Field Theory. Finally, we discuss Holographic Entanglement Entropy.

Part 2 is devoted to Entanglement in Quantum Field Theory. We generalize the
methods of Srednicki by introducing a mass term for the scalar eld, as well as nite
temperature. We develop a perturbative approach which can be used to calculate the
spectrum of the reduced density matrix. We show that at nite temperature mutual
information obeys an area law and propose a method to distinguish the classical and
guantum contributions to it.

The goal of Part 3 is to probe the relation of Entanglement Entropy and Inte-
grability. In order to gain intuition about the application of the dressing method
on static minimal surfaces in Ad%, which are Euclidean world-sheets, we turn to
the O(3) NLSM with Minkowski world-sheet. Initially, we construct string solutions,
whose Pohlmeyer counterpart is expressed as an elliptic function, via the inversion of
the Pohlmeyer reduction and present a parallel study of their properties and those of
the Pohlmeyer counterpart. We apply the dressing method on the NLSM solution, as
well as a Backlundtransformation on the Pohimeyer counterpart. We study in paral-
lel their properties, such as the existence of a special class of dressed elliptic strings,
which corresponds to the unstable modes of their elliptic precursors. Subsequently,
we show that this conclusion coincides with a conventional stability analysis. Then,
we apply the dressing method on static elliptic minimal surfaces in Ad%nd obtain
an addition formula for the surface element. Finally, we return to theD(3) NLSM
and show that one can solve the auxiliary system, which guaranties the integrability
of the theory, for an arbitrary seed solution.

In Part 4 we study Holographic Entanglement Entropy. Initially, we present a
ow equation which describes minimal surfaces as geometric ow with respect to the
holographic coordinate. Using this framework, we study the divergent terms of the
expansion of holographic entanglement entropy purely from a holographic point of
view. Finally, we discuss the equivalence of the rst law of entanglement thermo-
dynamics to the linearized Einstein equations and construct the bulk to boundary
propagator in Fe erman - Graham gauge, which is the link between the two equiva-
lent statements.

Part 5 consists of appendices.
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1 Introduction

This Part serves as an introduction to various concept that are necessary for the rest
of the dissertation.

Initially, we present Black Holes Thermodynamics, Entropy Bounds and the Holo-
graphic Principle. Research in the rst two elds essentially concerns how informa-
tion is stored in the framework of quantum gravity. Naturally, everything boils down
to the question about the minimal number of degrees of freedom required to describe
a region of space. The idea that bulk physics is in one to one correspondence with
boundary degrees of freedom constitutes the Holographic Principle.

Next, we give a brief introduction to AdS/CFT correspondence. We present
the arguments of Maldacena that motivate the correspondence. The dictionary of
AdS/CFT is discussed, as well as the holographic calculation of correlation functions.

Then, we switch to a completely di erent topic and review Entanglement in Quan-
tum Mechanics and Quantum Field Theory. We present various measures which are
used to quantify entanglement. We discuss the calculation of entanglement entropy
in QFT based on path integrals, as well as on lattice discretization. In the latter
case we present both methods based on wavefunctions and on correlation functions.

Finally, we discuss Holographic Entanglement Entropy, i.e. entanglement in the
framework of AAS/CFT correspondence.

2 Black Holes Thermodynamics, Entropy Bounds
and the Holographic Principle

The mysterious relation between gravity and information was identi ed decades be-
fore AAS/CFT. Actually, it is this kind of ideas that constitute the conceptual foun-
dations of Gauge/Gravity duality. In order to present these ideas, we review Black
Holes Thermodynamics [60], as well as the Entropy Bounds and the Holographic
Principle. We follow the review [84].

The concept of Black Holes Thermodynamics began with the area theorem of
Hawking [85], which states that the area of the horizon of a black hole never decreases
with time, i.e.

dA O (2.1)
In particular, as two black holes merge, the area of the horizon of the black hole at
the nal state exceeds that sum of the area of the horizon of the two black holes.

Assuming that the area of the horizon is proportional to the entropy, this inequality
resembles the second law of thermodynamics.
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The no-hair theorem [86{88] states that stationary black holes are characterized
by just three quantities their mass, angular momentum and charge. This implies
that the energy balance of a black hole is related to variations of these quantities.

The laws of Black Holes Thermodynamics are the following

~ Zeroth Law: The surface gravity of a stationary black hole is constant over
the event horizon.

A

First Law: The entropy of a black hole is

(2.2)

where A is the area of the horizon. Bekenstein was the one to recognize that
Sgn ' A [59,89,90], while Hawking derived the proportionality constant by
showing that the black holes emit radiation at temperaturely = 5- [91]. The
validity of Bekenstein-Hawking entropy formula is veri ed in the context of
string theory [92], where the counting of microstates of a class of BPS black
holes was achieved.

Second Law: The entropy of Black Holes is non-decreasing, i.e.

dSsy O (2.3)
It was generalized by Bekenstein [59,89,90] to include matter's contribution as

CISBH+Matter 0 (2-4)

A

Third Law: Itis impossible to reduce surface gravity to zero by any procedure
using a nite number of operations.

As indicated by the laws of Black Holes Thermodynamics one can associate en-
tropy to regions of space. Its natural to wonder how much information can be stored
in such regions. Since the concentration of matter in high density eventually leads
to the formation of a black hole, the existence of such a bound is expected.

This is also expected in view of the generalized second law. As matter is absorbed
in a black hole,Syater decreases, nevertheless the total entro@sq+mater has to be
non-decreasing. Since the area of the horizon depends on the added mass and not on
the added entropy, postulating the generalized second law implies the existence of a
universal upper bound on the entropy density of matter. Bekenstein [93] showed that
any matter system, on a weak gravitational background, which is in an asymptotically
at space, obeys the so called Bekenstein bound:

SMatter 2 ER; (2-5)
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where E is the total mass and energy, which is enclosed in a sphere of radRis
Notice that R is the radius of thesmallestsphere that encloses the system. This is
the outcome of a purely classical analysis of the Geroch process, i.e. a system which
dropped in the black hole from the vicinity of the horizon.

One can obtain a di erent bound by considering the Susskind process [19], i.e.
the conversion of a system to black hole. The so called spherical entropy bound reads

A

Swatter 4Ggns . (2.6)
+

In 4 dimensions gravitational stability implies 24 R, thus S 2MR R2=
A=4, whereG was set to unity, implying that the spherical entropy bound is weaker
than the Bekenstein bound when both bounds are applicable. In general number of
dimensions gravitational stability and the Bekenstein bound imphS d—82A, thus
the situation is reversed. This may be due to unreliable speci cation of the numerical
prefactor in the Bekenstein bound.

This kind of considerations led to the Holographic Principle [18,19]. The entropy
bounds indicate that the information stored inside a region of space is roughly 1
bit per Planck area. So the quest is to nd a theory, whose boundary degrees of
freedom su ce to describe the physics of the bulk. A concrete realization of this
idea is ADS/CFT correspondence.

3 An Introduction to AdS/CFT

In this section we will present a brief introduction to AdS/CFT correspondence.
There are dozen of reviews and lectures, such as [32,94,95], as well as books [96,97],
on the subject. We will mainly follow the TASI lectures by Polchinski.

Initially, let us sketch the original arguments, given by Maldacena, that motivate
AdS/CFT correspondence. The story begins with 1IB superstring theory and a stack
of N D3-branes. String perturbation theory dictates that these branes come with
a factor of gsN, wheregs = e is the string coupling andN is due to the trace
of the Chan-Paton factors. Perturbation theory is valid forgsN 1. The core of
AdS/CFT correspondence lies in the fact that the same Ramond-Ramond uxes,
which are sourced by the D-branes, can be sourced by black branes [98]. The black
3-brane forN units of ux is

ds’=H '(r) dx dx + H™?(r)dx™dx™;

X (3.1)
Fs=(1+ )dt”™dx;”dx,” dxz3”™ dH : Q= gN;
where; =0:::::3 m;n=4;::::9 and
L4
H=1+ Pt L*=4gN rz=xmxm: (3.2)
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The near horizon limit of this geometry is
r? L? 24 2
d52 ! F dx dx + r—zdr + L°d S5 (33)
which is the AdS; metric in Poincae coordinates, withz = L2=r and and the metric
of . Both spaces have the same curvature radius. the 5-forfig becomes
p__
Lsgdxo Ndxy N dx, N dxg N odr; (3.4)

where (s is the volume form, which integrates to 1 on Ad$ In this picture stringy
e ects are suppressed fogN 1.

So, the same physical system admits two complementary descriptions. g
1 we have perturbations around at space, while fogN 1 we have perturbations
around the black brane background. In the low energy limit of the D-brane descrip-
tion, the spectrum consists of the massless open strings, ending on the D3-branes
which are gauge elds in the adjoint representation otU(N ), where the U(1) factor
corresponds to the collective motion of the stack of branes, their fermionic partners,
as well as massless closed strings, which form the supergravity multiplet. The elds
match precisely the multiplet ofN = 4 Super Yang Mills (SYM) in 1+ 3 dimensions.
Notice that the gauge elds are interacting, since the gauge coupling is dimensionless
in 1+3 dimensions, while the closed strings are free. In black brane description, there
are again massless closed strings away of the brane, but in the near horizon limit the
massive strings remain in the spectrum since they have arbitrary small energy, due
to the fact that the wrap factor goo vanishes. In both pictures there are massless
non-interacting closed strings away of the brane, i.e free 1IB supergravity. In the
limit a°! O, after appropriate rescaling of various factors, the massive states that
live near the horizon decouple. Thus, assuming that the adiabatic continuation gf
and the low energy limit commute, we reach the conclusion that the gauge theory
on the brane is equivalent to free 11B supergravity on the AdS S°.

Let us make the statement more precise. Gauge theory is characterized by the
coupling gym and the rank of the gauge grougN. The gauge theory coupling is
related the to string coupling as

Fs=4L*(1+ ) @); ©) =

495= Gm; (3.5)
while the string length is related to °as
2= 0 (3.6)

These relations imply that the ratio of the string length over the curvature radius of
AdS is

\S - 1=4
S = 3.7
: 37)
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where is the 't Hooft coupling de ned as

= gy N: (3.8)

Similarly, the ratio of the Planck length to the curvature radius of AdS is

N

PL;10 = 9174 538 1=4; (3.9)

where the Planck Iength‘(\p;lo is de ned as
1 .
Ba0=5@) &% (3.10)

so that the coe cient of the Ricci scalar in the action inD dimensions is tZ’E;DZ.
Equations (3.7) and (3.9) provide the identi cation of the parameters of the dual
theory. These imply that our arguments are valid in the regim&l '1  and ! O.
Since we argued that string interactions should be suppressed, ig.! 0, on the
gauge theory sidegyy goes to zero, whileN goes to in nity so that the 't Hooft
coupling goes to in nity. Thus, we have motivated a duality between planar strongly
coupledN =4 SYM with SU(N) gauge group and perturbative 1IB supergravity

on AdSs S°. Depending on our good faith, there are three possible versions of the
duality:

" Weak Version: The duality is valid only between planar strongly coupled =4
SYM with SU(N) gauge group and perturbative 11B supergravity on Ad§ S°.

" Stronger Version: The duality is valid between planaN =4 SYM with SU(N)
gauge group and,classical 11B superstring theory on AgS S°. This implies
that a=L2 and 1=  corrections agree, butg; and =N 2 corrections disagree.

" Strongest Version: The duality betweerN =4 SYM with SU(N) gauge group

and quantum 11B superstring theory on Ad§ S is valid for any value of the
parameters.

3.1 Symmetries

In order for two theories to be dual, matching of symmetries is a necessary condition,
which can be veri ed with a back of the envelop calculation. In the case of AAS/CFT
correspondence, the isometry group of AdSi.e. SO(2;4), coincides with conformal
group in 1 + 3 dimensions, whereas the isometry group of S.e. SO(6) ' SU(4)
coincides with the R-symmetry group oN = 4 SYM. Supersymmetry extends the
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bosonic symmetry to the superconformal grouf SU (2;2j4) on both sides of the
correspondence.

In addition both dual theories have aSL (2;Z) self S-duality symmetry. In the
gauge theory side this is the famous Montonen - Olive duality df =4 SYM [99],
whereas in the gravitational side this is the S-duality of 1IB supergravity / superstring
theory [100, 101].

3.2 Anomalies

One can calculate the central charges and c of 1 + 3 dimensional free theories, see
[102]. These values coincide with the central charges at the UV of any asymptotically
free gauge theory, since obviously the theory becomes free in the UV. For a free theory
with Ns real scalars,Ng Dirac fermions andN, gauge bosons one obtains

1

c= 55 (Ns +6Ne +12Ny); (3.11)
1

= %(NS + 11N|: + 62Nv) (312)

Since theN = 4 multiplet consists of 6 real scalars, 4 Weyl fermions and a gauge
boson, each multiplet corresponds to = ¢ = 1=4. Taking into account the dimen-
sionality of the adjoint representation, it follows that the central charges oN =4
SYM with SU(N) gauge group are

N2 1
uv = Cyv = 7 : (3.13)

These values should match with the analogous computation in [IB supergravity on
AdS; . Indeed, the calculation of the Weyl anomaly [103{105] results in

N 2
=7
Besides matching at leading order with (3.13), this relation implies that gravitational

theories on pure AdS backgrounds can be dual to CFTs, whose central charges satisfy
c= 0(2).

=c (3.14)

3.3 The State/Operator Map

States of the dual theories must be in 1-1 correspondence. A eld, which scalez as
near the AdS boundary, maps to a gauge invariant operator of dimension . Thus,
the CFT operators are related to the bulk eld as

O(x) = Co lilm0 z (X;2); (3.15)
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whereCo is a normalization factor. In order to verify that the operator has dimension
, let us study a scalar bulk eld. Since the eld is scalar rescaling the coordinates
by ,impliesthat (x;z)! (x; z), thus,

O(x)!CoLilrrBz (x;z)= Colilmoz (x;z)=O(x); (3.16)

which is precisely the scale transformation of an operator of dimension .
Let us make the above statements more precise. In Agg the mass of the eld
is related to its dimension as

m2L% = ( d); (3.17)

so there are two possible dimensions for each given mass. These are related to the
boundary conditions of the bulk eld atz! 0 as

(x;2)=z* ,(X)+0 22 +z (x)+ O 2% ; (3.18)
where 1h p i
=5 d?+4m32L2 : (3.19)
The eld is a non-normalizable term and represent the coupling of external

sources to the gravitational theory, whereas . is a normalizable term and is related
to the expectation value of the operatolO. Notice that in AdS m? may be negative
and still correspond to real dimensions for a scalar, as long as

d2
Z.

This is the famous Breitenlohner-Freedman bound [106, 107].

m?L2 (3.20)

3.4 Spectra

For the duality to be valid the spectra of the dual theories must coincide. Even though
N =4 SYM is conformal, in general the conformal dimensions of operators receive
guantum corrections. Thus, in general it is not possible to calculate the conformal
dimensions of an arbitrary operator in the strongly coupling regime.

The states of the CFT consist of the primary operator®© and their descendants,
which are constructed acting with the generators of the superconformal group. Since
N =4 SYM has 16 supercharges, there aré®2primary operators. Some of them are
annihilated by a combinations of supercharges. These operators live in so called short
multiplets and are protected by supersymmetry. Such operators are called chiral

2 Actually this is true as long as representation theory prohibits short multiplets from recombining
into long ones.
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primary operators and preserve some amount of supersymmetry by themselves. The
conformal dimension of chiral primary operators is uniquely determined by the
R-charges. Since the R-charges do not receive quantum corrections, the conformal
dimensions of chiral primary operators is protected by supersymmetry, implying that
it is possible to compare with the AAS/CFT prediction.

For this purpose one has to perform a Kaluza - Klein reduction of the 1@imensional
elds. For example, a scalar eld is decomposed as

X X
(x;y) = i COY i (Y); (3.21)
n I'n
wherex are coordinates in Ad$ and y are coordinates in § while Y('n“) (y) are spher-
ical harmonics of S and |, an index denoting the representation of the symmetry
group. We remind the reader thatSO(6) has three Dynkin labels.
In the N =4 SYM there are six families of chiral scalar representatioAswhich
read

" 0,=Tr (:i::: ) ofdimension = n, corresponding tom?L? = n(n 4),
wheren 2

" Q%0n42 = fQ ;[Q ;Onlg = Tr Ao g ''::: ' of dimension =
n + 3, corresponding tom?L2 =(n+3)(n 1), wheren O:

" Q% n =Tr F F ::: ' of dimension = n + 4, corresponding to
m2L? = n(n +4), wheren O

h [
" Q%Q2%0ph44 = —Tr A, A, Eil B2 Ii.-- In of dimension = n + 6,

corresponding tom?L2 = (n +2)(n + 65, wheren O

" Q%Q%0Opia = Tr o gF F '1::: 'n ofdimension = n+7, corre-
sponding tom?L2=(n+3)(n+7), wheren O:

00 Iy -

" Q%*Q*Opia = Tr F F FooF :: In of dimension = n+8, cor-
responding tom?L2 = (n+4)(n+8), wheren O:

Indeed, Kaluza - Klein reduction results in elds with appropriatem? [108].

3.5 Scalar 2-point functions

Let us switch to Euclidean AdS.:, i.e. the hyperbolic spaceH%*'. We de ne the

object as
227°

72+ 72+ jx  x9%’

(3.22)

3We denote the elds asf '; .a; LA g
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which will be helpful in the rest of the section. The geodesic distance between the
points x = (%;2) and x°= (%29 is
P !

2
d(x;x9 =In ir 1 ° . arccosh 1! : (3.23)
Let us de ne the bulk to boundary propagator for the scalar eld:

z 0
K. 725 = C : C = : 3.24
B; (X z 'X% 72 4 J’X _X(]Z d=2 % ( )

Then, the bulk eld that corresponds to the source reads
Z

(%2)=  dKg . (z2x) (X (3.25)

Notice that for z! 0 the bulk to boundary propagator tends to a delta function, as
Kg. ! 20 @ 9 (3.26)

Thus, (3.25) is compatible with (3.18). The next to leading term of the expansion
around z = 0 implies 7

*
=C . da&#: (3.27)
jx %97
Let us calculate the on-shell action
z 12 )
|:é dd+1xp§ @@ +m22:§ dd+lled (@)2+r r +%2
(3.28)
It would be convenient de ne the eld
2=z (%2: (3.29)
It terms of the latter the azction reads
1
=3 d*ixz%t 2« (@ ¥ +r r (3.30)

which converges for 1 +d=2 > .. If . 1 + d=2 one needs to subtract the
boundary divergences in a more complicated way. Integrating by parts we obtain
z

| = Zlimz% 2+ dx@,: (3.31)

The expansion of near the boundaryz = 0 implies that can be replaced by
and@ by(2 . d)yzZ2+ 91 _ sothat
Z Z

3.32

| = +
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We postulate that the on-shell gravitational action coincides with the action of
eld theory and that Is the source that corresponds to the dual operataD.
Then, the generating functional of the correlators of single trace operato€ , on
the gauge theory side reads

Z
exp =exp dx (O (3.33)
This implies that the expectation value of the operatolO , is
Z
0. = 0 exp  dx O, =2 + d ,x)s (3.34)
while the 2-point function reads
2 . dcC
0.0 .9 = & 9C¢.. (3.35)
jx x93

As promised equation (3.34) relates , to the expectation value of the dual oper-
ator O ,. Similarly equation (3.35) has the structure of a CFT 2-point function of
operators of dimension . .

Actually, one can do a little better and prove that (3.34) is true in not only at
linear order at source, but at full non-linear order [109]. For this purpose we need
the bulk to bulk propagator [110], which reads

C . o+l 9+1; 2

G (xx)=G ()= 53 3 2272 2 !

(3.36)

implying that as the source, which is located ak® reaches the boundary of AdS the

propagator behaves as
0

G (x;x9!

Ke: (3.37)

Assuming a correlation function of the bulk eld with n external sources, then as the
bulk eld approaches the boundary we will obtain

z5 (X)= =

> . 4 O .(x) : (3.38)

What about the operatorO ? Well, it is evident that the role of , and
Is interchanged. At the level of the generating function this amounts to a Legendre
transform, which interchanges the role of the source and the corresponding operator.
The construction can be generalized to other elds and of course the result can
be compared to eld theory calculations, when a strong coupling extrapolation is
possible, see [32]. A more systematic method of calculation involves holographic
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renormalization [103,111,112]. That is, de ning rigorously the graviational varia-
tional problem at z = by introducing a Gibbons - Hawking - York term [113, 114]
and subsequently introducing appropriate counterterms that cancel all the divergent
terms inthe ! O limit.

3.6 Finite Temperature

The discussion regarded gravity on a pure AdS geometry. This geometry corresponds
to the vacuum state of the dual CFT. The insertion of CFT operators back-reacts to
the AdS geometry. In a remarkable paper [115] derived the prescription that should
be followed in order to introduce nite temperate in AAS/CFT.

Field theory on nite temperature is periodic in Euclidean time, i.e. +
where = 1=T. This is the famous KMS periodicity [116,117]. In the gravitational
side the periodicity of Euclidean time is introduced in order to smooth out conical
singularities of the near horizon geometry of black holes. Let us consider the AdS-
Schwarzschild black hole

_ r? wgM 2 1 2., 024 2 .
d’= S+l 5 dt+mdr +rd § g (3.39)

where
16 G gi1

Wg= ———]

Td 1) s
where ¢ 1 is the volume of the unit sphere ind 1 dimensions. The outer horizon
r. of the black hole is the largest root of the equation

(3.40)

2

r wyM
—+1 d_
LZ rdz

It is trivial to show that dr.=dM > 0. Dening r = r. + r the near horizon
geometry of the Euclidean black hole is

=0: (3.41)

r2 1
0= d 2+d7 rld2+ L (dr)?+r2d 3 (342)
+ + r
d 2+dz &
de ning £ = 2p rorand~=1 92+ d3 imposing that ~is 2 -periodic implies
that the temperature of the black hole is
1 d 2 re
= — +d= :
T 7] - sz (3.43)
Its minimal value equals
"
dr, _ d 2
Tmin - Z_T, r+ - L T. (3.44)
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The topology of the boundary of the metric (3.39) iS SY 1. In order to obtain
a boundary with topology isS RY ! we perform the rescaling

wgM wgl wgM
- L?’ 2 ) = R: 2 te,; dx; = L(‘jj > di: (3.45)
In the limit M 11  the metric becomes
2 Ld 1 X 1
ds* = ] dg + —————d *+ 2 dxf; (3.46)
=z 1 = i=1

which has the desired boundary topology. The temperature corresponding to this
metric is

d
T= (3.47)
In order to derive the temperature of the boundary we use
|
_opodg Xt
ds*; = =t axg (3.48)

which implies that N = 4 SYM is at temperature T = 41 With the change of
variables

Zo L 1
= 2L, = —tg; = =V 4
7 ’ t E Z t-'E y Xj Zo yI ’ (3 9)
we obtain the planar AdS black hole metric
_ L o, dZ2 _ 24
ds® = = f (z)dt2 + joyj? + @ f(z)=1 2 (3.50)

3.6.1 The Hawking-Page Phase Transition

In order to gain intuition about the strongly coupled CFT at nite temperature, le
us study the thermodynamics of AdS-Schwarzschild black hole. As we have shown
M (r.) is an increasing function. As there is a minimum temperature, implying
that T(r.) is decreasing, reaching its minimum value and increasing, = @M=@T
can be either positive or negative. Thus, contrary to at space in AdS there are
thermodynamically stable black holes. Solving (3.43) far. we obtain

" r #

2 , dd 2)
=5 TL (1Y i

rs
L

(3.51)

Solution with the + sign are called large black holes, whereas solutions with the
sign are called small black holes. It turns out that small black holes are always
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unstable, since the corresponding on-shell action is larger for the small black holes.
Nevertheless, there is a remaining question. Is there any stable geometry, whenever
the large black holes unstable? Such a geometry is the so called thermal AdS, namelly
Euclidean AdS in global coordinates with periodic time, i.e.

1 r2
_ 2, 2, 2 : —q1+ + _
a8 = f(Nd 2+ cosdi?+ 1% g0 f()=14 (5 (3.52)
Since AdS is maximally symmetric space, the Ricci scalar is given By= %421
and the on-shell action reads 7
d _
| = ax1P g (3.53)

8G d+1
The volume of the both the AdS-Schwarzschild and the thermal AdS, whose metrics
are given by (3.39) and (3.53) respectively, are divergent. Thus, introducing a radial
cuto R, the volumes read

Zo Z, Z

V, = dt  dr d rd? (3.54)
. Zq Al

Vs, = i dt r dr . ld rd 1, (3.55)

whereV; is the volume of thermal AdS, thus radial integration reaches the center of

AdS, and V, is the volume of AdS-Schwarzschild, thus the radial integration stops

at the horizon of the black hole. In order to make both spaces to have the same
geometry on the hyperspace = F; we should pick

2 2 d 2
0_ re+ L= ry
= o 1 RZ: L2 ROZ (3.56)
where according to (3.43) ¢ is given by
4L ?r,
= : 3.57
T drZ+(d 2)L2 (3.57)
Thus, the action di erence reads
: 1 L2rd 1
=9 imm v ' L2 2 (3.58)

4Ggysy dr2 +(d  2)L2
This formula provides the generalization of the Hawking-Page phase transition [118]
for any number of dimensions. If . > L AdS-Schwarzschild is the dominant saddle of
the path integral, whereas is. <L the dominant saddle is thermal AdS. The seminal
result of Witten is that on the eld theory side this the con nement - decon nement
phase transition [115]. It is straightforward to show that the Hawking-Page phase
transition occurs at temperature

8G 41 RIL

d 1
Tup = ——— 3.59
HP = ST (3.59)
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4 Entanglement in Quantum Mechanics

This section serves as a very short introduction to Quantum Information. The pre-
sentation is far from being exhaustive. There are numerous resources on the subject.
These include books [119{121], reviews [122] and lectures notes, as the ones by
Preskill [123] and Witten [124]. We will discuss general properties of quantum sys-
tems and various measures relevant to this dissertation, which are used to quantify
the behaviour of such systems .

Let A be a subsystem of the overall system and° its complement, i.e. all
other degrees of freedom that do not belong to subsysteA& Assume that the
corresponding overall Hilbert spacdd factorizes asH = Hy H ac. Suppose that
both subsystems are described by some statgesai and j aci. Then, the overall
system is described by the state

joi=] al ] acl: (4.1)
Such states are calledeparable Whenever the overall system lies in a separable state,

the outcomes of measurements on its subsystems are independent / uncorrelated. In
the general case, the state of the overall system is a sum of separable states

X X

ji= Gjjmii j myi; (4.2)
i

wherejn;i and jm;i are bases inH, and Ha., respectively. States which can not
be factorized as (4.1) are calleéntangled Of course, the overall system may lie in
a mixed state, being described by a density matrix [125]. If the overall density

matrix is a sum of the form
X X

= PcAk ATk P =1; (4.3)
k k

where ax and ack are density matrices of the subsystem& and A€, respectively,
then the system lies in aseparable mixed statEl26]. Otherwise, it lies in arentangled
mixed stated

Specifying whether a system is separable or not, is a very important problem in
guantum information theory. The identi cation of e cient separability criteria is an
active area of research. When the overall system lies in a pure state, implementing
Schmidt decomposition, the state can be expressed as

X X
ji= Gjnii j mji; jcj?=1; n=min(dimHa;dimHac); (4.4)
i=1 i=1
where jn;i and jm;i are suitable bases. Clearly, a state is separable if and only if
only one of the Schmidt coe cientsc is non-vanishing. For multipartite systems at
pure state the corresponding separability criterion is presented in [127].
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In the case of systems at mixed state, the problem is much more di cult Gen-
erally, there exist necessary and su cient criteria, which are di cult to implement
in practice, or criteria which are easy to implement, yet they are only necesary. For
low-dimensional cases (2 2 or 2 3) one can employ the Peres-Horodecki or PPT
criterion [130{132], which is necessary and su cient. Unfortunately, this criterion
ceases being su cient in higher-dimensional cases. In general, one has to employ a
so-calledentanglement witness Entanglement witnesses are functionals of the den-
sity matrix which distinguish entangled from separable ones. It is interesting that
when this functional is linear, it can we interpreted as an observable [133]. For a
review on the subject see [134].

In a more formal basis, a measure of entanglement should satisfy the following
postulates [135{137] :

" A bipartite entanglement measureE ( ) maps the density matrix to a positive
real number.

The entanglement measurd& ( ) vanishes if the density matrix is separable.

The entanglement measur& ( ) does not increase under LOCC (Local Oper-
ations - Classical Communication).

The entanglement measureE( ) reduces to entanglement entropy for pure
states.

Let us consider a system, which is described by a density matrix The reduced
density matrix, which corresponds to a subsysterA is de ned by tracing over the
degrees of freedom that do not belong t4, i.e.

A= lrc []: (4.5)

Physically, the reduced density matrix describes the degrees of freedom of the sub-
system A when we ignore all the degrees of freedom that do not belong to this
subsystem. That said, the outcome of measurements concerning the subsys#em
are determined exclusively by 5. Nevertheless, there is a catch in the last statement,
since the time evolution of , depends on the overall system in a complicated way.

Entanglement entropyis the Von Neumann entropy of the reduced density matrix,
ie.

Sy = Tr[ A In A]: (46)

Notice that entanglement entropy is a measure of quantum entanglement only when
the overall system lies in a pure state. In this case it also follows that

Sp = Sac: (47)
4In the bipartite case the problem is NP hard [128,129].
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Conditional entropy is de ned as
Spje = Safe Se: (4.8)

Unlike classical conditional entropy, quantum conditional entropy can be negative
[138,139].
The mutual information is de ned as

I(AB): Syt Sg SA[B: (49)

It is a measure of both classical and quantum correlations. An important property
of entanglement entropy is that it obeys the following inequality

I(A:B) O (4.10)

This property is calledsubadditivity. Interestingly, enough the entanglement entropy
of A[ B obeys the so called, Araki-Lieb inequality [140]

jSa Sgj  Saie  Sat Sg: (4.112)

Additionally, entanglement entropy obeys strong subadditivity [141], which is the
following inequality
Saieict S Sars + Sgc; (4.12)

or, in terms of mutual information
I(A:B) I(A:BJ[ C): (4.13)

Negativity is de ned as the opposite of the sum of the negative eigenvalues of the
partially transposed density matrix ™ [142]. Denoting the eigenvalues of» as ;,
then the negativity N is equal to

X 1
N = > 4 (4.14)
|
Although a non-vanishing negativity implies the presence of quantum entanglement,
the opposite does not hold, when the subsystems have su ciently high-dimensional
Hilbert spaces.

Another interesting measure igelative entropy [143], which is a measure of dis-
tinguishability of two quantum states. The relative entropy of the density matrix
with respect to is de ned as

Sj =Tr[ In] Tr[ In [t (4.15)
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It is customary to useRenyi entropies in order to calculate entanglement entropy,
which are de ned as

S, = 1 ! InTr[ "]: (4.16)

n
Assuming that S, is analytic function of n, one can analytically continuaten to real
numbers and obtain entanglement entropy as

S= Iimlsn = Tr[ aln al: (4.17)
n!

As we will see, this approach is e cient in the case of eld theory, since it is di cult
to calculate directly the eigenvalues of the reduced density matrix.
In the following we will also refer, to themodular Hamiltonian H [144] which is
de ned as
=e": (4.18)

As we will explain modular Hamiltonian is very important ingredient for the equiv-
alence of the rst law of entanglement thermodynamics to the linearized Einstein
equations.

Up to this point sometimes we assumed that the we have access to the overall
system and we were studying its subsystem. There is a very interesting questions,
which is related to the converse process. Given a reduced density matrix, which
is state of the overall system that could correspond to,. This process goes by
the name puri cation . One has to keep in mind that there is in nite number of
puri cations. A typical example is a system in a thermal state

1 X
z

A e EijEihE;j: (4.19)
i

This reduced density matrix can be obtain by theThermo eld Double state:

e BijEi j Eii; (4.20)

1
=3

which is constructed by simple considering two copies of the same system.

5 Entanglement in Field Theory

Regarding Entanglement, the transition from Quantum Mechanics to Quantum Field
Theory is also highly non-trivial. In QFT the subsystems correspond to a particular
spatial region. The boundary of each region is called the entangling surface (or curve
in the case of 2 spatial dimensions). So far the discussion about entanglementwas
built around the fact that the overall Hilbert space can factorize a#1 = Hy H ac.
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That is, one can assign a Hilbert space to each of the subsystems, but these Hilbert
spaces have to be orthogonal to each other. In interacting eld theory this is not
necessarily the case. Consider for example a gauge theory. Since the Gauss law
holds for arbitrary regions, there is no way separate the Hilbert space of the overall
system to Hilbert spaces of the subsystems, since there are no independent states of
the subsystems. In such cases, one has to work with the algebra of observables, see
for example [145, 146].

We restrict ourselves to free Field Theories, where things are much more under
control. One pretty obvious question is whether there is anything interesting in
free QFT. Well, QFT is free in momentum space, meaning that modes of the elds,
which correspond to di erent momenta, do not interact. This statement under no
circumstances means that position space 2-point functions vanish identically. As
the reduced density matrix corresponding to systerA is de ned by tracing out the
region, which corresponds to system°€, this process is non-trivial due to the non-
vanishing 2-point functions. In fact, even the entanglement of the vacuum state of
free QFT is a very interesting quantity, while its calculation is a formidable task.

It is unclear how the distinction between free and interacting QFT is visible in
terms of entanglement. Thus, the study of free QFTs, which is much simpler than
the study of interacting QFTs, may shed light on features which are common to all
QFTs. In d+1 dimensions the entanglement entropy of any local QFT should have
an expansion of the form

S(V)= i 1[@Y @ Y+ i+ g[@Y T+ g[@Vlog( )+ So(V); (5.1)

where So(V) is a nite part, is a cuto, and the g are local functions of the
boundary @V which are homogeneous of degree The coe cient of the leading
divergence, i.e.gq 1[@V is proportional to the area of the entangling surface. The
area law is a consequence of locality and the fact that entanglement is dominated by
adjacent degrees of freedom, which are separated by the entangling surface.

In a nutshell, there are two approaches in dealing with entanglement in QFT. In
the rst one, one works directly with the continuous theory [46, 79, 147], using the
so called replica trick [43,44], whereas in the second approach, which is used in Part
2, one approximates the continous theory with a lattice system [82,148,149]. In the
rest of the section, we will discuss scalar eld theory, mainly following [46].

5.1 Continuous Methods

In this approach the fundamental object is the wave-functional. Let us consider
a scalar eld “(t;x), and work in the basis formed by the eigenstates of this eld
operator at timet =0, i.e. “(0;%)j i = (%)j i, where is any well-behaved real
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function on the space. The vacuum wave-functional reads

Z ox= ()
( )=Hji=N ¥2 De SeC); (5.2)
(1 ;%)=0

whereSg ( ) is the Euclidean action andN 72 is a normalization factor. In this basis
the vacuum density matrix is by de niton (; 9= ( ) ( 9= hjoihoj 4. The
path integral is performed in the Euclidean theory on the lower half-space. In order
to trace out the degrees of freedom i ¢, which is the complement o/, one considers
functions = v and °= 9 that coincide onV®, and integrate over all
possible functions . Thus, the wave-functional (5.2) suggests that the construction
of the reduced density matrix amounts to taking two copies of the half space, glue
them on V¢, and integrate over all possible eld con gurations subject to these
boundary conditions [43,44],

z z 0% ;)= v (%);x2V

vivi V)= D ( v) ( v)=N1* De %0
(0 %)=y (®);x2V

(5.3)

It is evident that the reduced density matrix is a function of the boundary conditions
of the path integral on both sides of the cut.

The calculation of the traces Tr[{,], which is needed in order to specify the Renyi
entropies, is performed using the so called replica trick. One takescopies of the
Euclidean plane cut alongV, and sews them together the upper side of the cut in
the k-th copy with the lower one of the k + 1)-th copy, for k = 1;:::;n, where the
(n+1)-th copy coincides with the rst one [43{45]. At the end of the day, one has to
perform the functional integration on an-sheetedd + 1 dimensional Euclidean space
where conical singularities of angle & have been introduced at the boundary@®V
Thus, Tr[ (] and consequently the Renyi entropies read

no— Z(n) .
tr y = Za)r (5.4)
S,(V) = IogZ(n)1 nnlogZ(l); (5.5)

where Z(n) is the functional integral on the n-sheeted manifold andZ (1) is the
normalization factor, introduced so that Tr[ v] = 1. As already mentioned, the
entanglement entropy is obtained by the analytic continuation oh and the limit
n! 1, see (4.17).

Calculating Z(n) explicitly is a very di cult task since the manifold resulting
from the replica trick is highly non-trivial. In the case of free elds, the situation
is simpler, since one can map the-sheeted calculation to a calculation involvingn
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multivalued decoupled free elds [150]. Let us introduce a vector eld; which is
de ned on a single-sheeted + 1 dimensional space, whose components are the elds
in the di erent copies, i.e. 0 1
1(X)
=8 : K (5.6)
n(X)
where  is the eld on the k-th copy. This trick maps the singularities at @ Vto
the fact that ~is multivalued. Nevertheless, this is not a problem, since crossiny
from above or from below, implies that eld is multiplied by a permutation matrix
T or T ! respectively, where

!

The eigenvalues of this matrix are then-th roots of unity, namely év2 | where
k =0;:;(n 1). Using a unitary transformation, we switch to the basis where
T is diagonal. This way the problem is reduced tmn elds 7 living on a single
d + 1 dimensional space. Since the theory is free, the theory in this basis is also
free, implying that the complexity of the computation is reduced. One should keep
in mind that the elds 7 are complex, which is not a problem. Since a complex
eld is equivalent to two real elds, one needs to simply divide the nal result by a
factor of two. The elds 7, which diagonalizeT, are de ned on the Euclideand + 1
dimensional space and since they are multivalued one needs to impose the boundary
conditions

0 1
01
(5.7)

0 1

1 0

~«(0":%) = 5 (0 ;% x2V: (5.8)
Thus, one obtains
1 X! .
Sn(V) = 1 n logZ [€2*" ]; (5.9)
k=0

where Z[€22] is the partition function of a scalar eld, which gets a phaseg??
when x crossesV, divided by Z(1). Notice that the partition function is further
constraint, by the fact that the elds have a speci c asymptotic behaviour in near
the singularity, so that the action is nite.

So far we have seen that the calculation of entanglement entropy at the ground
state of free scalar eld theory boils down to the calculation of a partition function. In
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the case of quadratic actions, such calculations can be performed using the heat kernel
method. The free energy of a scalar eld is expressed as a functional determinant as

W= log(2)= %Iog det(m? r ?)= %trlog(m2 ro?: (5.10)
The heat kernel is de ned a (x;y;t) = hxje" *jyi, and its trace reads
Z
M) =tr & *=  dxK(x;x;t): (5.11)

Thus, the free energyWv can be expressed in terms of the function as

Z
171 1
W= = dte ™ (1); (5.12)
2 t
where is a cuto. This way the free energy is related to a function of the trace of

an operator, which satis es the heat equation

@K _
@t
In order to obtain calculate the divergent terms of entanglement entropy the smatll

expansion is needed. The advantage of the heat kernel approach, is that it is possible
to obtain a systematic expansion of the form (see [151] for a review )

r ?K; K(xy;0)= (x ) (5.13)

X
0=tk P17y, (5.14)
k O

whereD = d+ 1 is the manifold dimension. In general, the coe cientsay are
integrals of local quantities depending on the di erent tensors.

Nevertheless, the application of the heat kernel method in practice is di cult
for two reasons. Firstly, the smallt expansion is divergent, and the nite part of
entanglement entropy is an in nite sum. This nite part is related to the coe cients
a, with k d+1. The term k = d+1 gives a logarithmically divergent contribution
to the entanglement entropy. This term is universal, i.e. scheme independent, and is
proportional to the central charge of the theory.

Secondly, the manifold has conical singularities along its bounda@®V thus the
standard expansions are inapplicable. One can tackle this problem in the limit of
small de cit angle, provided smooth part of the boundary@ Vhas vanishing extrin-
sic curvature [152{156]. This kind of calculations can be used in order to obtain
logarithmic corrections to the entropy of black holes. In the case of 4 dimensions,
the contribution of extrinsic curvature was obtained in [157] and was used to calcu-
late the universal logarithmic terms of entanglement entropy of CFT on at space
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that correspond to smooth@V Nevertheless, the contributions from a non smooth
entangling surface become intractable with the heat kernel method.

An alternative approach to calculate the partition function, involves obtaining
the associated Green functioc = ( r 2+ m?) ! on the manifold. Given the Green
function G, Z can be calculated via the identity

d 1
Wlogz = étr G: (5.15)

Notice that there is no general method for the calculation of the Green functioB
for manifolds with a co-dimension one cut on a nite region, which implies that one
has to deal with this problem on a case by case basis, see [158].

The case of 1+1 dimensions is special, since more techniques are available [79,
159]. For example, the bosonization can be used to evaluaZ€n) of the Dirac
eld. The fermionic current can be expressed in terms of a dual scalar eld as
j. ! P~ @ . One ends up with a dual scalar theory, which is described by
the Sine-Gordon equation, andZ (n) is expressed as a sum of correlators of local
operators [150]. Actually, this is a particular case of generela fact, which is that
Z(n) is related to correlator of twist operators [160]. The twist elds are non local
functions of the ordinary elds, which e ectively impose the boundary conditions.

5.2 Discreet Methods

In this approach one works with a lattice model, which corresponds to a QFT at the
continuum limit. Keeping the time coordinate real, one constructs the reduced den-
sity matrix of the theory, which corresponds to the state of the theory. Historically,
the rst calculations of entanglement entropy have been performed this way [42,81].
This approach is well suited for numerical calculations and even though it is not
exploited as extensively as the continuum methods, it advantageous in certain ways.
The greatest advantage is that one obtains the spectrum of the reduced density ma-
trix, thus has direct access to much more information. In the continuum approach,
one obtains all Renyi entropies, which in principle is equivalent to the spectrum of the
reduced density matrix, nevertheless in practise its is extremely di cult to actually
calculate it. Moreover, one can work with multipartite systems, which is extremely
di cult, if not impossible, to be done in the continuum approach. Its easier to study
interactions, at least in perturbation theory [161, 162], see also [163]. One can also
study more general states than the vacuum, see [164{166]. In Part 2 we generalize
the approach of [42], to the case of massive eld and develop a perturbative expan-
sion, which can be used for analytic calculatiofs Then, we study go on to include

SEven though this work is not included in the thesis, in 1+1 dimensions it can be shown that in
the continuum limit of the massless case one recovers the results of [43].
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nite temperature.
Here we will rst present the straightforward approach of [42,81] and then we
will discuss the approach of Peschel [167], which is based on correlation functions.

5.2.1 Entanglement Entropy of Coupled Oscillators in Terms of Wave-
functions

Assume a system dNl coupled harmonic oscillators described by the quadratic Hamil-
tonian

X 1 X
H=> p’+Z  xKjx; (5.16)
2 2.
i=1 ij =1
where the matrix K is symmetric and has positive eigenvalues, as retued for the
vacuum stability. SinceK has been positively de ned, its square root := K can

be appropriately de ned, so that it also has positive eigenvalues.

In the following, without loss of generality, the subsystemA is considered to
comprise ofN  n oscillators, those described by coordinates; with i > n. It
follows that its complementary subsystenA® comprises of then oscillators described
by coordinatesx; with i n. We may write the matrix in block form as

A B

BT C ) (5.17)

whereAisann n,Cisan(N n) (N n)andBisann (N n) matrix.
We denethe (N n) (N n)matrices and as,

1
= éBTA B:; (5.18)
=C %BTA 'B=C (5.19)
Let ;, wherei = n+1;:::;N, be the eigenvalues of the matrix ' . Then, the
spectrum of the reduced density matrix 5 is given by
W .
Prnas e = @a DM m2z (5.20)
i=n+1
where
= LR 5.21
TPt &2
It follows that the entanglement entropy is given by
y j
See (N;n) = In(x ) T In; (5.22)

j=n+1 J
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5.2.2 Entanglement Entropy of Coupled Oscillators in Terms of Corre-
lation Functions

In this section, we present an alternative method based on correlation functions,
which gives equivalent results. By de nition, the reduced density matrix y corre-
sponding to the regionV, is the operator acting on the local algebra of operators in
V, which have the same expectation values as the vacuum state of the overall system,

mvi = tr( VOV); (523)

for any operator Oy, which is localized inside av. According to the Wightman
theorem [168, 169], which states that a QFT can be de ned in terms of correlation
functions, this equation implies that knowing all the correlation functionV su ces
for the calculation of reduced density matrix . In the case of free QFT this implies
that this boils down to 2-point functions, a result of the Wick's theorem. This
approaches was introduced by Peschel [167].

Let us introduce local Hermitian variablesx; and p;, which obey the canonical
commutation relations

Xi;pl=1; Xi;xj1=[pi;p]=0: (5.24)
The 2-point function in V are de ned as
hixiio = Xy, hpipi = Py ; (5.25)
hipi = hgxi = |§ i - (5.26)
One can generalize the last equation so thék;p; i + hp; xii & 0, but since we are deal-
ing with the vacuum state his is not be necessary. The equations in (5.25) imply the

matrices X and P are symmetric and positive. Sincé( |+ i kp)( m | msPs)i
O for arbitrary constants |, one obtains

1
XP = 5.27
3 (5.27)
in the sense that the eigenvalues P are greater than 4.
Let us introduce creation and annihilation operatorsy, a1y, such that [a;; a]-y] =,

which are linear combinations of thex; and p; as

Xi = at ja; (5.28)
po= igatiga: (5.29)

Imposing the canonical commutation relations implies that
T+ Yy = 1, Yy = yT; Y = yT: (530)
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We solve the last two equations by = grU and = RV, where g and r are
real matrices andU and V are unitary matrices. Substituting in the rst equation
resultsinU=Vand g g+ r g= 1 whichimpliesthat g = 1 [ ' The
unitary matrix U can be absorbed by a rede nition of the operators;. Thus, we
may selectU = | and ; real.

We use the following ansatz for the reduced density matrix [167]

v=KeM =Ke &a; (5.31)

whereK = (1 e ') is the normalization factor, so that Tr[ ] = 1. Using this
ansatz for  we postulate Tr[ yx;xj] = Xj and Tr[ v ; ;]= Pj . This implies

@n+1) T=X; (5.32)
@n+1) T=P; (5.33)
where n is the diagonal matrix, whose elements are the expectation values of the
occupation number D E
nj = aa =(e 1) 'y: (5.34)

Therefore, it is straightforward to obtain
1 1
n+ 5' = XP: (5.35)

This equation enables us to obtain the spectrum of the reduced density matrix,
in terms of the spectrum ofXP as
1 k
—coth — = ; 5.36
ooth 2 = (5.36)
where | are the eigenvalues of = P XP .
One may invert equations relations (5.28) and (5.29) and replace in (5.31) in
order to express the reduced density matrix as

v=Ke P\/(Mij Xi Xj + Njj Pin); (5_37)
where
1 1 Cc+1
M:_ 1T l:P_I 2 . )
4 2c ¥ ¢ 1 (5.38)
1 C+ 3
N = T= | 2 X 5.39
¢ ¢ 1 ™ (5.39)
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where is the diagonal matrix with elements . The entanglement entropy is given
by

X Ie |
S= log(1 e ")+
| 1 e (5.40)

=Tr[(C+1=2)log(C+1=2) (C 1=2)log(C 1=2)];

which is positive thanks toC > 1=2, see equation (5.27).
For a Hamiltonian of the form (5.16), the vacuum correlation functions are given

by

Xy = haxi = %( Y, ; (5.41)
Pj = lpipji = %() i s (5.42)

whereK = 2. Notice that the matrix P is a block of inverse of the matrix , which
is de ned in the overall system, and not inverse of the block .

5.2.3 The Equivalence of the 2 Approaches

The formalisms of sections 5.2.1 and 5.2.2 are equivalent for Gaussian states, i.e.
states which give rise to correlation functions that are expressed in terms of 2-point
functions. Naively, the rst approach, involves matrix elements of both the system
and its complement, whereas in the second approach it is manifest that the calcula-
tion is restricted in the system under study. Whenever the correlation functions are
known, is more e cient to follow this approach. Nevertheless the obtaining analytic
expressions for and !is a formidable task. The perturbative approach of Part
2 deals with this problem.

Similarly to (5.17) we de ne the blocks of the inverse matrix

A0 BO

1= Do o (5.43)

As 1 =1 the blocks of these matrices obey the following relations
AA°+ BD%=1 (5.44)
AB%+ BC°=0 (5.45)
BTA°+ CD°=0 (5.46)
B™B°+ CcCc’=1 (5.47)

The rst equation implies that

Al=AY BDY % (5.48)
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while the third one

D°= cC BTA® (5.49)

Similarly, one obtains
cl=cqy B™BY % (5.50)
B°= A !Bc® (5.51)

Implementing the Neumann series, the inverse of the blocksand C is

X

Al=A% ( 1) BC BTA°; (5.52)
k=0
X- k

c!=c’ ( 1% BTA 'BC®"; (5.53)
k=0

thus, the matrix , de ned in (5.18), is given by

= %BTAOB | +C BTAB ‘= %CDOB ( DB)*; (5.54)

where we used (5.49) in the second step. Sincet =(1 C 1) ' | we conclude

DB
1 _ .
2l DB’ (5.55)
UsingCC + DB = I, which follows from ' = I, one obtains a more symmetric
form of this equation, namely
cc |
1 .
= cerl (5.56)
Thus, the eigenvalues ; of ! satisfy the relation
_4? 1
= 171 (5.57)

where ; are the eigenvalues of. This implies that ;, which is de ned in (5.21), is
given by

_2i 1
o1 (5.58)
Finally it is straightforward to show that equation (5.22) assumes the form
X 1 1 1 1
See (N;n) = it 5 In; + > 5 In 5> (5.59)

j=n+l

which is equation (5.40).
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5.3 Vacuum density matrix for a half space

Using the path integral formalism of section 5.1 we will derive the density matrix
of half-space in the ground state of any Lorentz invariant QFT. Starting from the
expression (5.3), and denoting the regiok! > 0 by V, we have
N T e .
V( vV V)= Z D e e ( ): (560)
0 )= v

Next, consider the change of variables to polar coordinates in thex ! plane, =
r sin( ) and x* = r cos(). This gives

Z (0= y(x

v(iv: 9)= De S0): (5.61)

1
Z (=2 )= 9

Upon identifying  with the Euclidean time, this path integral describes a thermal
state at =2 . Thus, the path integral (5.60) de nes the density matrix

1. 2w
= = ; 5.62
=€ ; (5.62)
whereH is the Hamiltonian, which corresponds to the \Rindler time" =i . The
associated metric is
ds? = dr? rad % (5.63)

which describes the Rindler wedge of the original Minkowski space. Since 0 the
change of variables i = r sinh( ) and x = r cosh(). The hamiltonian H is the
related to the boost generator as
Z
H = d? x xMToo (5.64)
x1>0
This result is the famous Bisognhano-Wichmann theorem [170, 171]. Ascan be
identi ed as the time coordinate for a family of accelerated observers, this result is
in line with the Unruh e ect [172], i.e. the fact that accelerated observers, who can
perform measurements only inside the Rindler wedge, observe thermal radiation.
Notice that one can put (5.64) in a covariant form
Z
H = T (5.65)

where is any space-like surface in the Rindler wedge with boundarfit = 0;x* = 0g,
and is the volume element de ned as

= , JdxzA A dx 9 (5.66)
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Of course there is the complementary Rindler wedge, i.e. the regiwn< 0. Obvi-
ously the density matrix of this region is also thermal with respect to the Hamiltonian
H o, which generates boosts in the complementary wedge. Thus, the overall ground
statej i is precisely the thermo eld double state

ji= X e FFE | EX; (5.67)
I
wherejE;i andjEJ are energy eigenstates of the Hamiltoniartd and H o.

In free eld theory one can construct explicitly the modes corresponding to each
wedge. In the ground state (5.67) each mode is entangled with the corresponding
mode of the complementary Rindler wedge. Had we removed entanglement by con-
sidering a separable state, the energy momentum tensor would be singular. Thus,
entanglement is necessary to have a well behaved state.

5.4 The Modular Flow

There is another method to obtain the reduced density matrix of the half-space. This
method is based on the modular ow. The reader interested a more abstract/formal
point of view is refered to [55] for a review of Tomita-Takesaki modular theory, as
well as its application in the construction of bulk operators inside the horizons of
black holes.

As mentioned in the previous section, the modular Hamiltonian de nes a sym-
metry of the system. One can construct the unitary operatort) (s) = e M, which
act as

Tr(U (s)OU( s))=Tr( O): (5.68)

One can de ne the operatorO(s) = U (s)OU( s). It is extremely important that
even if the operatorO is local, the operatorO (s) is non-local, unless the modular
Hamiltonian is a local operator. So, the locality of modular ow and corresponding
locality of the modular Hamiltonian is a very special characteristic.

Interestingly enough it is straightforward to show that all the correlation function
obey the KMS periodicity [116,117] in imaginary time

Tr(04()0z)=Tr( U (iYOU( i)Oy)=Tr 10,0, =Tr( 0,0:); (5.69)

where we usedJ( i) = ! It follows that the density matrix describes a ther-
mal state with respect to the evolution generated byJ(s) and the corresponding
temperature isT = 1.

In the case of Minkowski space, the modular ow has a particularly simple action
in the Rindler wedge, which is

X ()= X e 2s; X' (s)= X" (5.70)
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whereX = X! X%andthei=2;:::d 1. Introducing the Rindler coordinates
X = ze =R, the metric reads

2 . .
ds? = %d 24 2%+ dXdX'; (5.71)

which corresponds to a thermal state with temperaturel = 1=2R . Thus, the
density matrix is

e 2RH
R = Tre ZRA (5.72)
and the corresponding modular Hamiltonian reads
Hr =2 RH +logTre 2RH (5.73)
Notice that the modular ow (5.70) generates time translations
|  +2Rs: (5.74)

5.5 Density matrix for a ball-shaped region in a CFT

Interestingly enough, the Rindler wedge can be mapped to the domain of dependence
of a ball-shaped region of the Minkowski space. The vacuum of the CFT is invariant
under a conformal transformation, thus the density matrix of a ball-shaped region is
the transformed density matrix of the Rindler wedge (5.62), i.e.

1 1
8 = U Rindier UY = ze 2UH Uy ze H ; (5.75)

where the factor of 2 is absorbed in the de nition ofH .
In the case of a ballB of radius R, which is centered at the origin of the space,
the transformation is generated by
=5 R 4@ '@ ; (5.76)
which is a conformal Killing vector. Let us go through the calculation
We consider the conformal transformation

X XX C C

X 1 2Xc+Xxxcc 2¢cC’ ®.77)

with 1
C = o;ﬁ;o;:::;o : (5.78)

Notice that the inverse transformation is
X = X +2x x C C ; (5.79)

;11+XC+XXCC ccC
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while the conformal factor reads

-1 2XC +XXCC (5.80)
1 1
= Z+XC +xxCC : (5.81)
q
Dening r = (xY)%+ :::+(xd )% andt = x° one can see that the conformal

transformation maps the half-spaceX' 0 to the diskD, r R, and the Rindler
wedgeX 0 to the causal development of the disb, x R, wherex =71 t.
One can show that the modular ow of the new coordinates is

R+x) (R x)e?2s

X (S):R(R+X)+(R X )e 25 (5.82)
It is straightforward to obtain
@1(s rt
s=0
@fs R?Z r2 t?
JONN N S 650
s=0

Considering the time slicet = 0, one obtains the modular Hamiltonian for a disk of
radius R [173], which reads

RZ r?

— d 1
Hp =2 d® *x R

Too: (5 85)

6 Entanglement in AdS/CFT

In this section we present the basic aspects of Entanglement in the framework of
AdS/CFT correspondence. Reviews on the subject include [174{177]. We present
the Ryu-Takayanagi prescription for the calculation of Holographic Entanglement
Entropy, we discuss basic properties and implications. We also sketch the proof of
this prescription. Then, we present implication of holographic entanglement entropy
to our understanding of quantum gravity. We will mainly follow [175].

6.1 Motivation of Ruy-Takayanagi

As discussed in (3.6) the AdS Schwarzschild black hole corresponds to a high energy
thermal state of the CFT on a sphere. Naturally, the entropy of the CFT equals
the area of the black hole horizon. It would be interesting to identify the parts of
the black hole spacetime that can be studied using the CFT. Of course this is a
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very complicated question, which is subject of ongoing research. Maldacena [178]
suggested that the maximally extended spacetime, is associated with a thermo eld
double state (4.20) of a two-CFT system and not with the thermal state of a single
CFT. An intuitive way to understand it, is that as the geometry has two asymptotic
regions and each region has its own boundary, as well as black hole horizon.

The interesting part is that while each term in the superposition (4.20) is a prod-
uct of states of non interacting CFTs, corresponding to separate geometries, the
superposition of all these states gives rise to a common geometry. Both asymp-
totic regions are connected a wormhole. Interestingly enough, this construction indi-
cates that entanglement among the degrees of freedom corresponding to two separate
spacetimes in a sense merges the corresponding geometries [62,63].

Let us consider this construction in terms of entropy. In the thermo eld double
state the black hole entropy is associated to a single CFT, which is the entanglement
entropy measuring the entanglement between the subsystems. In the dual picture,
the presence of the horizon divides the geometry into two parts. Each of these parts
contains a boundary sphere, which is the unique surface extremizing the action.
Considering the CFTs as complementary subsystems, the entanglement entropy of
subsystemA corresponds to the area of the extremal surface which divides the ge-
ometry into two parts with boundaries A and A°. Generalizing the above statement
to arbitrary regions and arbitrary states gives the Ruy-Takayanagi formula for the
calculation of holographic entanglement entropy.

6.2 The Ryu-Takayanagi formula

In the previous section be argued that in the context of AAS/CFT, the Bekenstein-
Hawking formula associates the entropy of a CFT in a thermal state with the area
of the horizon of the black hole in the dual spacetime. The Ryu and Takayanagi
prescription [37,38], as well as its covariant generalization [39], provides a way to
calculate entanglement entropy of any spatial subsystem, for any CFT state dual to
classical spacetime.

Let Sy be the entropy associated to the subsysted, which is the entanglement
entropy that measures the entanglement of elds i\ with the the rest of the system.
This entropy equals the area of a certain co-dimension 2 surfaégi.e.

! Area(”): (6.1)

S(A) = TN

The surfaceA is has the following properties:

" The surfaceA has the same boundary as.

" The surfaceA is homologous toA.
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" The surface A minimizes the area functional. In the case of multiple such
surfaces A is the one which corresponds to the minimal area.

Considering static geometries, the time direction is irrelevant and the entangle-
ment entropy for a regionA equals the area of the minimal surface, which extends
in the bulk and has the same boundary a#&. In more general cases, the covari-
ant generalization is equivalent to nding the minimal area on a spatial slice and
maximizing this area over all possible slices [179].

As discussed in section 5 entanglement in eld theory is divergent. It is expected
for holographic entanglement entropy to be divergent too. The origin of the di-
vergences is the fact that AdS metric diverges near the boundary. So, one needs to
implement the usual prescription of AAS/CFT and regularize the area of the minimal
surfaces by introducing a cuto and restrictingz > . The divergent terms are in-
teresting in an e ective eld theory point of view, but one can also de ne quantities,
which are nite. Indicative examples include

1. Mutual Information: As the divergences are locebs + Sg Sa; g, See equation
(4.9), is free of divergences, as long @sand B are not adjacent. In Part 2 we
study mutual information for adjacent system.

2. Entropy Di erence: Since the divergences are local, the modes near the en-
tangling surface are insensitive to the global state of the system. If two states
correspond to gravitational dual with the same asymptotic behaviour, for ex-
ample for spaces are asymptotically AdS, the divergences will cancel.

3. Speci c terms of entanglement entropy. These may be isolated by di erentiat-
ing with respect to parameters of the system, such as the length of the system
in 1+1 dimensions.

In all these cases, we obtain nite results that are regularization scheme independent.

6.2.1 Indicative Examples

Let us calculate the entanglement entropy for a ball shaped region for the vacuum
state of a CFT onRYY . The dual geometry is AdS in Poincae coordinates

L2 .
ds? = ﬁ( dt? + jdx? + dz?): (6.2)

The ball shaped region is re ned byt = 0 and j%j° R?, thus one needs to specify
the (d 1) dimensional minimal surface, whose boundary j%? = R2. The naive
approach is to parametrize the surface with embedding functioixs ( ) and minimize
the area functional Z D

A= d?!  det (6.3)
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where g is the induced metric, which is de ned as

@X @X
@ @°
In the special case ofl = 3, i.e. for AdS, one can use the Polyakov form of the
action, accompanied with the Virasoro constraints and take advantage to integra-
bility. Aspects of this approach are discussed in Part 3. For the case at hand one
can introduce an explicit parametrization by identifyingx and so that the only
unknown function isZ (x'). Its trivial to calculate the induced metric and show that
the area functional equals

a=G (X()) (6.4)

Z a1f

Area= d x 1+ ©@2@7

L

z @x@x 65
It is straightforward verify that the minimal surface, whose boundary igxj*> = R?,
is the hemispheres

%%+ z? = R% (6.6)

Let us restrict ourselves in thed = 2 case. In this case we have to calculate the
regularized length of the minimal curve. The corresponding entanglement entropy

equals 7
A 1 Lp——
S= — dx2+ dz2 =
4Gy 4Gy . z T T o6,

where we have de ned = 2R length of the system. The coe cient of the logarithm
is related to the central charge of the dual CFT as (see [105, 180])

n - (6.7)

3L
= ——: 6.8
which implies that (6.3) assumes the form
c .
= —| - )
S 3 n (6.9)

This formula matches precisely the CFT calculation [45]. It is interesting that this
formula gives the entanglement entropy, corresponding to an interval of lengthfor

the ground state of any CFT. As the structure of this formula is the same for all
CFT, the holographic calculation \accidentally” reproduces the correct result for all
CFT and not for the holographic ones. Considering more general cases, such as the

6An alternative way to obtain this result is to consider two subsystems separated by the line
x! = 0. Obviously corresponding the minimal surface is bulk surfacex! = 0. Then an bulk
conformal transformation maps this minimal surface to the hemisphere.
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R R
A 5 > B

Figure 1. Minimal curves for the calculation of mutual information between two
disjoint intervals in 2-dimensional holographic CFTs. For largeR, the minimal
curve corresponding toA[ B is the union of the disconnected black curves, thus the
mutual information vanishes at leading order inN. For small R, the minimal curve
corresponding toA [ B is the union of the red curves, thus the mutual information
IS non-vanishing.

union of disjoint intervals, one obtains result that are applicable only for certain
CFTs [181,182].

Let us turn on temperature. The dual geometry is the planar BTZ black hole
dr? 2

re 2.
72 + Fdx ; (6.10)

rz r2 ,
ds? = At

I+

where according to the analysis of section 3.6 the temperatureis= 5. For a
interval of length ° the corresponding entanglement entropy is

S=-In —sinh — (6.11)

wlo

which again matches the CFT calculation [45]. As in the ground state case the result
depends only on the central charge of the CFT.
Let us calculate some nite quantities, using (6.9).

1. Suppose we have two systemsand B, both of length = and de ne the distance
between themr. Trivially (6.9) implies that

Sp = Sg = gm - (6.12)

On the other hand, there are two competitive minimal surfaces for the entan-
glement entropy of the overall system, thus

(

. P~ .
In ®2 +¢n © r< (2 1)

C
3T - : (6.13)
Lin - r>( 2 1)

Sare =
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Depending on the ratior=" minimum overall length corresponds either to the
curves whose boundary are the edges of same subsystem or curves whose bound-
ary are the edges of di erent subsystem subsystem, see gure 1. Finally, the

mutual information is
8
<

In 4+2) r< (pé 1)
P31y

I(A:B)= (6.14)

O wio

r> (

which is nite. Interestingly enough, it exhibits a rst order phase transition
with order parameter the ratio of the separation over length.

2. Considering the di erence of entanglement entropy of a thermal state versus
the ground state, we obtain

S svacuum=§|n —sinh — (6.15)

which, as expected, is nite.

3. Finally, we can isolate the central charge as

ds C
W - :-_)). (6.16)
In higher dimensions one can de ne analogous quantities [183{185].

There is a very interesting story in the case had we considered the global BTZ
black hole . 42
r< r r
ds® = “dt? +
L2 rz. r?
In this case, depending on the angular opening of the system, there is phase transition
from a connected minimal surface to a disconnected one, which includes the horizon
of the black hole [186], see gure 2. This is required in order for the Araki-Lieb

inequality (4.11) to hold. Assuming the system under consideration is de ned by

+r2d 2 (6.17)

A A, the entanglement entropy is
8
< <Stin —sinh 22 A< 6.18)
= A
P ¢ 2L 4 ¢n —sinh 2L AL A>T

where = L?=L, andL, is the cuto of variable r. The critical angle ~is de ned

by the equation ,

~= ——arccoth 2coth 1: (6.19)

L
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Interesting, enough in this case, ifA is smaller thanA., it follows that
Sac = Sa + Sthermal ; (6.20)

which implies that the Araki-Lieb inequality is saturated. This property is known
as holographic entanglement plateaux.

Figure 2: Minimal surfaces in the background of BTZ black hole. We use the tortoise
coordinate arctanf) in the radial directions, in order to bring the boundary in a
nite distance. In this plot, the radius of the horizon, which is depicted with the

green curve, isr. = 0:14, while the critical angle is™" 1:91. In the left panel
A = 3 =7, so the minimal curve corresponding to subsyster is the blue one,
while the red curve corresponds té\°. In the right panel 5 = =3, so the minimal

curve corresponding toA° is the union of the blue curve and the green one.

Besides the discussed minimal surfaces, the knowledge of the explicit form of
minimal surfaces is very limited. The other known minimal surfaces correspond to
strip regions in pure AdS (see section 6.1 of [177]) or on AdS-Schwarzschild back-
grounds (see section 5.1 of [187]). The case of static minimal surfaces in AXan
exception. In this case the co-dimension two minimal surfaces are two dimensional
euclidean world-sheets, thus are described by a Non Linear Sigma Model. In this
case the general solution is known, but its not very handy for calculations since it in-
volved hyperelliptic functions [188,189]. A speci c class of those, the elliptic minimal
surfaces is studied in [190].

6.3 Evidence for Ryu-Takayanagi

So far we have seen that the prescription of Ryu-Takayanagi for the calculation of
holographic entanglement entropy in certain cases for 2-dimensional CFTs. One can
a few more explicit examples, such as the case of multiple intervals in the ground
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state of 2-dimensional CFTs [181, 187] for ball-shaped regions in the ground state
of higher dimensional CFTs [173], as well as in some other cases [191,192].

Since it is di cult to calculate entanglement entropy in strongly coupled CFTs,
one can not argue on the validity of Ryu-Takayanagi prescription solely on the basis
of direct comparison of results. Nevertheless, AAS/CFT provides a dictionary be-
tween CFT and gravitational quantities. In particular, the partition functions are
equivalent. Let us consider the gravitational calculation of Renyi entropies, which
we presented in section 5 in the context of QFT. In the classical limit, the parti-
tion function is dominated by the classical gravitational solution, whose boundary
Is the multi-sheeted space associated to the replica trick. Of course, a direct com-
putation of the Renyi entropies is out of question, but Lewkowycz and Maldacena
argued that for static spacetimes the outcome of this calculation is equivalent the
the calculation of minimal surfaces in the original background [40]. Earlier, such a
proof was attampted in [193], but as argued in [194] the gravitational solution used
in this work had a conical singulaity in the bulk. The arguments of Lewkowycz
and Maldacena argument have been extended in [41] for time-dependent geometries.
Intrestingly enough, the Ryu-Takayanagi prescription has been related to Quantum
Error Correction [195].

In the following we discuss how holographic entanglement entropy obeys basic
properties of entanglement entropy.

Complementary subsystems

Considering complementary subsystems in a pure state of the overall system, it is
expected that entanglement entropy is symmetric, i.eSy = Sac. In the case of holo-
graphic entanglement entropy this property is realized by the fact that one needs to
take into account the surface which minimizes the area functional globally. So, given
any entangling surface the globally minimal surface is well de ned, even though
its di cult to compute in practise. This statement has an underlying assumption,
which is the fact that the globally minimal surface is homologous to the correspond-
ing subsystem. As long as the bulk geometry is smooth and does not contain any
singularities / horizons, this constraint is indeed satis ed. On the other hand, as we
saw in the case of BTZ black hole in global coordinates the presence of the black
hole makes the complementary regions correspond to distinct minimal surfaces, so
that Sy 6 Sac. For example, in 2, the blue and red curves are topologically inequiv-
alent, due to the presence of the black hole. Of course this behaviour is expected for
systems in a mixed state. As we argue in Part 2 the origin of the asymmetry is the
existence of classical correlations.

"Essentially, these works prove the Ruy-Takayanagi prescription for Ads.
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Entanglement Inequalities

The mutual information of quantum system is non-negative, which is known as sub-
additivity, see equation (4.10). In the case of disjoint systems, the subadditivity of
holographic entanglement entropy follows trivially. Given the disjoint extremal sur-
faces corresponding to system& and B, are of the minimal surface corresponding
to A[ B is by de nition less or equal to the sum of the areas of the disjoint minimal
surfaces. Thus, holographic mutual information is trivially non-negative. See gure
1 for a depiction of the competitive minimal surfaces in the case of 2-dimensional
CFTs. In a similar manner, simple arguments su ce to show that strong subad-
ditivity, see equation (4.12), is obeyed automatically by holographic entanglement
entropy [196].

6.4 Generalizations

As discussed extensively in the introduction of this Part 1, conceptually, the Ryu-
Takayanagi prescription is valid when the gravitational theory is classical gravity.
The precise form of (6.1) assumes that the dynamics of gravity is governed by
Einstein-Hilbert action. As entanglement entropy in QFT is de ned for any the-
ory, it is expected that the prescription of Ruy and Takayanagi generalizes in order
to deal with all holographic CFTs.

The entropy of black holes in classical gravitational theories with more general
Lagrangians is calculated using the Wald's functional [197]. Given the Lagrangian,
there is a precise prescription to calculate the Wald's functional. Nevertheless, it
turns out that this functional does not reproduce the correct holographic entangle-
ment entropy in the case of Lovelock gravity [198,199]. In this case the correct
functional to be used, is the one introduced by Jacobson and Myers [200]. Based
on the derivation of Lewkowycz and Maldacena, formulas for more general theories
have been obtained in [201, 202].

Another possible extension is the introduction of 3N corrections, i.e. taking into
account quantum corrections in the bulk theory. In order to do so, one must calculate
the quantum uctuations of the bulk elds. The order G, correction to holographic
entanglement entropy is given the entanglement entropy of the bulk elds separated
by the minimal surface [203], i.e.

1
CFT _ + gbulk.
Sy G Area(R) + S (6.21)

In [204] an exact formula for entanglement entropy was proposed:

. Area(X
4Gy
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whereX is a co-dimension two surface, x is a region bounded byX and Ssemi-ci( )
Is the von Neumann entropy of the quantum elds on x. One needs to nd the
minimal surface corresponding to a given Cauchy slice and then maximize among all
Cauchy slices. The minima of this functional, are calleQuantum Extremal Surfaces
There are fundamental di erences between (6.21) and (6.22). First of all, the
particular form of (6.21) is valid for static minimal surfaces, but this is a serious
di erence, as we already mentioned that there is a covariant generalization. The
fundamental di erence is that in (6.21), the surface minimizes the area, and the
second contibution is calculated using this speci ¢ minimal surface, while in (6.22),
the surface minimizesdoth terms. It is expected that di erence of these formulas is
of order Gy, see section 3.1 of [204].

6.4.1 Bulk Reconstructing

The prescription of Ryu and Takayanagi implies that bulk geometry is encoded in
the entanglement of the dual CFT. Assume that one could calculate entanglement
entropy for any spatial region of the CFT, then in principle one could obtain the
dual geometry by postulating that the area of the minimal surfaces matches the
entanglement entropy. This problem is overconstrainted, since entanglement entropy
is a functional, de ned on the set of all possible regions of the dual CFT, while
bulk geometry depends on a few functions. This indicates that not all states have a
gravitational dual, which captures the entanglement of the state.

Even for the special class of states with geometric duals, there are limitations. For
example, no minimal surface can extend behind the horizon of a black hole. Regions
who are inaccessible by minimal surfaces are known astanglement shadowsee
[205]. Nevertheless, one could obtain information about such regions by considering
more general types of entanglement, see e.g. [206,207]. For an extended review on
Bulk Reconstruction see [208].

Nevertheless, one should keep in mind that this discussion concerns the Ryu-
Takayanagi prescription, which captures the leading order e ect. Exact prescrip-
tions [204] indicate that as black holes evaporate, part of the radiation's entropy
receives contributions from so-called entanglement islands [209, 210]. The islands
correspond to wormhole solutions, which contribute to the gravitational path inte-
gral of the replica trick [211]. Thus, quantum e ects allow us to peek behind black
holes horizons.

6.5 Gravitation from Entanglement

Building on the subject of bulk reconstruction, which was discussed in the previous
section, it is interesting to wonder how much information about the dynamics of the
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gravitational theory can be understood from the entanglement of the dual CFT.

The Ruy-Takayanagi provides the link between the gravitational and the eld
theory prescription. As discussed, imposing consistency conditions enables us obtain
information about the states which admit geometry dual. In this section we will see
that this is also true about gravitational dynamics.

6.5.1 First Law of Entanglement Thermodynamics

The key concept in the quest to relate gravitational dynamics and entanglement is
the rst law of entanglement thermodynamics. Consider a state depending on some
parameters. Then the rst order variation of entanglement entropy reads

SA = Tr (|Og A A) Tr( A): (623)

As the density matrix is normalized, so that its trace is unity, the last term vanishes.
Moreover, in terms of the modular Hamiltonian we obtain [212]

SA=Tr(HA A): H"Ai: (624)

It is extremely important that the modular Hamiltonian H, is de ned in terms of the
unperturbed density matrix, thus, the variation acts only on 5. As this equation re-
semblesdE = TdS, it is known asFirst Law of Entanglement ThermodynamicsOne
should notice that the implementation of the First Law of Entanglement Thermody-
namics in practice is limited by the lack of knowledge of the modular Hamiltonian.
Unfortunately the cases where one knows both the modular Hamiltonian and a holo-
graphic description are limited. In the case of spherical entangling surfaces, taking
into account (5.85), equation (6.24) reads [212]

Z

Sp = A X(R® | %) HToo(x)i : (6.25)
B

Calculating the variation of entanglement entropy using the Ryu - Takayanagi pre-
scription will allow us to draw important conclusions. We have already calculated the
corresponding minimal surfaces; they are given by (6.6). Nevertheless, one should
keep in mind that these surfaces are the analogous of planes in AdS, since all their
extrinsic curvatures vanish. Thus, one is not able to test if extrinsic curvature con-
tributions a ect the conclusions. It would be interesting to have some non-trivial
example at hand. As in the special case of AgSon-trivial minimal surfaces are
known, the bottleneck for such a calculation is solely the lack of knowledge of the
modular Hamiltonian for the corresponding regions. In the second half of Part 4 we
explore a strategy to make all possible progress under this limitation.

Lets see how to implement the First Law of Entanglement Thermodynamics in
practise. The change of the CFT state, corresponds to a change of the dual geometry.
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As the ground state corresponds to pure AdS, we assume that the dual geometry is
asymptotically AdS. This is expected as the variation should be small and conformal
invariance should remain unbroken. Thus, introducing a small perturbation on the
vacuum state, the geometry is described by a metric of the form

ds? = 2—12 dz2+ dx dx + z9H dx dx ; (6.26)

which is the usual Fe erman - Graham expansion of Asymptotically AdS manifolds
[213]. We also set. = 1. In order for the boundary geometry to remain intactH
must be regularaxz ! 0. SinceH is related to the holographic energy momentum
tensor as [103,111,112]

d
= 16GNH (z=0;x): (6.27)

itis the link between the CFT and the gravitational description. As a result, the First
Law of Entanglement Thermodynamics imposes constraints dh . Remarkably, as
we will show,H has to obey the linearized Einstein equations [66,67]. Notice that
the conservation and the tracelessness of the energy momentum tensor imply

H jz=0 =0; @H j;=0 =0 (6.28)

6.6 First Law of Entanglement Thermodynamics for Spher-
ical Entangling Surfaces

Now let us apply the the First Law of Entanglement Thermodynamics in the case
of spherical entangling surfaces [66,67]. Taking into account (6.27) and the Ryu-
Takayanagi prescription, we obtain

q Z

Area= — d X(R? | §%)Hu(x;z =0) (6.29)

R 5
The variation of the area can be calculated using the area functional (6.3). It is im-
portant that the original surface, i.e. the hemisphere, extremizes the area functional
for the unperturbed geometry. The area is a functional depending on both the metric
G and the embedding functionsX , thus its rst order variation reads

Area Area X

G+ 2. G: (6.30)

Area =
G X G

As the surface described by the embedding functioné extremizes the area, its rst
order variation vanishes. Therefore, we simply have to calculate the variation of
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the area of the original surface induced by the variation of the metric. Taking into
account the relation

pP— 1P
det ab = E det ab cd cds (631)
where is the induced metric (6.4), and parametrizing the minimal serface as
Z(x)= RZ2 j %2 we obtain
Z Z
1 P cd 1 d 1 2 iyj
Area = = det . = == d® xX(R°H;i x'X'Hj): (6.32)
2 5 2R g

In this equation B" denotes the integration on the minimal surface. Finally, the First
Law of Entanglement Thermodynamics reads
Z q Z
d x(R*H;  x'x'Hy) = 5 d? x(R? j %)H;(x;2=0): (6.33)
B B
In the following, we will refer to the left-hand-side and right-hand-side of this equa-
tion as Sg® and E 3™ respectively.

Equation (6.33) relates the metric perturbations on a surface embedded in the
interior of the bulk to their asymptotic values. This is a non-trivial equation, satis ed
be a speci c class of metric perturbations. As isometries allow us to e ectively impose
an in nite number of such constraints by varying the center and the radius of the
sphere. If all these constraints are to hold simultaneously they have to be equivalent
to a local equation.

6.6.1 Local Gravitational Dynamics from Entanglement

In order to obtain a local equation forH from (6.33), we will use Stokes theorem, in
the same manner that it is used to obtain the di erential form of MAxwell's equations
from the integral one. We need to nd a di erential form g, which depends of the
entangling surface, postulating that:

Z
Ea®; (6.34)

ZB

= ggav, (6.35)
B

It turns out that such a  exists and it also obeys
d =2 2(x) E go(x)vol : (6.36)
In these equation g, is the zeroth component of the g, which reads

8= o (R? t2 jx%° 729@ 2t X@+z@ (6.37)
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and is the bulk counterpart of the conformal Killing vector , de ned (5.76). It is
crucial that 3 (x) is strictly positive in the region between B and B. Moreover,
vol represents the volume form on this region, and

d+1
z

Eoo(x)/ z¢ @H'i+ @H'i+ @AH'| @@H; (6.38)
is the time-time component of the linearized Einstein equations in AdS.
Using this formalism it is trivial to convert the First Law of Entanglement Ther-

modynamics into a local equation
Z Z Z Z
Eg? = s3%, = : =0, d =0; (6.39)
B B @

where the explicit form of the last equation is
Z

3(x) E go(x)vol =0: (6.40)

As 2(x) is positive in , the only way that this equation is true for any , i.e. any
spherical entangling surface, is
E OO(X) =0: (641)

Thus, the First Law of Entanglement Thermodynamics for spherical entangling sur-
faces in slices of constarttis equivalent to the 00 component of the linearized Einstein
equations in the bulk. Since this must be true in all frame of references is follows
that all components of the Einstein equations must be satis ed. namely

E =0: (6.42)

Moreover equations (6.28) imply that thez and zz components are also true, since
this equations are constrained. This is the unexpected outcome of [66,67], building
on [212].

Of course one may wonder what is the explicit form of and how does one guess
its form. Well, for a spherical entangling surface of radiuR, which is centered at
%o, Its follows that is given by

. z¢ 2z d -
I "fge, * R Tz T @Mi*
N
2 (X' xp) 2 (X xb) | g (6.43)
+ti = 0 + t@ Hjj = 0 + t@ Hlj
where '= —(R? z% | x %oj?) and g = p_gabc1 o LOXN A dx% 2z, The

existence of this form is another manifestation of the very close relation between
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entanglement and black holes thermodynamics. According to the work of lyer and
Wald [214] perturbations satisfying the linearized Einstein equations about a black
hole background with a bifurcate Killing horizon the change of area of the black hole
horizon equals the change of an energy, which is de ned based on the asymptotic
metric. In the case at hand, this energy turns out to be exactly equal tcE 3.

In a sense the First Law of entanglement thermodynamics is the converse of this
theorem. The applicability of the lyer-Wald formalism in the this case relies on the
fact that the Rindler wedge of pure AdS is equivalent to a topological black hole
with a non-compact hyperbolic horizon [173].
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7 Introduction

Quantum entanglement is the physical phenomenon that appears when a composite
guantum system lies in a state such that no description of the state of its subsystems is
available. In the presence of quantum entanglement, measurements in the entangled
subsystems are correlated. The most well known example of an entangled system,
the so called EPR paradox [71], requires just two spinors; it was initially conceived
as contradictory to causality, and, thus, as an adequate theoretical experiment to
guestion the completeness of the quantum description of nature. However, later on,
the corresponding correlations were veri ed experimentally.

A quantum subsystemA entangled to its environmentA® cannot be described by
a state; it is rather described by the reduced density matrix,, calculable by tracing
out the degrees of freedom of the subsysteaAf from the overall density matrix

A=Trac: (71)

In the absence of entanglement, there is a state description for the subsystamand,
thus, this reduced density matrix 5 corresponds to a pure state; on the contrary, in
the case entanglement is present, the reduced density matrix corresponds to a mixed
state. The above indicate that the entanglement is encoded in the spectrum of the
reduced density matrix . It follows that a natural choice for a measure of entan-
glement is Shannon entropy applied to the spectrum ofx, known as Entanglement
Entropy, Sge,

Sge = Tr( A In A): (72)

Entanglement is a property that depends on the speci ¢ separation of the com-
posite system to the pair of complementary subsysten#s and A€. Naturally, one
would postulate that a measure of entanglement obeys the property

Sa = Sac (7.3)

which can indeed be shown to hold, when the composite system lies in a pure state.
However, the entanglement entropy is a good measure for entanglement, or more
generally of correlations between the subsystems, only when the composite system
lies in a pure state. If this is not the case, the entanglement entropy will inherit
contributions that originate from the classical entropy of the composite system, and,
thus, they do not characterize the entanglement between the two subsystems. In
general, when the composite system lies in a mixed state,

Sa 6 Sac: (7.4)

In eld theory, the above argument implies that when the composite system lies in
a thermal state, the entanglement entropy will have contributions originating from
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the thermal entropy of the composite system, and, thus, will be proportional to the
volume of the subsystem.

Entanglement entropy has found a large variety of applications to many physics
sectors including quantum computing [215{222], condensed matter systems [45, 77,
78,147,223], as well as quantum gravity and the holographic duality [37,38,62, 63,
174,224{227].

In a seminal paper [42], Srednicki performed a numerical calculation of entangle-
ment entropy for a real free massless scalar eld theory at its ground state, considering
as subsystenA the degrees of freedom inside a sphere of radRs The surprising at
the time result shows that entanglement entropy is not proportional to the volume of
the sphere, but rather to its area. In retrospect, this property is somehow expected
from the physics of entanglement: As already mentioned, entanglement characterizes
the separation of the composite system to two subsystems and not the subsystems
themselves. Thus, the entanglement entropy cannot depend on the properties of any
of the two subsystems (such as the volume of subsysteh), but on those of their
only common feature, i.e. their boundary. This profound similarity to the black hole
entropy [50, 59, 60], discussed even before Srednicki's calculation [81], became even
more intriguing after the development of the holographic dualities [20{22] and the
Ryu-Takayanagi conjecture [37,38], which interrelates entanglement entropy in the
boundary conformal eld theory to the geometry of the bulk. The latter may allow
the perspective of understanding the black hole entropy as entanglement entropy,
and the gravitational interactions as an entropic force associated with quantum en-
tanglement statistics [66,67,228,229].

In this context, the further investigation of the similarities between gravitational
and quantum entanglement physics and the development of appropriate tools for their
study presents a certain interest. In this Part, we extend the original entanglement
entropy calculation presented in [42] to massive free scalar eld theory and develop
a perturbative method for the calculation of entanglement entropy in such systems.

The majority of entanglement entropy calculations in eld theory are based on
the replica trick [43{46, 183, 185, 230]. This technique is based on the calculation of
the entanglement Renyi entropiesS, for an arbitrary positive integer indexn > 1,
see (4.16). Although the entanglement Renyi entropie$, in principle contain the
whole information of the reduced density matrix spectrum, the process of deriving
the latter from the former is complicated. Relevant calculations are usually restricted
to the speci cation of the largest eigenvalue and its degeneracy. The same holds for
holographic calculations. The original prescription by Ryu and Takayanagi [37, 38]
provides only the entanglement entropy. In the case of spherical entangling surfaces,
the reduced density matrix can be considered thermal, allowing the holographic cal-
culation of the Renyi entropies as the black hole entropy of topological black holes
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with hyperbolic horizons [173,231]. A more general framework for the holographic
calculation of Renyi entropies has been provided by Lewkowycz and Maldacena in [40]
towards a derivation of the Ryu-Takayanagi formula. An important feature of Sred-
nicki's calculation is the fact that it is not limited to the calculation of entanglement
entropy; on the contrary the full spectrum of , is an intermediate result. As we
discussed above, quantum entanglement is encoded into the spectrum gf the en-
tanglement entropy is just one piece of information. Therefore, although they are
old, the methods of [42] present a certain advantage.

Entanglement in eld theory at nite temperature has been studied mainly in
the context of two-dimensional conformal eld theory [45, 232{234] with the use
of the replica trick [43,44]. Much fewer works focus on gapped systems [235] or to
higher dimensional theories [164{166]. In more recent years, entanglement at thermal
states has also been studied through the holographic duality. The issue has been
posted in the original works that established the Ryu-Takayanagi conjecture [37,38].
When thermal states are considered, the non-symmetry of the entanglement entropy
corresponds to the existence of more than one minimal surfaces, due to the presence
of the black hole, which are homologous to complementary boundary regions. This
study has been extended in several works (see e.g. [236]). Most of these focus on the
geometry of the BTZ black hole [186, 187,237, 238], which is also relevant to two-
dimensional CFTs, as this is the only black hole geometry where minimal surfaces
can be expressed analytically. Entanglement in harmonic lattice systems at nite
temperature has been studied in [239]. However, there is not much attention to
the study of entanglement in eld theory at nite temperature via the techniques
originally used in [42].

When the composite system lies in a mixed state, a better measure of the corre-
lation between the two subsystems is the mutual information,

| A;AC = Sp+ Sac  Sppacs (7.5)

which has the symmetric property by construction. It follows that the mutual infor-
mation should characterize the separation of the composite system to two subsystems
and, thus, in eld theory it should depend only on the properties of the entangling
surface, even at mixed, e.g. thermal, states. It has been shown that in lattice spin
systems the mutual information obeys an area law bound [240].

This Part of the dissertation is based on the publications [1,6,7]. Its structure is
as follows: in section 8, we review the derivation of entanglement entropy in systems
of coupled harmonic oscillators lying at their ground state and extend the calculation
in free scalar eld theory including a mass term, closely following [42]. In section
9, we show that the inverse of the scalar eld mass can be used as an expansion
parameter allowing a perturbative calculation of entanglement entropy and develop
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the basic formulae of this perturbation theory. In section 10, we perform the per-
turbative calculation for massive free scalar eld theory in 1+1, 2+1 and 3+1
dimensions and show that the leading contribution to the entanglement entropy for
large entangling sphere radii obeys an area law; we specify the relevant coe cients
and the rst subleading corrections and we compare with numerical calculations. In
section 11, we study the system of two harmonically coupled oscillators at nite tem-
perature. In section 12 we generalize to a coupled harmonic system with an arbitrary
number of degrees of freedom at a thermal state. In section 13 we develop the hop-
ping expansion for chains of coupled oscillators, i.e. systems where only neighbouring
oscillators are coupled. In section 14 we use the results of the previous sections, in
order to study the entanglement entropy and the mutual information in free scalar
eld theory in 3+1 dimensions. In section 15 we discuss multipartite systems. In
section 16, we discuss our results. There are also appendices. A contains the details
of Srednicki's regularization scheme. B contains the details of the perturbative calcu-
lation of entanglement entropy at second and third order. C contains the code used
for the numerical calculations of entanglement entropy. D contains the calculation
of the mutual information of classical harmonic oscillators. In E the entanglement
negativity of a system of oscillators is discussed. F and G present the high and
low temperature expansions for a system of coupled harmonic oscillators. In H the
hooping expansion in a chain of oscillators is analyzed. Finally, | contains the low
temperature expansion in a chain of oscillators.

8 Entanglement Entropy in Free Scalar QFT

8.1 Entanglement Entropy in Free Scalar Field Theory

In the approach of [42], the degrees of freedom of the scalar eld theory are discretized
via the introduction of a lattice of spherical shells, and, thus, the introduction of a UV
cuto . Furthermore, an IR cuto is imposed, putting the system in a spherical box.
This inhomogeneous discretization may appear disadvantageous, as it breaks some
of the symmetries of the theory; although it preserves rotations, it breaks boosts
and translations. However, the consideration of the stationary entangling sphere,
which separates the degrees of freedom to two subsystems, has already broken these
symmetries. This approach reduces the problem of the calculation of entanglement
entropy in eld theory to a similar quantum mechanics problem with nite degrees of
freedom. Since we are studying free scalar eld theory, the latter quantum mechanical
system is simply a system of coupled oscillators with a quadratic Hamiltonian at its
ground state. More details on this discretization scheme are provided in A.

88



3 +1 Dimensions
Let us consider a free real scalar eld theory in 3+ 1 dimensions. The Hamiltonian
equals 7

H = d3X 2(,)()4. ' (X) 2+ 2 Z(X) : (81)

NI =

Decomposing the eld to real spherical harmonic¥.,,, we nd that the corresponding
components' -, (r) obey canonical commutation relations of the form

[m ()5 omo (=0 (0 1) o mme; (8.2)

wherer = j¥%j is the radial coordinate.

The only continuous variable left is the radial coordinater. We regularize the
theory introducing a lattice of N spherical shells with radiir; = ia with i 2 N and
1 i N. The radial distance between consequent spherical shells introduces a UV
cuto 1=a while the overall size of the lattice imposes an IR cuto #Na). The
introduction of the spherical lattice sets the number of degrees of freedom for each

pair (';m) nite. The discretized Hamiltonian reads
n #

H:ix o 2+ j+1' i l_‘m”'*l I\_m”' 2+ \(‘_+1)+ 292 2
2a.. ! 2 j+1 j j2 !
(8.3)
Dierent ~ and m indices do not mix and furthermore the indexm does not
appear explicitly in the Hamiltonian. It follows that the problem can be split to
in nite independent sectors, identi ed by the index ", each containing 2+ 1 identical
subsectors. We consider an entangling sphere of radis= (n + 1=2)a. Then, the

entanglement entropy at the ground state is given by

i=1

X
See (N;n) = (2°+1) S (N;n); (8.4)
'=0
whereS: (N; n) is the entanglement entropy corresponding to the ground state of the

Hamiltonian |, )
2 : 2 <
iX\I 2 4 j+ 1‘ G+l N + (C+1) + 252 12

e 2 T+l ] E 3

- 2aj_ ]

(8.5)
1

The quadratic Hamiltonian (8.5) describesN harmonically coupled oscillators, and,
thus, the problem of the calculation ofS (N;n) has been reduced to the class of
problems solved in section 5.2.1.

For large °, the Hamiltonian H- becomes almost diagonal. Therefore, for large
*, the degrees of freedom are almost decoupled, and, thus, the system (8.5) at its
ground state is almost disentangled. It can be shown th&: (N; n) decreases with
fast enough so that the series (8.4) is converging [42,241].
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2 + 1 Dimensions

In a similar manner, we may study free scalar eld theory in 2 + 1 dimensions. The
Hamiltonian reads

1Z 2
H=3 dx 2+ r () + % : (8.6)

We expand the eld to real circular harmonics and then we introduce a lattice of
circular shells to nd the discretized Hamiltonian

" #
1X X 2 : 1 ":j+l ":j ? 2 2,2 12 .
El & + )+ E p]?l pT + 1_2 + a G o (8_7)
S

Di erent " indices do not mix. Therefore, in a similar manner to the problem at
3+ 1 dimensions, the problem can be split to in nite independent sectors, identi ed
by the index *. The entanglement entropy at the ground state is given by

b
See (N;n) = S (N;n); (8.8)

=1

whereS: (N; n) is the entanglement entropy corresponding to the ground state of the
Hamiltonian
n #

Gt ity ey P oGt fa o (89)

The calculation of the latter lies within the class of problems solved in section 5.2.1.

1+ 1 Dimensions

Finally, we consider a free real scalar eld theory in 1+ 1 dimensions. The Hamilto-

nian reads " #
Z @ 5
=" (x) + 2?%x) : (8.10)

H= @x

dx 2(x)+

We may directly apply the same discretization scheme to obtain

H= — Z4(" g )0 a” (8.11)
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9 An Inverse Mass Expansion for Entanglement
Entropy

In section 5.2.1 we presented a method for the calculation of the entanglement entropy
of a system of coupled harmonic oscillators at the ground state. The ground state of a
system of coupled harmonic oscillators is a highly entangled state. The speci cation
of entanglement entropy at the ground state requires a non-trivial, non-perturbative
calculation. However, there is a small window allowing a perturbative approach. By
de nitii_)on, the matrix B does not contain any of the diagonal elements of the matrix
= K. Therefore, the matrix , and, thus, the eigenvalues of ! , as well as
the entanglement entropy, can be perturbatively calculated, in the case the diagonal
elements of the matrixK are much larger than its non-diagonal elements. As the
non-diagonal elements oK describe the couplings between the harmonic oscillators,
in such an expansion, the zero-th order result is the entanglement entropy in a system
of decoupled oscillators at their ground state, i.e. vanishing entanglement entropy.

The entanglement entropy is a valuable measure of entanglement, however, it
does not contain the whole information. The latter is contained in the full spectrum
of the reduced density matrix 5. An important advantage of the approach we follow
is that it allows the direct calculation of the latter through equation (5.20), as an
intermediate step towards the calculation of entanglement entropy.

The discretized Hamiltonians (8.5), (8.9) and (8.11) are describing a systemNbf
coupled harmonic oscillators that falls within the class of systems studied in section
5.2.1. We may thus proceed to calculate the entanglement entropy following the
scheme of this section.

9.1 An Inverse Mass Expansion

As an indicative example, in 3 + 1 dimensions, th& matrix describing the interac-
tions between the harmonic oscillators can be directly read from equation (8.5),
5 !
i+ 1 i 1 (1 +1)

2 2 2,2
it T T T E

2

. 2 .
T . S
m i+1j j(j—_l_l)l;1+11 (9-1)

2

wherei;j = 1;2;:::;N. As we have commented in section 5.2.1, a perturbation
theory can be applied when the diagonal elements of the matrik are much larger

than the non-diagonal ones. This criterion clearly is satis ed at the limit of a very
large mass . A similar approach is followed in [241] focusing in the behaviour of
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entanglemment entropy for large. It has to be pointed out that the actual expansion
parameter is neitherm nor °, but the diagonal elements oK themselves.
In all numbers of dimensions under study, the matriXK is of the form

Ki = Ki i +(Li i+ + Lj i) (9.2)
We de ne the quantities ki and |; so that

2
K (9.3)

li (ki + Kis1): (9.4)

K=

L;:

The parameter” is the expansion parameter of the perturbation theory that we are
about to develop, which is obviously of order4 . The expansion in" is also a
semiclassical expansion; recovering the fundamental constants in the dimensionless
expansion parameter’, the latter assumes the form~=(ac). This is in line with
the fact that the zeroth order entanglement entropy in this perturbative approach
vanishes.

In order to calculate the desired entanglement entropy, we need to calculate the
square root of the matrix K, then the matrices , and nally the eigenvalues of

1 perturbatively in ". There is one important detail that has to be taken into
account in these perturbative calculations. Since the lowest order elementskofare
the diagonal ones, this is also going to be the case for its square root . However,
the matrix B, being an o -diagonal block of the matrix , does not contain such
elements. The lowest order elements & are the rst subleading elements that
appear in . As a result, preserving a certain order in perturbation theory requires
the calculation of the square root oK at one order higher than the desired order. In
the following, we will present the calculation at rst non-vanishing order, therefore
we will keep two non-vanishing terms in the expansion of .

The square root of the matrixK , with two non-vanishing terms equals

g =kig" PGyt o)+ O (9:5)

The blocksA, B and C of the matrix obviously equal

Ap =k " T+ (gt ogea)"+ 0 (9.6)
Bj =lnin j1"+0O " ; 9.7)
Cij = Kisn " L+ lisn Civrg + i+)"+ O "3 (9.8)

It is noteworthy that the above formulae contain only odd powers df. Furthermore,
the matrix B contains only order" terms to this order, as it does not contain any
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diagonal elements of . Had we desired to calculate the eigenvalues of the reduced
density matrix with two non-vanishing terms in the " expansion, we should have
calculated at "° order.

From now on, we need to keep only one non-vanishing term in our expressions.
The matricesA ! and C ! equal

1
1 — 3
A i - k_| it @) ; (9.9)
1
C S i "+ O "3 . (910)
” ki+n

The matrix ! is identical to the matrix C ! at this order. The matrix has a
single non-vanishing element at this order, namely,

= 1 j;1"3+ @) n5 : (911)

Finally,

|2
1 _ n . . ond n6 .

Obviously, the matrix ! has only one non-vanishing eigenvalue at this order,
being equal to its sole non-vanishing element,

_ 1
Lo 2knkn+1
=0 "%, > (9.14)

"t+0 "% (9.13)

Thus, the entanglement entropy at rst non-vanishing order equals

|2 |2"4
n In n

Sepr = —
=F 4kn kn +1 4kn kn +1

"t+0 "% (9.15)

9.2 The Expansion at Higher Orders

Continuing the expansion at higher orders, several patterns appear in the form of
the expansions of the related matrices. More speci cally, as long as the matrix is
considered:

" Only odd powers of' appear in the expansion of .

" The leading term in any element in thek-diagonal is of order'? 1. Therefore,
the matrix calculated with n non-vanishing terms in the perturbation theory
contains non-vanishing elements up to then( 1)-diagonal.
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" Any subleading term in the elements of the matrix is four orders higher than
the previous one. Thus, an element in th&-diagonal is written as a series of
the form

Ak = ki = X | K@K IrAmn2k an = g N kG (9.16)
n=0

We use the above notation with three indices for the coe cients of the expansion.
The subscript denotes the line number if the element lies on the top triangle of the
matrix or the column number if it lies in the bottom triangle, the superscript denotes
the number of the diagonal, whereas the superscript in parentheses is the order of
the term in the " expansion. The matricesA ! and C ! follow the same pattern
with an overall increase by 2 to all orders. Namely,

b3
_ _ K@Kk+1+4 n)u2k+1+4 n. ;: — 4 ..... .
Ali;i+k_ A1i+k;i_ ai( ) 2k14n’|_1’”.,n k1 (9-17)
n=0
k(2k+1+4 n A .
Clpe= Cly= qéommamn—q100N n ko (9.18)
n=0
The matrix isdenedas = C . The expansion for ! can be obtained
using the formula “
o= ct " (9.19)
n=1

The form of the expansions of ,A *andC ?!imply that the expansion of the matrix

1 whose eigenvalues de ne the spectrum of the reduced density matrix, follows
a similar pattern. In this case, the leading order element is the (1) element, which
is of order"#. Every o set by a column or a row increases the order of the leading
term by 2. Again subleading terms in any element are four orders higher than the

previous one,
X

1 _ (2i+2j+4n)n2i+2j+4n. (9 20)

i ij
n=0

A direct consequence of the above is the fact that the eigenvalues of are naively
expected to have a given hierarchy. The largest eigenvalue is of ordérthe second
largest is of order'® and so on.

The calculation at the next to the leading order is analytically presented in B.
It turns out that the second largest eigenvalue vanishes at this order, whereas the
largest eigenvalue receives corrections at ordét. At third order the calculation
is straightforward but more messy. The result is presented in the appendix only
in the appropriate limit for the speci cation of the \area law" contribution to the
entanglement entropy that we will discuss in next section. At this order, the largest
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eigenvalue receives another correction at ordét?, while one more non-vanishing
eigenvalue emerges, with a leading contribution at the same order. As a general
rule, a new non-vanishing eigenvalue emerges every second order in the perturbation
theory. The corrections to the largest eigenvalue at a given order in the expansion
have a more important e ect to the entanglement entropy than the emergence of
new eigenvalues at the same order.

10 Area and Entanglement in the Inverse Mass
Expansion

10.1 The Leading \Area Law" Term

In section 9 we managed to acquire an expansive formula for entanglement entropy. In
order to study the dependence of entanglement entropy on the size of the entangling
sphere, we need to expand our results for large entangling sphere radii. We assume
that the entangling sphere lies exactly in the middle between the-th and (n + 1)-th

site of the spherical lattice. We de ne

1
NgR:= N+ =: (10.1)
2
so that R = ngra is the radius of the entangling sphere. In the following, we will
study the expansion of entanglement entropy for largeg.

3+ 1 Dimensions

In 3+1 dimensions, the entanglement entropy equals the sum of entanglement entropy
from all * sectors, as shown in equation (8.4). The summation of this series cannot
be performed analytically. For this reason, we will use the Euler-Maclaurin formula

Xb Zy *® 2k 1 2k 1 #
tm= ot e @TTO7 Ba FHW EL0
n=a a k=1 : x=b X=a
(10.2)
to approximate the series by the integral
b3 Z
See = (2°+1) S (N;n)" d@ +1)S (N;n;” ( +1)): (10.3)
0

=0
The coe cients By are the Bernoulli numbers de ned so thatB; = 1=2.
We would like to expand the above integral for largdR. This cannot be done
directly, since ng appears inS: in the form of the fraction * (" +1)=n3 and " be-
comes arbitrarily large within the integration range. This problem may be bypassed
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performing the change of variables (" +1)=n% = y to nd
Z 1
See ' Nng dyS N;ng 1=2;yn3 : (10.4)
0
Now we may expand the integrand for largenr. It is also simple to show that
the nZ term of entanglement entropy receives contributions only from the integral
term of formula (10.2). Therefore, the largdR behaviour of entanglement entropy is
completely determined by equation (10.4).

The matrix elements ofK in 3 +1 dimensions are given by
r

ﬁ: 2+ (+]:)+1:2+
n |2

- (i+1=2 1
i+ ki ki

2a?; (10.5)

(10.6)

The integral (10.4) can be performed explicitly. At third order in the inverse mass
expansion (B.28), we nd

3+2In[4( 2a%+2)] N 167 +492In[4 ( 2a% + 2)]

S =
EE 16 ( 2a2 + 2) 4608( 2a2 + 2)°
11+ 2940In[4 ( 2a2 + 2 R?
90n[(a5 N0 —+0 R%: (10.7)
15360( 282 + 2) a

The leading contribution to entanglement entropy for large entangling sphere radii is
proportional to the area of the entangling sphere. This is the celebrated \area law"
term calculated at third order in the inverse mass expansion. Using expansive tech-
niques, we managed to acquire an analytic expression for the coe cient connecting
the entangling sphere area to entanglement entropy. It is noteworthy to mention that
the expansions in the inverse mass and in the size of the entangling sphere are not
coinciding; the leading term in the latter expansion, i.e. the area law term, receives
corrections at all orders in the inverse mass expansion.

In order to verify the validity of our expansion, we compare the perturbative
results in the form of formula (10.7) to the numerical calculation of entanglement
entropy presented in [42], for various values of the mass parameter add= 60. The
numerical calculation is performed with the use of Wolfram's Mathematica; the code
is provided in C. It is shown in gure 3 that the formula (10.7) is more accurate
for large values of the mass parameter, as expected. Furthermore, the entanglement
entropy is a decreasing function of the scalar eld mass [241].

The divergence of the numerical results from the expansive formula for entangling
sphere radii close td\a is an e ect induced by the IR cuto that has been imposed
since the theory has been de ned in a nite size spherical box.
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Figure 3: Comparison of the numerical calculation of entanglement entropy for 3+1
eld theory to the perturbative formulae for the area law at rst, second and third
order in the inverse mass expansion. The vertical axes have the same scale for all
values of the mass parameter.

The numerical calculation requires the introduction of a cuto in the values of
. The convergence of the series (8.4) gets slower as the mass parameter increases.
Thus, the perturbative expansion has an additional virtue; it provides a result for
entanglement entropy in cases that the numerical calculation is more di cult.

The parameter of expansion in our approach is the ration between the o -diagonal
and diagonal elements of the couplings matrik . This is not exactly the inverse of
the mass, but rather it is equal to

1
—: (10.8)
2a2+2
It follows that the perturbative method can be applied even in the massless limit.
Of course in such a case, the perturbation series converges much more slowly, never-
theless, it turns out that it does converge to the numerical results, as shown in gure
3.

In 3 + 1 dimensions, the coe cient connectingR?=2& to entanglement entropy
in massless scalar eld theory has been calculated numerically in [42] and improved
in [242], found approximately equal to 0.295. Setting = 0 to the area law derived
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above, we nd

3+2|n8+167+492ln8 11 2940In8 R?

See 32 36864 491520 a2
R2 R2
' (0:224 + 0:032 + 0:012)? | 01268 (10.9)

which is a good approximation to the numerical result and can be further improved
continuing the perturbative expansion at higher orders.

2 +1 Dimensions

In 2 + 1 dimensions, the entanglement entropy equals the sum of allsectors, as
shown by equation (8.8). With the use of Euler-Maclaurin formula (10.2), it may be
approximated by the integral
b Z 1
See = S N;n;°2 d'S N;n; 2 : (10.10)
N 1
As in 3+ 1 dimensions, in order to nd the asymptotic behaviour of this integral
for large entangling circles, we perform the change of variables yng,
YA 1
See ' NR dyS N;ng 1=2;n3y? : (10.11)
1
Now we may expand the integrand for largeng. In 2 + 1 dimensions, the matrix
elements ofK are given by
~2
ki= 2+ B + 282 (10.12)
i+ 1=2 1
i i(i+1) K+ Kisp

(10.13)

At third order in the inverse mass expansion, using formula (B.28) we obtain

1+2In[16( %8?+2)] 3019 +2460In[16 (%a? +2)]
32( 2a2+2)%? 24576 (282 +2)
6593 +4410In[16 (%2 +2)] | '
131072 (2a2 + 2) 112

Sge =

o ® %+OR1: (10.14)

Figure 4 compares the perturbative formula (10.14) to the numerical calculation of
entanglement entropy withN = 60 for various values of the mass parameter. As
expected, the perturbative results are more accurate for larger values of the mass
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parameter. In general the perturbative series converges more slowly than in 3+ 1
dimensions.
In the massless case, we yield
1+2In32 N 3019 +24601In 32+ 6593 +4410In32 R
F= = M= —
64 2 196608 2 4194304 2 a (10.15)

R R
' (0:206 + 0:062 + 0:032)5 ' 0:30052

See

As in 3 +1 dimensions, the perturbation series converges to the numerical results
even in the massless case.

1+ 1 Dimensions

In 1+ 1 dimensions, the matrix elements oK are given by

P
ki= 2+ 2a% (10.16)

1

|i =
At third order in the inverse mass expansion, we obtain

EE —

1+2In[4(2+ 2a?)] L 1+164 In[42+ 2a?)]
16(2 + 2a?)? 5122+ 2a?)*
599 +2940In[4(2 + *a?)] | o 1
3072(2 + 2a2)°

ny+ O ng? : (10.18)

In gure 5, the comparison of the perturbative formulae to the numerical calculation
of the entanglement entropy is depicted. The series converges more slowly than in
higher dimensions. Especially in the massless case, the perturbative formulae fail
completely to capture the logarithmic behaviour of entanglement entropy ( gure 5
top-left). Technically, this happens due to the structure of the couplings matrix .
In all cases this matrix is diagonally dominant, i.e. the sum of the absolute value of
all non-diagonal elements does not exceed the diagonal one, in all rows and columns.
As a result, the perturbative calculation of its square root and its inverse converges.
Only in 1 + 1 dimensions and only in the massless case, the matrix saturates the
diagonally dominant criterion. Not unexpectedly, the saturating case, lying between
convergence and divergence, leads to a logarithmic dependence on the cuto scale.
However, this logarithmic dependence cannot be evident in a nite number of terms
of the perturbation series. We will return to this kind of behaviour in the section
10.2 on the subleading contributions to entanglement entropy.

The area law is the leading contribution to the entanglement entropy for large
entangling sphere radii in all number of dimensions. The reason for this fact can be
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Figure 4. Comparison of the numerical calculation of entanglement entropy for 2+1
eld theoryto the perturbative area law formulae at rst, second and third order in

the inverse mass expansion. The vertical axes have the same scale for all values of
the mass parameter.

attributed to the locality of the underlying eld theory [82,239, 243]. The locality

Is depicted to the fact that the matrix K contains interaction elements only in the
subdiagonal and superdiagonal. As a result, no matter what is the size of the en-
tangling sphere (the value on), there is only one element oK connecting a degree
of freedom of subsysten\ to a degree of freedom of subsystem®. This property

is inherited to the leading corrections in matrixB, and, thus, to the eigenvalues of
the reduced density matrix. Had the theory been non-local, the number of leading
contributions to entanglement entropy, would be a complicated function of the en-
tangling sphere radius in general, leading to large divergences from the area law. In
a more geometric phrasing, the area law emerges from locality, since the pairs of
strongly correlated degrees of freedom (i.e. neighbours) that have been separated by
the entangling surface, are proportional to its area.

10.2 Beyond the Area Law

The \area law" term of entanglement entropy is the leading contribution to the
entanglement entropy for large radii of the entangling sphere. Beyond that, there
are subleading terms, which can also be calculated in the inverse mass expansion
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Figure 5: Comparison of the numerical results for entanglement entropy for 1+1 eld
theory to the rst, second and third order inverse mass expansion. The vertical axes
do not have the same scale, entanglement entropy is a decreasing function of the
mass parameter, as in higher dimensions.

that we developed in section 9.
In2+1 and 1+ 1 dimensions, the subleading terms vanish as! 0. We will
not extend our analysis to these cases. In the case of 3 + 1 dimensions, the rst

subleading term is a constant. There are two contributions to this term. The rst
one originates from the integral term (10.4) and can be acquired by appropriate
expansion of the integrand. The second contribution comes from the discrete sum of
the Euler-Maclaurin formula (10.2). Taking into account that entanglement entropy
converges, and, thus,lllirr(Z‘ + 1) Sger =0, equation (10.2) reads

See = i d@2+1)S + So * Ba *12+1)S

— S : 10.19
0 2 o1 (2K)! d2k 1 <o ( )

Since the parameter appears inS: only in the form of the fraction * (* + 1) =n3,
any action of the derivative operator onS: results in a term two orders smaller in
the ng expansion. This implies that apart from theS,=2 term, we have only one
more contribution at n% order, namely thek = 1 term, and speci cally the part of
latter where the derivative acts on the factor 2+ 1 and not on S-. Bearing in mind
that B, = 1=6, the contribution to the constant term by the discrete part of the
Euler-Maclaurin formula is Sy=3.
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Performing the expansion of the integrand of equation (10.4) using tt® acquired
at second order in the inverse mass expansion (B.28) and taking into account the
extra Sp=3 contribution to the constant term, we nd

5. - s@f 1, 1+2in@@+ ‘&)
EE EE az 48 (2+ 2a2) 96(2+ 2a2)2 |
2.2 2.2 '
, 127 90In(4(@2+ 3a)) L 1+164In(4(2+ 4a)) 10 © 4O0RZ2-
9600(2 + 2a?) 3072(2 + Z2a?)
(10.20)

In order to compare the constant subleading term found above to the numerical
calculation of entanglement entropy, we performed a linear t to the outcome of the
numerical calculation of the formSge = c,n% + ¢y, for various values of the parameter

2a%. The perturbative formulae indeed approximate the numerical results well, as
shown in gure 6, apart from the massless limit.

0
S 2 4 6 8 2,0
-0.02
1st order
2nd order
numerical
-0.04

Figure 6: The subleading constant term of entanglement entropy in scalar eld theory
in 3+ 1 dimensions, as function of the mass parameter

At nite order in the inverse mass expansion, the rst subleading term is a con-
stant, even in the massless case. The usual treatment of entanglement entropy in
3+ 1 dimensions in either conformal eld theory or in theories with holographic du-
als through the Ryu-Takayanagi conjecture predicts an expansion for entanglement
entropy of the form

2
SEE:CZ%+ Co + cln%+0 a?: (10.21)

So, how is the absence of the logarithmic term in our expansion explained? In the
case of massive scalar eld theory, the answer is the existence of a fundamental scale
in the theory, that of the mass, which naturally cuto s the logarithmic term. As far
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as the massless limit in 3+1 dimensions is concerned, the reason is more complicated
and related to the failure to capture the leading entanglement entropy contribution

in the same limit in 1+ 1 dimensions. In a similar manner our perturbation theory is
unable to capture the constant term in massless 2+1 eld theory. From a technical
point of view, we understand this failure of our perturbation theory as follows:

The formulae used in our perturbation theory for the square root of matriX , as
well as the formulae for the inverse of matrice& and C, present some \edge e ects"
due to the fact that the matrices used in the inverse mass expansion are of nite size.
This can be seen in the form of the factors 1 ;; and1 y 1 in formula (B.5) or
the factor 1 i, in formula (B.14). Such \edge e ects" can be treated analytically
for arbitrary N and n in our expansion, as long as the order of the expansion is kept
lower than the dimension of the matrices. If this is not the case, these \edge e ects"
will propagate through the matrix and eventually will get re ected at the opposite
ends of the matrices that generate them, resulting in spreading all over the matrix
elements. This qualitative behaviour implies the following:

"~ The re ections of these \edge e ects" will lead to matrices , A 1, etc, that
depend on all the elements of the matrixXX. Therefore, at high orders in
the perturbation theory, such re ections introduce contributions to the en-
tanglement entropy that depend on the global characteristics of the entan-
gling surface. Such \universal" terms cannot be captured at any nite or-
der in our perturbation series. They are rather non-perturbative e ects in
this expansion. The logarithmic term in even number of spacetime dimen-
sions [37,38,69,70,157,173,244], as well as the constant term in odd number of
dimensions [69, 70] are known to be exactly this kind of universal terms, and,
thus, our inability to capture them in the inverse mass expansion should not
be considered surprising. Of course such e ects are visible in the numerical
calculations.

The terms we capture in our perturbation series cannot sense the global prop-
erties of the region de ned by the entangling surface. They have the property
to depend on the local characteristics of the entangling surface. In a more tech-
nical language, this is depicted to the fact that the perturbative expressions for
the elements of the matrices ,A *andC ! depend on a nite number of the
elements of matrixK . This is the reason our method is appropriate to capture
the \area law", as well as subleading terms that scale with smaller powers of
the entangling sphere radius. Therefore, our method is appropriate to study
the dependence of such terms on geometric characteristics of the entangling
surface, such as curvature [157], for more general entangling surfaces.
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" The introduction of the eld mass exponentially dumps the propagation of the
\edge e ects" through the matrix elements [245]. As a result, our expansive
calculations accurately converge to the numerical results in this case.

In a similar manner, when one considers massive eld theories, either using the
replica trick [183, 230,246, 247] or holographically with the use of probe branes [184,
248{251], more universal terms arise. As an indicative example, in 3+ 1 dimensions
there are universal terms of the forrR? 2In( a). Such terms are de ned through
the dependence of the area law coe cient on the mass for small masses (see i.e. [246]).
Our approach is a large mass expansion, and consequently it cannot capture such
terms and any nite order. Additionally, even if we could sum the whole series in
order to capture such terms, their exact coe cient would also be disturbed by our
peculiar regularization, which does not deal with the radial and angular directions
on equal footing.

10.3 Dependence on the Regularization Scheme

Finally, we would like to comment on the dependence of the area law term, as well
as the subleading terms of entanglement entropy on the regularization scheme. In
our analysis, we have applied a peculiar, inhomogeneous regularization. Namely, we
have imposed a cuto in the radial direction, but not in the angular directions. Thus,
the measurables that we have calculated, are those measured by a peculiar observer
who has access to radial excitations of the theory up to an energy scaleahnd to
arbitrary high energy azimuthal excitations.

We could have applied a di erent more homogeneous regularization imposing an
azimuthal cuto by constraining the summation series in' to a maximum value equal
to “max. Such a prescription would make our approach more similar to a traditional
square lattice regularization. Notice however, that even in the square lattice case,
the imposed cuto is a cuto to each of the momentum components and not strictly
an energy cuto that would allow direct comparison with formulae like (10.21).

As we discussed above, locality enforces the area law term to depend on the char-
acteristics of the underlying theory in the region of the entangling surface. Therefore,
a natural selection for an azimuthal cuto ",ox, when considering ad-dimensional
entangling surface should have the following property: the total number of harmon-
ics with © " a should equal the area of the entangling surface divided @&f. In
3 + 1 dimensions this argument implies that a natural selection for the azimuthal
cuto is “max =2 R=a, whereas in 2+ 1 dimensions it implieS,.x = R=a. In all
number of dimensions such a cuto is of the form.x = CR=g wherec is a constant.

It is not di cult to repeat our analysis including this azimuthal cuto. The only
extra necessary steps are the introduction of a nite upper bound in the de nite
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integral (10.4) and similarly the inclusion of the terms calculated ak = "o« in the
Euler-Maclaurin formula (10.2).

As an indicative example, in 3 + 1 dimensions, the area law term calculated at
second order in the inverse mass expansion assumes the form

3+2In[4( %a®+2)] 3+2In[4( 2a82+2+ A)]

See = ( 282 +2) (2a2+2+ &)
L 167+492In[4(%2+2)]  167+492In[4( %@ +2+ A)] i R?
4608( 2a2 + 2)° 4608( 282 +2 + ¢?)° a
(10.22)

This equation implies that the coe cient of the area law term depends on the reg-
ularization scheme. The coe cients calculated in section 10.1, which correspond to
the selectionc! 1 , serve as an upper bound for the area law coe cient.

In order to investigate whether the inverse mass expansion is still a good ap-
proximation when an azimuthal cuto of the form "o« = cR=ais introduced, the
entanglement entropy in 3 + 1 dimensions fora = 1 and various values ofc is nu-
merically computed and compared to the perturbative formulae (10.22) in gure 7.

SEE

1st order
2nd order
3rd order

numerical
c :n}gz_

CZZB_
c=4"

RZ
Na=2 Na

Figure 7. The entanglement entropy in scalar eld theory in 3 + 1 dimensions with
an azimuthal cuto of the form .« = cR=afor ma = 1 and various values of the
constant c

We may conclude the following:

" An azimuthal cuto of the form ..« = cR=apreserves the dominance of the
area law term in entanglement entropy. This is not the case when a more
general azimuthal cuto is chosen (e.g. max = €). The inverse mass expansion
is still a good approximation when such a regularization scheme is chosen.
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" The area law term, as well as the subleading terms, are strongly a ected by the
selection of the dependence of the azimuthal cuto ,x on the radial cuto
a. This is the expected behaviour comparing with calculations in CFT or
holographic calculations via the Ryu-Takayanagi conjecture. The only terms
that do not depend on the regularization scheme are the universal terms, which
cannot be captured by our perturbation theory.

The introduction of an azimuthal cuto would also set the perturbative cal-
culation of the entanglement entropy nite at higher number of dimensions,
where the respective integral term diverges ag.y ! 1

Srednicki's calculation, which is equivalent to the specic choice! 1 , is an
upper bound for the area law coe cient. The fact that the integral terms in
more than 3 + 1 dimensions diverge, implies that such an upper bound exists
only in 2+ 1 and 3 + 1 dimensions.

11 A Pair of Coupled Harmonic Oscillators at Fi-
nite Temperature

In order to study entanglement entropy and mutual information in free scalar eld
theory at nite temperature, we rst study systems of coupled harmonic oscillators
with a nite number of degrees of freedom. The simplest such system, which is
the subject of this section, is a system of two coupled harmonic oscillators at nite
temperature. The analysis closely follows the original treatment presented in [42],
in the sense that it is performed in coordinate representation and presents several
technical similarities.

11.1 A Single Harmonic Oscillator at Finite Temperature

First, we would like to recall some formulae related to the problem of a single har-
monic oscillator at nite temperature in coordinate representation [252], which will
be useful in the following. Without loss of generality, we consider the mass of the
harmonic oscillator to be equal to one, i.e. the Hamiltonian of the system is

2x2: (11.1)

1 1

H=Zp’+ 2!

2P "2

In coordinate representation, the energy eigenstates and the corresponding eigenval-

ues of the harmonic oscillator are
r

()= po ¢
()= P

!_ !x2 _— 1
—e "z H, p!x  En=1 n+§ X (11.2)
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whereH,, is the Hermite polynomial of ordem. The equation (11.2) trivially implies
that the density matrix describing a quantum harmonic oscillator at nite tempera-
ture T is given by

r

1 1 |_ !(x2+xm) p_ p_
%)Z“n! e 7 "Hy, Ix H, % (@11.3)

' ‘5—)4 2sinh——e ("
(x; x —n=0 sin Ee

As a consequence of Mehler's formula,

)4- 2Xyw (x2+y2)w2
HoCOHn () won_y 1 = (11.4)
- n! 2 1 w?

the density matrix (11.3) can be written in a simpler form, namely
r

(x;x9 = ar be Qe bxx®, (11.5)
where we de ned the quantitiesa and b as
| !
a ! coth ? b ! csch'?: (11.6)

Finally, it is a matter of simple algebra to show that the thermal entropy of the

single quantum harmonic oscillator at temperaturel’ equals
In 1 ! ! ! 11.7
= In erT +_-————: :
Stn Ter 1 ( )

Expanding the above equation at high temperatures yields

T 121 141 1
=ln —+1+ —— ——+0 — ; 11.8
=n =10 24T 960T* TS (118)
whereas expanding it at low temperature yields
! |
Sn' =+1 eT+:: (11.9)

T

11.2 Two Coupled Harmonic Oscillators

Now, let us consider a system of two coupled oscillators at nite temperature. The
oscillator described by coordinatex and canonical momentump is constituting the
subsystemA, whereas the other oscillator, which obviously coincides with subsystem
AC, is described by coordinate® and canonical momentunp®. All oscillator masses
are taken equal to one. The Hamiltonian of the system is

h i

H=3 p’+ pC2+ ko X2+ xC 2 +k x& x 7 (11.10)
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When the Hamiltonian is written in terms of the canonical coordinates,

C C
x Tpsmop Ppsh (11.11)
it assumes the form
H:% pP2+p?+ X2+ 22 (11.12)

where! are the eigenfrequencies of the normal modes, namely, = pk_o and
= PRk

The Hamiltonian (11.12) describes two decoupled oscillators, corresponding to the
two normal modes of the system. It follows that the density matrix that describes
the composite system at nite temperature can be trivially written as the tensor
product of two thermal density matrices of the form of (11.5), one for each of the
two normal modes,

(X% %% :x 9= (%% (x ;x 9

+ + b ay (x4 +><+0Z +a (x 2+x @
(a+ b")(a ) ( )2 ( )e b+X+X+Oe b x x 0; (1113)

where |

|
a ! coth—; b I csch—: 11.14
T T ( )
In order to nd the reduced density matrix of the subsystemA, this density matrix
has to be expressed in terms of the original coordinatesand x© prior to tracing

out the A degrees of freedom,

o _ " @+b)(@ *h)

x; x%xC: x¢
ay (X+XC)2+ (X0+Xco)2 +a (XC X)2+ (XCO Xo)2
e
b x+xc)( 0) b (XC x)(xco xo)
e 2 :

(11.15)

We proceed to trace out the degree of freedom of the subsystéh, integrating
out x¢. After some simple algebra we nd

Z - (x2+xm)
(x;x9 = dx® x;x%x%:x¢ = e & (11.16)

where

_,(a+b)(@ +b)
a,+a +b +b

; + %(a++a by b): (11.17)
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Similarly to the ground state case analysis [42], one can show that the functions

2

f,(x)= H, PX e % (11.18)

where
S

—>_ (@& +b)@+b)a+a b b)
B a.+a +b +b

p

: (11.19)

are the eigenfunctions of the reduced density matrix. The respective eigenvalues are

n

—_ n.
ph= 1 " " (1 ) (11.20)
where q
<+ 1
=g : (11.212)
+ R +1

This can be expressed in terms of the physical quantities of the problem, i.e. the
eigenfrequancies of the normal modes and the temperature,

N
N

_ % coth |2_:IL' + 'i coth 'Z_T I+ coth lz—;_ + |  coth I2_T 1 (11 22)
%COth!Z_'JIr'-F!ACOth!Z_T !+C0th!2—f|'_+! COth!Z_T +1

NI

N

NI
NS

Then, it is straightforward to calculate the entanglement entropy, which equals

Sa= In(1 ) 1 In : (11.23)

In the introduction, we argued that the entanglement entropy is not a very good
measure for the quantum entanglement when the overall system lies at a mixed state,
like the scenario under consideration. In general, it contains contributions originating
from the thermal entropy of the overall system. Indeed, the entanglement entropy
does not vanish at the limitk; ! 0 as one would expect from a good measure of
quantum entanglemgnt. It rather tends to the thermal entropy of a single oscillator
with eigenfrequency kg at temperature T. In the case of the two coupled oscillators
that we study here, it holds that Sp\c = S, due to the symmetry of the system.
Therefore, the mutual information is given by,

| A:A® =2S, Sy (11.24)

where S, is given by (11.23) andSy, is obviously given by the sum of two versions
of equation (11.7), one for each normal mode.
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11.3 Similarity to a Single Harmonic Oscillator

One may observe that the reduced density matrix (11.16) is identical to the ther-
mal density matrix of a single harmonic oscillator (11.5), after some appropriate
identi cations. There is no experiment that can be performed to the one of the
two coupled oscillators at nite temperature T that can distinguish it from a single
e ective harmonic oscillator with eigenfrequency equal to

le = (11.25)
at an e ective temperature equal to

Te = — (11.26)

The latter is always higher than the physical temperaturel .

This identi cation obeys some obvious consistency checks. For example, at the
limit k; ! 0O, the two oscillators become decoupled, each having eigenfrequency equal
to  ko. It follows that at this limit, the system is separable, i.e. = ; >, and,
thus, the reduced density matrix should be identical to 1, i.e. the thermal density
matrix of a single harmonic oscillator with eigenfrequency ko at temperature T.

Indeed, expanding! ¢ and T, aroundk; = 0 yields
I

pi.

P — 1 3 csch—Xe
le = kot —p—Kk 5 + T k?’+0 k3 ; 11.27
T =T+ p- pk_T+T2'hpk_°+k hpk_0 K2+ O k3 : (11.28
o = épTg 0 sin - otan > K 1 0 (11.28)

Similarly, at the limit T! 0, one nds the following

| | 1 .

le =190 1+ﬁ e T eT 41 (11.29)
| | ! Ly | 1,)TO ! .
Te =Tg 1+ ,—7 +;+ eT eT +4(('|+'|))Ie e T +e T +:iii;
(11.30)
where
o - Pr+—/— 0 1o 0 P P2
— . — e . - ' * + .
!e = LIRS S Te - ln—o, - ‘p1_—+p1—_+ . (1131)

Therefore, we recover correctly the ground state result [42]. At low temperatures
the corrections to the zero-temperature values df, and T, are exponentially sup-
pressed and tend to reduce the eigenfrequency of the e ective oscillator, whereas
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they tend to increase its temperature. This expansion is an asymptotic expansion,
but it is not a usual Taylor series. This is due to the fact that the involved functions
are not analytic at T = 0. The results are expressed at rst order in the exponentials
e T, but one has to be careful with this kind of expansion; for example, depending
on the values of! , the second order term in the exponential of . may be a more
signi cant contribution that the rst order term in the exponential of !

In a similar manner at high temperatures we nd

S 21 2 ) 2 2 2 #
22 112 12721 1
e = rzyqz Yggurerz 20 @ o (1139
n 2 #
112 127 1
Te =T 1+2—4 !3+'2 ﬁ+O ﬁ . (1133)

This implies that at high temperatures, the eigenfrequency of the e ective oscillator

tends to a nite given value,

s
21212

I -
T e 2 2
12+ 1

(11.34)

whereas the e ective temperature is dominated by the physical temperature of the
composite system.

A very interesting question that can be posted is whether the fact that the sub-
systemA can be described by an e ective thermal reduced density matrix can be
attributed to the eigenstate thermalization hypothesis [253]. Naturally, this should
not be expected, since the system under consideration is integrable.

When we consider either a thermal state or the ground state for the overall
system, its density matrix is time independent. This implies that the same holds for
the reduced density matrix of the considered subsystem. However, the subsystem is
an open system, and, thus, a time-independent state, has to be a state that describes
a system in equilibrium with its environment (not necessarily thermal).

This behaviour becomes clearer in the case of many harmonic oscillators that we
are about to study in next section. There, we will analyse a system &f coupled
oscillators, considering as subsystefAan arbitrary subset comprising oh oscillators.
Although we are not going to discuss on the similarity of the reduced density matrix
to the density matrix of a harmonic system o oscillators at an appropriate state,
the entanglement entropy is identical to the sum of the thermal entropies ofe ective
oscillators, each lying at a di erent temperature. This is consistent with the picture
of a harmonic system withn degrees of freedom, where each normal mode has been
heated to a di erent temperature. Since, the normal modes of a harmonic system
do not interact, this is an equilibrium, time-independent state, which nevertheless is
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not thermal. It follows that the reduced system is not thermalized; actually, it is as
far as possible from a thermalized state, as imposed by its integrability.

In the case of the two coupled oscillators, the considered subsystem contains
a single degree of freedom, and thus, such a state is a thermal one. Thus, the
fact that the reduced density matrix appears to be thermal is not a consequence of
thermalization, but rather a technical coincidence due to the speci c selection of the
state of the overall system and the number of the degrees of freedom.

11.4 High and Low Temperature Expansions

At temperatures much higher than the system eigenfrequencies, the entanglement
entropy and mutual information have asymptotic expansions of the form

2
_1 (k0+k1)T +1+ k0+k1

Sn = M ko + 2k) 24T?
4 3 21,2 3 4
2880k, + kq)°T* T
and
1, (ko+ ki)® _ ki(ko ki) (Ko+3ky) 1
| A:A¢ = ZIn + +0 — 11.36
2 Ko (ko +2ky) 14400 + kq)°T4 T® ( )

respectively. Notice that the coe cients of the high temperature expansion of the
mutual information do vanish when the oscillators are decoupled, i.e. whén! O,
as expected. Furthermore, the coe cient of the £T? term in the mutual information
vanishes, which is a more general feature, as we will show in next section.

Finally, it is evident that the mutual information does not vanish at in nite
temperature, but rather it tends to the value

1, (ko+ ky)? 19
1 - = — e .
I+ = 2In Ko (Ko + 2K1) 2In 1 (11.37)

It is well known that in qubit systems, the mutual information vanishes at in nite
temperature. It is natural to wonder what is the underlying reason for this di erence
between qubits and oscillators. The answer to this seeming inconsistency is related
to the dimensionality of the Hilbert space of our problem. In any qubit system, the
related Hilbert spaces are nite dimensional. Trivially, at the in nite temperature
limit, the density matrix of the composite system tends to

1

S T (11.38)

Ldim H,( hc
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This is a separable density matrix, implying trivially that

1 1

T'![n A= mldim Has Tlf[n AC = mldim Hoc: (11.39)
It follows that the entanglement entropies tend to
lim Sy =Indim Ha;  lim Sae = Indim Hac; (11.40)
Th Th
whereas the thermal entropy tends to
Tl!{n SA[ AC = Indim HA[ AC . (1141)

The above imply that the mutual information at in nite temperature vanishes,

Tlli{n | A:AC =0: (11.42)
However, in our case the corresponding Hilbert spaces are in nite dimensional and
the above arguments cannot be applied equally well. Both entanglement entroptgs
and S,c diverge at in nite temperature as InT. This divergence is cancelled in the
mutual information, via the same mechanism that enforces the mutual information
to vanish in qubit systems; however, there is a nite remnant.

In general, the mutual information measures both classical and quantum correla-
tions. So, a natural question concerns the origin of this mutual information remnant
at in nite temperature. The mutual information |1 coincides with the mutual infor-
mation that one calculates via a classical analysis, as shown in the Appendix D (see
also [239]). Therefore, this in nite temperature remnant should be attributed solely
to classical correlations. As intuitively expected, at in nite temperature the classical
uctuations completely dominate and yield the quantum uctuations irrelevant.

Discerning the classical and quantum contributions to the mutual information
requires the introduction of other entanglement measures. A widely used one is the
quantum discord Q [254{256]. In this approach, the mutual information is written
as

| A:A® =C+0Q (11.43)

whereC is the di erence between the entropy of the subsysterA, S, to the condi-

tional entropy S AjA€ , maximized over all possible measurement basesAdt. This

is a natural de nition since C at the classical limit tends to the mutual information.
The calculation of the quantum discord is a highly complicated task (it is actu-

ally an NP-complete problem), due to the problem of the speci cation of the basis

that maximizes C. Typically, these measures are applied to qubit systems, which

do not have a classical equivalent system. Unlike these systems, in our case, the
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classical equivalent is well-de ned and the equivalent classical thermal state is also
well-de ned. As we commented above, the mutual information of the classical system
does not depend on the temperature. Therefore, a natural de nition for the classical
and quantum parts of the mutual information for the coupled harmonic oscillators is

C=1'; Q=1 1*: (11.44)

The above are directly extendable to systems of an arbitrary number of coupled har-
monic oscillators and free eld theory, which we are going to study in next sections.

Attributing the in nite temperature remnant of the mutual information to clas-
sical correlations solely is also in line to the fact that another measure of quantum
entanglement, the entanglement negativity, also vanishes at in nite temperature.
Actually, the negativity vanishes above a nite critical temperature, as shown in
Appendix E, a phenomenon widely known as sudden death of entanglement. How-
ever, this does not necessarily imply that there is really such a nite temperature
phase transition in the system of coupled oscillators. The absence of negativity is
not a proof of lack of entanglement in in nite dimensional Hilbert spaces, as in nite
dimensional ones [130,132]. This issue requires further investigation.

At low temperatures, the entanglement entropy tends to the zero temperature
result, plus exponentially suppressed corrections

o+l L :

SA:S/2+4-|-—0 e T He T o+l (11.45)
e

Similarly, the mutual information is equal to

| A:A¢ =250+ Pt b 1 e!Tf
A 2T T
I 3 U Ly
10 T 1 e ™ +:::: (11.46)
e

As shown in gure 8, where the mutual information is plotted as a function
of the temperature, the mutual information may be a monotonous function of the
temperature or not. This depends on the relevant magnitude of the couplinds
and k;, which determines the sign of the coe cient of the £T* term in the high
temperature expansion of the mutual information.

In view of the discussion above, this dependence of the mutual information on the
temperature is the equivalent to the quantum \freezing" of the degrees of freedom
in the context of entanglement.
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Figure 8: The mutual information as function of the temperature. The continuous
blue line is the analytic result as given by the equation (11.24). The dashed lines
are the high and low temperature expansions of the mutual information, given by
equations (11.36) and (11.46), respectively. The dotted lines are the asymptotic
values forT! OandT!1

12 System of Harmonic Oscillators at Finite Tem-
perature

12.1 Entanglement Entropy and Mutual Information

Building on the results of section 11, we proceed to study a system Mf coupled
harmonic oscillators. In this analysis, the subsystemA® coincides with any subset
of n oscillators. Without loss of generality, all oscillators are considered having unit
mass. The Hamiltonian is given by
X X
H = 5 pi~+ XiKij Xj : (12.1)
i=1 iy =1
The matrix K is symmetric and all its eigenvalues are positive, since the above Hamil-
tonian should describe an oscillatory system around a stable equilibrium. Writing
down the Hamiltonian in terms of the normal coordinatesy;, which are related to
the initial coordinates x; via an orthogonal transformationO, yields
L X
=5 g°+ 5 2yi% (12.2)
i=1 i=1
where! ; are the frequencies of the normal modes. In other words, the orthogonal
transformation O diagonalizes the matrixK , or

K = 0"KpO:; (12.3)
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where Kp); =!7 .
We de ne the matrices
p_ p_—
a= p?coth ?K; b= p?csch?K: (12.4)

These matrices are related to the eigenfrequencies of the system as

a= 0"ap0; b= 0"hhO; (12.5)

where

1. I
(@) = ! CO'[h?I i &g () = ! iCSCh?I LR (12.6)
Since the normal modes are decoupled, the density matrix of the overall system

can be written as the tensor product of the thermal density matrices corresponding
to each of the normal modes,

o
(y;y9 = (vi;v19
i=1
r
YAt () e (12.7)
}_21

det(ap + tb)e yTaDy+2y°raDy0e yTbp yO.
—N :

We express the density matrix in terms of the originalk coordinates, using the
orthogonal transformation O,

r

(x:x% = we el X, (12.8)
In the following, we use the block form notation
0 1 0 1
«C X1 Xn+1
x= where xC:%;E; xz%b : : (12.9)
Xn XN

We will also write any symmetric matrix M in block form, using the notation

Ma Mo
M = ; 12.10
MI Mc (12.10)
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whereM, isann n matrix, Mcisan(N n) (N n)matrixand nally Mg isan
n (N n) matrix. The indices A, B and C will always indicate the corresponding
blocks of such matrices. Then, the density matrix (x;x% can be expressed as,

r—
det(a+ b)e xCTanC+2xCTaBx+xTaCx+x2C0TanCO+2xC0raBx0+x0Tacx0

(X;Xcﬁ: N

o QCTmXC%XCT%x%xcm%X+XT%X%: (12.11)

We proceed to trace out the rstn degrees of freedom to nd the reduced density
matrix for the remaining N n ones. Simple algebra with Gaussian integrals yields
Z
x;x9= dx® xx® ; x%x°©
r 7 !
det(a+ bh = Y O 4 x%2 xT bg 0

T +
= —N dXi e XCT(aA+bA)XC+XCT(aB+bB)(X+X0)e X' acX+Xx ¢

r

- det( )e XTX+2X0TXOeXTXO-
N n !
(12.12)
where
1
=ac 5 a@th (3t Y(as + b); (12.13)
= bc+% al + bl (an+ ba) “(ag + bs): (12.14)

Similarly to the ground state case [42], one may nd the spectrum of the reduced
density matrix, via the explicit construction of its eigenfunctions. It reads

W
Prgss smny = @a H" m2z (12.15)

i=n+l

where the quantities ; are given by

= p2 12.16
P (12.16)

and p; are the eigenvalues of the matrix * . It follows that the entanglement
entropy is given by

S= n(1 ) 1" In | : (12.17)

j=n+1 J
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Notice that this formula is identical to the formula that would pravide the thermal
entropy of n inependent oscillators, each with eigenfrequency 1 2. and at
temperature 1 3 =In ;.

As a consistency check, let us consider the special case where the two subsystems
are decoupled, i.eKg = 0. It holds that

P K a coth PKa 0
a= A T p__ P (12.18)
0 K¢ coth =<
pK cschpﬂ 0 |
b= A TP he (12.19)
0 K¢ csch—
In this case, it is straightforward that
p__
P_—— K
=ac= Kccoth c. (12.20)
p.___
P— K
= = chsch?c; (12.21)
p__
K
1 =sech TC: (12.22)

Therefore the eigenvaluesp; of the matrix ! can be expressed in terms of the
eigenvalues of the matriXX ¢, i.e. the eigenfrequenciels; of the decoupled subsystem
A. Notice that the eigenfrequencies, as well as the thermal entropy of the subsys-
tem A are well de ned in this limit, since the two subsystems are decoupled. The
eigenvalues p; read

| .
Di = sech%: (12.23)

It follows that

= —g—T = T (12.24)

Comparing equations (11.7) and (12.17), we conclude that whég = 0, the entan-
glement entropy is simply equal to the thermal entropy of the subsyste#x. This is
expected, since at this limit, the composite system density matrix is separable. This
also implies that the mutual information vanishes at this limit.

12.2 High and Low Temperature Expansions

A high temperature expansion of the above result can be performed. The details are
included in the Appendix F. The high temperature expansions of the entanglement
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entropy and the mutual information are

Kg(Ka) 'Kg

1 K 1
Sp = élndet c + N n+ —TrK¢

T2 24T 2
n h . ! o] 1
sgag 3V K? . +4Tr  K§(Ka) 'Kg Tr KgKg +0 %
(12.25)
and
| AZAS = lindet | (Ka) 'Kg(Ke) 'Kg + 9
. - A BURC B T2
i h i

e T KE(Ka) 'Ke © +Tr Ke(Ke) 'KE© STr KiKe

1
+0 =5 (12.26)

respectively. Interestingly,the coe cient of 1=T2 in the high temperature expansion

of the mutual information vanishes for any systemit is trivial to show that in the
case of the two oscillators, where the matrices of the above formula are simply num-
bers, namely K, = K¢ = kg+ k; andKg = k3, the above formulae reproduce the
expansions (11.35) and (11.36). Furthermore, in the case where the two subsystems
are decoupled, i.e. the matriXKg vanishes, the above formula implies that the rst
terms in the expansion of the mutual information are vanishing, as expected.

At low temperatures, the situation is a little less transparent. As in the case of
the two oscillators, the involved functions are not analytical afl = 0. Nevertheless,
we may obtain an asymptotic expansion, approximating the hyperbolic functions
with exponentials. It turns out that the matrix ! , whose eigenvalues determine
the entanglement entropy is given in this expansion by

1 _ 1 (0)+ 1 1 O ~c ~E A1 5 1+ 1 (0
+ 1O~ 1 Oy (12.27)
C

where (1) is the matrix (! ) at zero temperature and
p_
= Exp( =T); = K (12.28)

The details of this calculation are included in the Appendix G. It is not possible to
obtain a generic expression for the low temperature expansion of the entanglement
entropy or the mutual information in this limit. However, the equation (12.27)
implies that at low temperatures the corrections to the zero temperature result are
exponentially suppressed as exp( i=T), where!; are the eigenfrequencies of the
overall system. In the case of the two oscillators, it can be shown that the above
formula correctly reproduces the results (11.45) and (11.46).
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13 Chains of Oscillators

In this section, we consider systems of coupled oscillators, with the speci ¢ property
that only adjacent degrees of freedom are coupled. In other words, we consider a
couplings matrix K of the form

Ki =K i +(li ije + 1 ieny): (13.1)

In the following, we will refer to such systems as \chains of oscillators”. Apart from
their own interest, this class of harmonic systems will be essential in the study of the
free scalar quantum eld theory in next section.

13.1 A Hopping Expansion

Assuming that the diagonal elements of the matriXX are much larger than the o -
diagonal ones, one may follow the approach of a hopping expansion, in the spirit of
9.1, in order to calculate the entanglement entropy and the mutual information for
this class of systems perturbatively. We de ne
Ki 2KO+ K©; (13.2)

where

K="k 5 K§ =1 g + 1) ey (13.3)
and then, we perform an expansion ifi (or equivalently in |=k).

In the following, we adopt a particular notation for the elements of all the in-
volved matrices. The subscript denotes the line of the element, when it lies on top
of the main diagonal, whereas it denotes its column, when it lies below the main
diagonal. The superscript denotes the diagonal (i.e. the superscript O implies that
the element lies in the main diagonal, the superscript 1 implies that it lies in the
rst superdiagonal, the superscript 1 implies that it lies in the rst subdiagonal
and so on). In other wordsM; Mr"nini(i;j y- Obviously for symmetric matricesM it
holds that M/ = M, ! and we will not post the results for both. Finally, the second
superscript, which will appear into parentheses, denotes the order of the term in the

" expansion.
Furthermore, for simplicity we de ne the functions
fi(x):= P X coth P X; (13.4)
fo(x):= P chchp X; (13.5)
fa(x)=fo(X)+ fa(x) = P X tanh P 2 ; (13.6)
fax):= fo(x)=f1(x)= sechIo X; (13.7)
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which will appear throughout the calculations of this section.

Expanding the matrix ' in",

1 - 1 ©

= + " +2 1 By 3, (13.8)

one can show that the zeroth and rst order terms are given by

k +i
1 i0(0) = f, % (13.9)
and | ‘ .
1 1(1) _ n+i n+i n+i+1 .
: = ——— f f 13.1
! kn+i kn+i+1 ‘ TZ ‘ TZ ’ ( 3 O)

whereas all other matrix elements are vanishing. The second order result is given by
a little more complicated expressions. We provide here only its diagonal part, which
is crucial for the following

0 1
2 f I(n+i 1 f kn+i f kn+i
1 02 _ |n+i 1 @ 4 T2 4 T2 N 1 4 T2
! Kn+i 1 Kn+i Kn+i 1 Knsi 2T2f1 Kn+i
T2
1
2 f Kn+i f Kn+i+1 f Kn+i
1 ) I+ f T ML S S LY
kN n
Kn+ i Kn+i+1 Kn+ i Kn+i+1 272 Kn+i
1 T2
2
2
Kn+1 Kn+1 k Kn+1
12 f1 =2 fo 77 fa3 3% f3
+ il L 22 K f kn
(Kn  kn+1) 2f12 ?21 3 T2
K K K 2 K K K k 3
+1 +1 +1 +1
+f2 7 fi 3 f1 3 fi. 3% f1 55 fo 33 f2 5 %
k k k
f, =% f, ko f, “ou f, ko f, oo
T T T T T
(13.11)

There is a special contribution in the very rst element, which originates from the
ag + b (an+ ) '(ag + bg) term of the de nitions of the and  matrices
(12.13) and (12.14). This is going to play an important role in what follows. More

details are provided in the Appendix H.1.

The eigenvalues of the matrix ! have to be perturbatively calculated in the
" expansion. The problem is more di cult than the zero temperature problem of
section 9.1; In that case, the elements of the matrix * obey an hierarchy in both
its directions, i.e. the leading contribution to the element ( ! ); is of orderi + j.
This hierarchy is inherited to the eigenvalues, setting their perturbative calculation
a simple task. However, in the case of nite temperature, the thermal contributions
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have changed this structure; The leading contribution to the element (! ); is of
orderji jj. It follows that a more systematic approach is required.

In order to obtain the expressions (13.9), (13.10) and (13.11), we only needed
to demand that the diagonal elements of the matrixK are larger than the non-
diagonal ones. However, this does not su ce for the perturbative speci cation of the
eigenvalues of the matrix * . In order to clarify this, we post a simple, indicative
example: Assume the Hamiltonian

hy g
H = ; 13.12
g h ( )

where the diagonal elements are much larger than the o -diagonal ones. In order
to calculate its eigenvalues perturbatively, naively one would consider the diagonal
part of this Hamiltonian as an exactly solvable unperturbed Hamiltonian and the
o -diagonal elements as a perturbation. However, this is not necessarily a good
approach. This is evident in this two by two example, since the problem is simple
enough to nd its answer analytically,

_hy+h, hy hy ?

2.
. 5 + @2 (13.13)

Following this perturbative approach is equivalent to Taylor expanding the above
eigenvalues with respect to the parameteg. However, this expansion does not con-
verge wheneveg > % In this case, one should perform a Taylor expansion in
h: hy, which implies that another setup for the perturbative calculation of the eigen-
values should have been considered. The unperturbed Hamiltonian should be con-
sidered proportional to the identity matrix. Then, there are two perturbations: one
that consists of the non-diagonal part of the Hamiltonian and a manifestly smaller
one, which is diagonal and proportional to the di erence of the two diagonal ele-
ments. Now the unperturbed problem is degenerate and the basic eigenvectors are
determined by the large perturbation.

Thus, the appropriate structure of the perturbation theory depends on the ratio
of the diagonal elements to theli erence of the diagonal ones. The assumption we
have made for the matrixK does not determine this ratio. It follows that there
are two distinct approaches in determining the eigenvalues of * , which we will
call \non-degenerate" and \degenerate" perturbation theory. They are presented in
appendices H.2 and H.3, respectively.

When the diagonal elements have di erences of the same order of magnitude as

122



themselves, the non-degenerate perturbation theory applies and it yields

0 " w2 (2) _ Kn+i
Di = éi)"‘ 0+ "2 I(Di) = f4 -le
kn+1
+ 1 f4 T I%+i 1 I%+i (1 N n)
2T2f1 knT_+21 kn+i 1 kn+i kn+i kn+i 1 '
2
|2 1 k k k
+ n 8, = ¢, &g, Ln
Il(kn kn+1)2f1 k%+21 1 T2 4 T2 4 T2
3
2
147, K fasr o %5 £yo 14 (13.14
+ + + : .
4 T2 2f3 % ( )

The unique second order contribution to ( * ),, has a ected a single eigenvalue at
this order. This is similar to the zero temperature case; however, the other eigenval-
ues do not vanish. The formulae (12.16) and (12.17) imply that the contribution of
a single eigenvalue of the matrix ! to the entanglement entropy, is equal to

0
log

s=s 9 + r P2y 0 v (13.15)
5 O 1 1 © °
Di Di
and, thus,
l’( n p k . e pk{j+i pm
Sp = Tn+| . In 1 e 7
i=1 1 e = . k 1
Lo fa =9t fa 72,
4T2 i1 kn+i kn+i+1 1 f4 kn_JIr_i2+1 1 f4 k_?_zi
112 1 1 Kns1
T ok K 2 T2t T2
) n n+11 f, [‘I_+21
1 1 kn+1 kn kn+1 2_ kn
#)
kn kn kn+l 3 .
+ho te o fa +0 I®: (13.16)
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The rst two lines of the the above expression contain the contributions from the
generic eigenvalues. The rest originates from the special eigenvalge. The entan-
glement entropy Spc has a similar structure.

The contributions to the entanglement entropy from all the generic eigenvalues
are identical to those of the thermal entropy, and, thus, at this order in=k, the
mutual information receives contributions only from the two special eigenvalues, one
from each subsystem. It is equal 'Bo

1
12 1 1
| = n @ A+0 IB: (13.17)
AT2 (ky,  Kn+1) fg k%_zl fa Xy
Expanding for high temperatures the above result yields
| = 1 + I +0 L (13.18)
© 2Knknsr 144074 T6 '

which coincides with thel=k expansion of the high temperature formula for the
generic oscillatory system (12.26).

In the case the di erences of the diagonal elements are smaller than the non-
diagonal ones, one should apply degenerate perturbation theory. We will focus on
a subclass of this kind of problems that emerges from the discretization of 1 + 1
dimensional eld theory, namely the case where the matriK is of the form

ki=k; |=1l (13.19)

It is a matter of algebra (see Appendix H.3) to show that the matrix ! can
be perturbatively calculated as

0(0 k
1 i():f4 = ; (13.20)
1 1(1)_ I 0 k .
i —ﬁf4 = (13.21)
1 2(2)_ | 00 k .
0. Dim X (13.22)
|2 k
R I L (13.23)
where
0 k 2
1 L ST S E il
fig © 0T Tt
#
Ko Ko ko ka0
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The above imply that the eigenvalues at zeroth order are

- k
0 .
N0 =1, Tz (13.25)
As expected, they are all equal, and, thus, they do not determine the eigenvectors.
At rst order the matrix ! is proportional to the matrix . + ij+1. The
determination of its eigenvectors is a simple problem. The normalized eigenvectors

vl are r

i 2
I =
V, N+ 1 sin N+ 1 (13.26)
and the eigenvalues of the matrix ! at rst order equal
i 2l k '
= =0 = cosJ— (13.27)

P T T2t T2 YN n+l
Now we may apply degenerate perturbation theory to determine the eigenvalues at
second order. They equal

@z 1 @y (13.28)
It is a matter of algebra to show that
I NS cog—) + L g : (13.29)
b T T4 T T2 N n+l N n+l1 N n+1 ° '
The above eigenvalues imply that the entanglement entropy equals
" b #
kK e Pr
Sa=(N n ——— In1l e™
. Tl e 14
p- p- p_-

|2

p_ K K ., K
+ PR KT cscﬁﬁ+coth > 2T+ k(2(N n) l)cscl?f

+0 I° : (13.30)

Interestingly enough, a similar cancellation between the contributions from all eigen-
values, but two, one from each subsystem, occurs in the calculation of mutual infor-
mation in this case too. One can show that at this ord'er

) P- p_:

I k P— . k 3

| = ——cscHf—  k+ Tsinh— +0 I®: (13.31)
16k2T2 2T T
The above formula may look quite dissimilar to the formula (13.17) that we

found in the case of the non-degenerate perturbation theory. However, it is exactly

the smooth limit of the latter ask; ! k and |; !I [, i.e.
12 d 1
—_—— + 13 13.32
4T2dk f3 &% © (13.32)
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The non-degenerate and degenerate perturbation theories resulted in di erent results
for the entanglement entropy, but in thesame result for the mutual information This
hints that the mutual information is determined by an underlying matrix object,
which has the same double hierarchy as the matrix ! at zero temperature, and,
thus, at this order in the I=k expansion it has only two non-vanishing elements. This
IS not unexpected, since the symmetry property of the mutual information enforces
the latter to depend only on the entangling surface (in this case the point that
separates the two subsystems) and not the subsystems. Whether the two approaches
provide di erent results at higher orders is an issue that requires further investigation.
At leading order, the di erence of the two approaches, is restricted to the thermal
contributions to the entanglement entropy, thus, irrelevant to our interests.

The formula (13.32) also has a high temperature expansion of the form

12 12

—+ — +
2kz  1440r4

o) (13.33)

1 .
ﬁ k)
which coincides with thel=k-expansion of the high temperature formula (12.26).

13.2 Low Temperature Expansion

In the previous section, we managed to nd an=k expansion for the mutual infor-
mation in the case of a chain of oscillators. Although there is an ambiguity at the
process of the perturbative calculation of the eigenvalues of the matrix * , as long
as the mutual information is considered, this ambiguity disappears, at least at this
order in the perturbation theory.

We also showed that the expressions agree with the expected form for the high
temperature expansion of the mutual information. However, as we will see in the
next subsection with the study of two indicative example chains of oscillators, at low
temperatures, the expressions we obtained with tHek expansion fail to approximate
successfully the actual mutual information. The underlying reason for this is the fact
that at low temperatures, most eigenvalues tend to zero (at least at this order in the
perturbation theory). As a result, the perturbative formulae for the calculation of
the contribution of an eigenvalue to the entanglement entropy are not correct, since
they reach a singular point. Namely, the contribution to the entanglement entropy

from an eigenvalue of the matrix * of the form g? + "2 f;;) in general is given

by equation (13.15). However, asg)i) I 0, the quantity ,(Doi) also tends to zero.

It follows that the series (13.15) fails being a good approximation and it has to
(2 w2

be substituted by S’ % log-2%5— 1 E,Z})"Z. Although there is no problem to

the perturbative calculation of the eigenvalues of the matrix ! , this technicality
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enforces to deal with the case of low temperatures (or equivalently small eigenvalues)
separately, making the appropriate adaptations of the relevant formulae. This is
performed in the Appendix I. It turns out that the low temperature expansion of the
mutual information is given by

n !#
©) o
= 1 log % bn
" | 1
( o' . P @ 3 11
n
+ log - 1+ o, 1+ T 1+2kr(10)+o I
n p !# )
E 'E'Z) |3 | e
exp T 1+2kr(10)+0 +(n! n+1) +:::; (13.34)

where g’g is the non-vanishing eigenvalue of the matrix ! at zero temperature,

which at this order in the |=k expansion reads

|2

0 _

o= 5P " , (13.35)
2 kn kn+1 kn+ kn+1

and ki(z) is the second order correction of the eigenvalues of the mati in a non-
degenerate perturbation theory approach, namely

2 2
Ii 1 Ii

@ _
g ki1 ki K K

(13.36)

The rst line of the equation (13.34) is trivially twice the zero temperature entangle-
ment entropy. The second line is the thermal correction to the mutual information
at low temperatures, which clearly is exponentially suppressed.

13.3 Two Characteristic Examples

Let us now consider two characteristic example chains of oscillators. The one is a
chain, whose couplings matrix is of the form

0 1
k |

00

| 2k | 0

K=BO k| (13.37)
0 I 2k

In an obvious way, this is a chain, where the non-degenerate perturbation theory
is appropriate for the determination of the eigenvalues of the matrix ' . We
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compare thel=k expansion (13.17), its high temperature expansion (13.18) and its
low temperature expansion (13.34) to numerical results. The numerical calculation
of entanglement entropy and the mutual information is performed via the numerical
diagonalization of the matrix ! and then the substitution of its eigenvalues to the
formulae (12.16) and (12.17). This task is performed using Wolfram's Mathematica.
The comparison of the numerical and analytic results for various values lois shown
in gure 9. In all casesl is considered equal to 1. Furthermore, in all cases we
assumeN = 60 and n = 30. Itis evident that the perturbative formulae approximate
the numerical results successfully, especially for large values of the paraméter

The second chain of oscillators that we consider has a couplings matrix of the
form 0 1

(13.38)

Obviously, this is the basic example where the degenerate perturbation theory ap-
plies. This case is also very interesting, as it can be obtained from the discritization
of the degrees of freedom of 1 + 1 dimensional free massive scalar eld theory.

In this case one can obtain another analytic formula. Whenever, the couplings
matrix is of the form of a chain of oscillators, i.e. only neighbouring oscillators are
coupled, the high temperature expansion formula (12.26) assumes a simple form, as
the block Kg contains only one non-vanishing element, which is equal tg, namely

— 1 1 1 2
oora I Kal o, Tt Kt t 5 0 = b (1339)

In the case of the chain (13.38), it is possible to calculate exactly the above expression,
since the eigenvectors of the blocK o are known (see e.g. Appendix H.3),

1 sinh narccosh £

Kyt = = 13.40
A mn | sinh (n+1)arccosh £ ( )
1 sinh (N n)arccosh X
Kl = T ( ) 2 (13.41)
1 I'sinh (N n+1)arccosh =

Therefore, in this case we also have an expression for the high temperature expansion
of the mutual information, which is exact inl=k.

As in the previous example, the analytic formulae are compared with numerical
calculations for various values ok in gure 10. All examples havel = 1, N =60
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Figure 9: The mutual information as function of the temperature for the chain of
oscillators (13.37) for various value of the parametédc
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Figure 10: The mutual information as function of the temperature for the chain of
oscillators (13.38) for viarious values of the parametes
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and n = 30. The perturbation theory is in good agreement with the numerical
results, whenever the parametek is large. Notice that there is an interesting change
in the behaviour of the mutual information ask gets lower. There is a critical value
of k, where the dependence of the mutual information on the temperature ceases
being monotonous. This is exactly the value where the coe cient of the=T* term

in the exact high temperature expansion (13.39) vanishes. This criticl for large
values ofn and N tends exponentially fast to the valuek = 5=2|. As k further
reduces, another more dramatic change occurs. The mutual information at in nite
temperature becomes larger than that at zero temperature.

14 Free Scalar QFT

Following section 8.1, one can calculate the mutual information as a sum of di erent
sectors as X
I (N;n)= (21 +12) I, (N;n); (14.2)

|
wherel, (N;n) is calculated using the couplings derived from the Hamiltonian (8.5)
and the formulae of section 12.

Figure 11 shows the dependence of the mutual information on the size of the
entangling sphere, both in the cases of a massless scalar eld (left) and a massive
one with a =1 (right). The numerical calculation of the eigenvalues of the relevant
matrices has been performed with the help of Wolfram's Mathematica fof = 60. It
Is evident that the mutual information is proportional to the area of the entangling
sphere. In the case of the massless scalar eld, at vanishing temperature we nd
that | ' 0:59R?=2, which agrees with the result of [42]. The coe cient of the area
law term is a decreasing function of the temperature. However, it does not vanish
as the temperature goes to in nity. It rather reaches an asymptotic nite value. In
the case of the massless eld, this value is approximately' 0:38R?=&’.

14.1 The Large R Expansion

We intend to study the dependence of the entanglement entropy and the mutual
information, as a function of the size of the entangling sphere. For this purpose, we
assume that the entangling sphere lies in the middle between theth and (n+1)-th
site of the spherical lattice. It follows that the radius of the entangling sphere is

1
R = nra; where ng:=n+ E: (14.2)

In the following we study the expansion of the entanglement entropy and the mutual
information for large radii R of the entangling sphere, i.e. for larger.
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Figure 11: The mutual information as function of the size of the entangling sphere

The series (8.4) and (14.1) cannot be summed directly. Instead we will approxi-
mate them using the Euler-MacLaurin formula, as in section 10.1. This reads

Xo Zy
f= T pos F@ETO
n=a a
h s 2k 1 2k 1
e T SO e
1 (2k)! dx «=b dx “=a

where the coe cients By are the Bernoulli numbers de ned so thatB; = 1=2. Using
this formula, we may approximate the series (14.1) with the integral
Z 1
I (N;n)' d@ +11 (N;n;” ( +1)); (14.4)
0
where we de ned
L (N;m; " C+1))= 1-(N;n); (14.5)

taking advantage of the fact that = appears inl- (N;n) only in the form of the
product " (" +1). We are interested in the behaviour of this integral for largéR. This
behaviour cannot be isolated trivially, sinceng appears in the integrand in the form
of the fraction (" +1)=n3 and " takes arbitrarily large values within the integration
range. This can be bypassed performing the change of variablé¢s + 1)=n3 = .
Then the integral formula (14.4) assumes the form
Z 1
. ' 2 . 1. 2 .
I (N;n)" n& . dyl N;ng é,ynR ; (14.6)

which can be expanded for larger.
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The term that is proportional to the highest power ofng that appears in this
expansion is the one which is proportional tn3, i.e. the \area law" term. When the
size of the entangling sphere is su ciently large, the mutual information is dominated
by this term. The \area law" term receives contributions only from the integral term
of the Euler-MacLaurin formula (14.3). Therefore, the largeR behaviour of the
mutual information is determined by equation (14.6).

14.2 The Hopping Expansion for the Area Law Term

The Hamiltonian (8.5) describes a system of coupled oscillators with couplings ma-
trix, which can be approximated as

1 [(1+1
Kij = 2 2+ (i2 )"‘ @ i+1 ] i+l 24.7)

for the purpose of the determination of the leading \area law" term in the larg®
expansion. Trivially, the Hamiltonian (8.5) describes a chain of oscillators, thus we
can use the results of section 13. Substituting the mutual information for a chain
of oscillators (13.17) with the couplings (14.7) to the integral formula (14.6) and
expanding for largeng yields
2 P hp

2+a? 2+y+alsinh = 2+a% 2+y
2T2 2 2 3 hlpT! +0(Mw)
, 8aT*(2+ a +iy)2 cosh = 2+a?2+y 1 (14.8)

— n2
I = ng

p

1 2 2

2coth a7 2ta
[a)

_nR

daT 2+ a2 2

+ O(nR):

This formula has the high temperature expansion

1 1 2+ a? 2 1
'SR Ser@ )t ar tmawers T O o TOMRE (149

which unlike the general formula for coupled oscillators contains aT? term. This
seeming contradiction is due to the fact that we have integrated contributions from
arbitrary high angular momenta ". The high temperature expansion (12.26) holds
for temperatures higher than the eigenvalues of the matrik . However, when one
considers arbitrarily high angular momenta, these eigenvalues become arbitrarily
large. This would be resolved had one introduced a physical cuto to the angular
momenta. We will return to this at the next subsection.

As we have seen in section 13, the=1 expansion fails at low temperatures. In
the same section, we obtained the appropriate low temperature expansion for the
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mutual information (13.34). Substituting this low temperature expansion into the
Euler MacLaurin formula yields

Zl
1
| = |12 + N3 dy 2log 4 2+ %a’+ 1+
T=0 R 0 y g y 8(2+ Zazlg y)2

p '2 + 22+ y 1+ 3
arT y(2+ ?a’+y)
n #
2+ 2a’+y 3
+ : :
aT 1 dy(2+ 2a2+y) (14.10)

1+

exp

The rst term, l1-o, is the zero temperature mutual information, which is simply
twice the zero temperature entanglement entropy. Perturbative expressions for this
term in the |=k expansion are in section 10.1. Unlike the general case, the integral
in the above formula cannot be performed analytically. However, its behaviour is
dominated by the exponential factor of the integrand. The exponent, i.e. the function
P @y 3

1+ (14.11)

ty= aT dy(2+ 2a2+y)

has only one minimum in (Q1 ), which lies at ymin = P 3=2, at this order in I=k.
Therefore, a saddle point approximation may be performed. Tﬁ‘e value of the function

f and its s%cond deéivative at the minimum equaf (ymin) = 2+ 2a2=(aT) and
fQ%yvmin) = 2= aT 3(2+ 2a?) , respectively. It is then a matter of algebra to
show that

r

242
| IT:0+2n§p2aT 4 M
n 2 p # n p #

2 + 2a2 2 + 2a2
2log 4 2+ 2a? _ _
g aT

(14.12)
Figure 12 shows the dependence of the coe cient of the \area law" term of the
mutual information on the temperature, for various values of the mass parameter.
For each mass, the rst order result in thel=k (14.8), as well as the high temperature
(14.9) and low temperature (14.12) expansions are displayed. The analytic formulae
are compared with a numerical calculation, performed as in section 13.3. For these
numerical calculationsN is taken to be equal to 60, similarly to past calculations
(e.g. [42]). The linear part of the curve is stable for much smaller values bf, as
shown in gure 13. Further increasing the value oN does not alter the accuracy
of the results signi cantly for the purpose of our analysis. The mutual information
is always dominated by an area law term. The coe cient of this area law term is
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Figure 12: The area law term coe cient of the mutual information as function of the
temperature. The dashed lines are the low and high temperature expansions of the
mutual information, whereas the dotted lines are the asymptotic values far ! 1
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Figure 13: The mutual information as function ofn for = 1=a T = 1=2a and

various values ofN

determined by scanningn from the value 10 to the value 50. We used the third
order result for the entanglement entropy at zero temperature, derived in section
10.1, in order to approximate thel r-o term in the low temperature formula (14.12).

It is evident that the analytic formulae that we obtained in this section are in good
agreement to the numerical results, especially for large values of the scalar eld mass.

14.3 Dependence on the Regularization

As explained in section 10.3, the regularization scheme that we use in this section is
quite peculiar. The radial and angular excitations of the eld are treated di erently;
while there is a UV cuto equal to 1=a for the radial ones, the angular ones are
integrated up to in nite scale. One can enforce a more uniform regularization intro-
ducing a cuto at the angular momenta of the forml,.x = cR=a The appropriate
selection forc in 3 + 1 dimensions, so that the density of the degrees of freedom at
the region of the entangling surface is homogeneouscis 2 . Then, the results
of the previous subsection serve as an upper bound for the area law term. It has to
be noted that had one desired to generalize these results to an arbitrary number of
dimensions, they would have found that the integral without the angular momentum
cuto diverges at 4+ 1 and higher dimensions; this upper bound exists only in 2+ 1
and 3 + 1 dimensions. Obviously, the introduction of the angular momentum cuto
yields the coe cient of the area law term of the mutual information nite at all
dimensions. Returning to 3 + 1 dimensions, such a regularization yields
0 h p [ h p i1
coth == 2+a2 2 coth ;= 2+a% 2+ ¢?

o S — A +0(nR): (14.13
4aT’ 2+a 2 4T 2+a 2+ @ (Ne): (14.13)

| = nZ @
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This formula has the high temperature expansion
) 1 1 c

| = ¥ +0
"R 22+ ?) 20Q+a 2+ @) 144GATS

+ O(nR):

(14.14)
This is exactly what should be expected from the general high temperature formula
(12.26). The ET? term is vanishing, whereas the 4T* contains only the leading
term in the 1= expansion (the last term of equation (12.26)), which is equal to
1=(144&*T*) from each angular momentum sector. As we have cuto the angular
momenta atln.x = cR=a' c¢(ng +1=2), at leading order inng there arec’n? such
sectors, which is consistent with our result.

The low temperature behaviour is determined by the low angular momenta. Nat-
urally, the introduction of the angular momenta cuto does not alter the procedure
of dsriving the low temperature expansion of the mutual information, as long as
c> 3=2. For these values ot the formula (14.12) provides a good approximation
of the mutual information at low temperatures.

Figure 14 shows the dependence of the coe cient of the dominant \area law"
term of the mutual information on the temperature, with an angular momentum
cuto lnax = 2° R=a, for various values of the mass parameter. The rst order
expansion, as well as the low and high temperature expansions are compared to
numerical calculations performed with the use of Wolfram's Mathematica with the
same parameters as in the previous subsection. As in the previous subsection, we used
the third order result for the entanglement entropy at zero temperature of section
10.1, in order to approximate thel r-o term in the low temperature formula (14.12).
For large values of the scalar eld mass, the analytic formulae that we obtained in
this section are in good agreement to the numerical results.

1
T6

15 Multipartite Systems

So far we have restricted the discussion into bipartite systems. Obviously, this is
due to the fact that these systems can be treated easier. Nevertheless, the developed
techniques can trivially be applied to multipartite systems. As an indicative example,

let us present the case of a tripartite system. The corresponding couplings matrix is
naturally divided into blocks as

K=@Kga Kgg Kgch; Kea = Kag; Keca = Kae: Kes = Kic:
(15.1)

The diagonal blocksK pa, Kgg and K¢ are symmetric, while their dimensions are
n n,p pandg g, respectively. In order to trace out the systemB, which
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Figure 14: The area law term coe cient of the mutual information as function of the
temperature with an angular momentum cuto |y = 2Io "R=a. The dashed lines
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and relabel the degrees of freedom. In particular, using a similarity transformation
with an appropriate permutation matrix we can re-express the couplings matrik

as
0 110 10 1
I, 0 0 ' " Kam Kac Kag~ 1, 0 O

K=@0 0 IA @Kca Kee KegA@0 0 1A (15.2)
0 1, 0 Kea Kgc Kgg 0 1, O

The matrix in the middle, which we denote asK° in what follows, describes an
e ective overall system, in which the subsystem# and C are adjacent. Thus, one
can use all formulas for bipartite systems upon the identi cation

Ka = Ez‘; Ezz . Kg = EiBB . Kc = Kgg: (15.3)
An important subtlety is that the original theory, corresponding to K, and the
e ective one, corresponding tK % have the same spectrum, since the transformation
that relates them is orthogonal.

For local couplings, such as the ones arising in the case of discretized local free eld
theories,K is tridiagonal. Tracing out the subsystemB results in non-local theory.
The systemsA and C are not adjacent and there will be correlations between them,
which originally propagate throughB. In the e ective theory this non-locality is
explicitly expressed in the couplings matrixk ° In the bipartite formalism (15.3),
the block K 5 is block diagonal since all elements & oc vanish, whileKg has only
two non-vanishing elements. It is of the form

(KB)ij :(KAB)n;l i 1 +(KBC)p;1 n+l;i pj- (15-4)

The high temperature expansion of the entanglement entropi&, Sc and Sa[ ¢ is
n !#
1

1 1
SA: —Indet = KAA K ag KAC KBB KBC KBA
2 T Kee Kec K ca 155
1
. +n+ A2 Tr[KAﬁbg,
1 !
1 1
Sc= ZIndet = Keec Kea Kes Kan Kae K ac
2 T Kea Kgs Kac (15.6)
1
At Sz Tr[Kcel;
1 1
Sarc = élndet = EAA EAC EAB Kol Ken Koc
- - “ (15.7)
+n+ g+ Tr Kaa Kac
24172 Kea Kee
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Thus, the mutual information | = Sy + Sc Sa[ ¢ has a high temperature expansion
of the form

0 1
|=|1+ﬁ+0 ﬁ . (158)
In order to calculatel; , we will relay on the following formulas
K K K
det(K) = det(K 9 = det (K gg ) det AR AC " Ked Kea Kee
Kea Kee Kcs
(15|.9)
L !
KBB KBC KBB KBC KBA
det(K) = det det K K K ;
( ) KCB KCC AR A8 AC KCB KCC KCA
(15.}0)
L [
KAA KAB KAA KAB I‘<AC
det(K) = det det K K K
(K) Kga Kagg €c A TR Kea Kas Kgc
(15.11)

These imply that I, is given by

1
li = Sindet I KceKeeKgg Kae
n #

1 K K K
Zindet 14 Kcd Kea K M AR A (1512
2 o Mec Ken Kooy Ko Koo 12
or equivalently by
1
li = Sindet I, KAKas Kga Kaa
n #
1
1 KBB KBC KBA
ZIndet 1, K, Kag K 15.13
2 n AA AB AC KCB KCC KCA ( )
Finally, I, can be expressed in a manifest symmetric form as
1 KAA KAB 1 KBB KBC 1 KAA KAC
l; = =Indet + —Indet —Indet
tT2 . Kea Kgs 2 Kes Kee 2 4 Keca Kee
1
1 Kan Kac Kas 1
—Indet K K K —Indet(K :
2 BB BA BC KCA KCC KCB 2 ( BB)

(15.14)

In the special case of local couplings, which impligsac = 0, we obtain
1 1
2 2
%Indet lp KegKeaKaaKas KpaKecKceiKes @ (15.15)

I, = Zindet I, KgiKpaKatKag + =Indet I, KglKpcKodKes
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The blocksK g and Kgc have a single non-vanishing element

(Kag)iy = (Kag)nt mi 1 (Kec)ij = (Kec)pa pi 13 (15.16)
thus, the matrices that appear in (15.15) read
h iy
KegKeaKaaKas ; = (Kaednr  Kaa oo Kes 4 1 (15.17)
h iy
KegKecKecKee i = (Kec)pn  Ked g Keg i pi (15.18)

Putting everything together, |, is given by

2 h P 1 h P .3
—Inﬁl h p;1 iz 11 Lp h n;1 iz n;n n1 %:
1 (KBC)p;l KCé 1.1 KBBl p;p 1 (KAB)n;l KAAl n:n KBBl 1:1
(15.19)

Let us consider the case of homogeneous coupling, i.e. the couplings makfixn
(15.1) to be given by

(K)y =Kig + Cimgg + ija1): (15.20)

Notice that all three diagonal blocksK aa, Kgg and K¢ are of the same form. The
inverse of aN N matrix of this form is the matrix

lcosh[N +1+ji jj) ] cosh[N+1 i j) ]

1 —

Koy = 2sinh[ ]sinh[(N +1) ] ’ (15.21)
where = arccosh £ for (k=) 2, see [257]. This implies that,; assumes
the form 1

l; = EIn[1 CoChl; (15.22)
wnere hi+1) ] coshl& 1) ]
cos + cos
= . 15.23
" cosh[p+ x+2) ] cosh[p+ x) ] ( )
In the case of 1 + 1 free massive scalar eld theory
272
= arccosh 1+ m 2a ; (15.24)
wherem is the mass of the eld anda the lattice spacing. Substituting
L Rz 1 Rl 1
=N ; NT —; I —= = ; I — = 15.25
a PN a P a 2 " : a 2 ( )
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and taking the limit a! 0 we obtain

a 1 sinh[Rym] sinh[Rsm] _ a .
= SNl GRIC RomisnhlL Rgm] ¢ ReT L Rei (15:26)

In this notation subsystemA corresponds to the line segment (R;), subsystemB
to (Ry; R,) and subsystemC to (R,;L). Notice that this result corresponds to a
double scaling limit of the harmonic lattice, where the temperature goes to in nity,
the lattice spacing to zero, while their product goes to in nity, i.e.

l; = lim I (15.27)

al 0
aT!l

16 Conclusions

The calculation of entanglement entropy in the ground state of oscillatory systems,
which include free scalar eld theories, at their ground state is in general a di cult,
non-perturbative calculation, since the ground state is highly entangled. We managed
to nd a perturbative method to calculate it, using as expansive parameter the ratio
of the non-diagonal to diagonal elements of the couplings matrix of the system. This
parameter in the case of free scalar eld theory is being played by the inverse mass
of the eld.

The calculation of entanglement entropy in the inverse mass expansion indicates
that the major contribution to entanglement entropy is a term proportional to the
area of the entangling surface, i.e. the \area law" term, a well-known fact since
[42,81]. The perturbative calculation of the coe cient of this term agrees with the
numerical calculation of entanglement entropy, based on the techniques of [42], and
provides an analytic method for the speci cation of such coe cients. Subleading
terms in the expansion of entanglement entropy for large entangling sphere radii can
also be perturbatively calculated. The inverse mass expansion and the entangling
sphere radius expansions can be performed simultaneously, but they are not parallel
in any sense. The leading term in the entangling sphere radius expansion, i.e. the
area law term, as well as the subleading terms, receive contributions at all orders in
the inverse mass expansion.

When the mass of the eld is very large, the area law can be understood as a
result of the locality. In such cases only correlations between nearest neighbours are
important, therefore the entanglement entropy should be expected to be proportional
to the number of neighbouring degrees of freedom that have been separated by the
entangling surface. These are obviously proportional to the area of the entangling
surface. However, the area law holds in the massless case, too. The underlying cause
of this behaviour is the symmetric property of the entanglement entropy. Whenever
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the composite system lies in a pure state it holds thaBy = Sac. Therefore, a vol-
ume term cannot appear as it should be proportional to the volume of the interior
and simultaneouslyto the volume of the exterior of the sphere. Naturally, the entan-
glement entropy has to depend on the geometric characteristics of the only common
feature that the interior and exterior of the sphere share, i.e. the entangling sphere
itself.

The area law term, as well as the subleading ones are dependent on the regu-
larization scheme, in line with analogous replica trick calculations. Universal terms
that appear in the massless limit and depend on the global characteristics of the
entangling surface (logarithmic terms in even dimensions and constant terms in odd
dimensions) are non-perturbative contributions in this expansive approach. Fur-
thermore, in this approach, the coe cient of the area law termin2+1 and 3+ 1
dimensions has an upper bound, for any regularization scheme. The latter does not
exist in higher dimensions.

An interesting feature of the inverse mass expansion is the following; the pertur-
bation parameter is not exactly the inverse mass, but rather the quantity 282 + 2,
wherea is the UV cuto length scale imposed in the radial direction. This fact al-
lows the application of the perturbation series even in the massless eld case. Not
surprisingly, the perturbation series converges more slowly than in the massive case;
however, the values of the rst terms strongly suggest that it still converges to the
numerical results. In the case of free massless scalar eld in 3 + 1 dimensions the
inverse mass series for the coe cient of the area law term approaches the valu2db
found in [42,242].

An important advantage of the presented perturbative method is that it is not
limited to the calculation of entanglement entropy, but it provides the full spectrum
of the reduced density matrix. The latter, unlike entanglement entropy, contains
the full information of the entanglement between the considered subsystems. This is
clearly an advantage in comparison to holographic (the latter of course can be applied
to strongly coupled systems, where it is impossible to apply our perturbative method)
or replica trick calculations, which naturally allow the speci cation of Renyi entropies
Sy for all . Although in principle it is possible to reconstruct the spectrum of the
reduced density matrix from the latter, in practise this process is very complicated
and usually only the speci cation of the largest eigenvalue and its degeneracy may
be easily achieved.

This perturbative method is an appropriate tool to expose the connection between
the \area law" and the locality of the underlying eld theory. Locality is encoded
into the couplings matrix K as the absence of non-diagonal elements apart from the
elements of the superdiagonal and subdiagonal. This in turn results in an hierarchy
for the eigenvalues of the reduced density matrix system, leading to the area law.
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This hierarchy in the spectrum of the reduced density matrix depicts the fact that
locality enforces entanglement between the interior and the exterior of the sphere to
be dominated by the entanglement between pairs of neighbouring degrees of freedom
that are separated by the entangling surface. The latter are clearly proportional to
the area and not the volume of the entangling sphere.

When temperature is turned on, the entanglement entropy contains volume terms,
which are inherited from the thermal entropy of the overall system. The presence of
such terms should not be considered surprising, since the symmetry property of the
entanglement entropy does not hold, whenever the composite system lies in a mixed
state. The entanglement entropy is not a good measure of quantum entanglement in
such cases; a better measure of the correlations between a subsystem and its comple-
ment is the mutual information. This, by de nition obeys the symmetry property,
and, thus, it should be expected that in eld theory, even at nite temperature,
it behaves similarly to the entanglement entropy at zero temperature. Indeed, our
perturbative calculations, as well as the numerical calculations that we performed,
verify this intuitive prediction; the mutual information is dominated by an \area
law" term.

The coe cient of the area law term of the mutual information exposes an inter-
esting behaviour as a function of the temperature. This coe cient reduces as the
temperature increases; this is expected as the thermal e ects tend to wash out the
gquantum correlations between the considered subsystems. However, as the temper-
ature tends to in nity, the coe cient does not vanish, but it rather tends to a given
nite value. This is a property of any harmonic oscillatory system. It turns out that
the asymptotic value of the mutual information at in nite temperature is identical
to the mutual information of the equivalent classical system of coupled oscillators at
nite temperature.

Following the approach of the zero temperature case, we found a perturbative
expression for the area law coe cient, expanding in the inverse mass of the scalar
eld. The calculation is performed in the lowest order. It is in good agreement
with the numerical calculations, especially for large values for the eld mass. The
calculation, although signi cantly more complicated than the zero temperature one,
can be directly performed at higher orders, improving the accuracy of the analytic
results.

Similarly to the zero temperature case, due to the particular discretization of the
eld degrees of freedom in radial shells, the expansion continues to work even at the
massless eld limit in 3 + 1 dimensions. This is due to the fact that the angular
momentum e ectively acts as a mass term for the corresponding moments of the
eld. However, it fails in 1 + 1 dimensions at the massless limit.

The original calculation by Srednicki implements a peculiar regularization. Al-
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though a lattice of spherical shells is used, introducing a UV cuto at the radial eld
excitations, the angular momenta are integrated up to in nity. This scheme provides

a nite result only at 2 +1 and 3 + 1 dimensions. One may apply a more uniform
scheme, introducing an angular momentum cuto so that a similar UV cuto applies

at the angular degrees of freedom on the entangling surface. Such a regularization
scheme exposes the fact that the area law term is regularization scheme dependent.
Furthermore, similarly to the zero temperature case, the Srednicki regularization in
2+ 1 and 3 + 1 provides an upper bound for the coe cient of the area law term.

In higher dimensions there is no such bound, however, the introduction of this more
uniform regularization leads to a nite result for the area law coe cient.

Finally, another interesting property concerns the high temperature expansion of
the mutual information in any harmonic oscillatory system. This expansion naturally
contains even powers ofdT. However, it turns out that the rst term, namely the
1=T2 term, always vanishes.

It would be interesting to extend the applications of this perturbative expansion
to other geometries, e.g. dS or AdS spacetimes, to cases where the overall system
does not lie at its ground state (e.g. systems at energy eigenstates, coherent states
etc) or to other eld theories containing fermionic elds or gauge elds. Furthermore,
application of the above techniques for non-spherical entangling surfaces may shed
light to the dependence of entanglement entropy on the geometric features of the
latter, such as the curvature.
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Integrability Techniques for Non
Linear Sigma Models







17 Introduction

Static minimal surfaces in Ad3 are two-dimensional Euclidean world-sheets. Such
world-sheets can be described by NLSMs, which are integrable. In particular, the
static co-dimension two minimal surfaces in AdSare equivalent to co-dimension one
minimal surfaces in the hyperbolic space H Such two-dimensional Euclidean world-
sheets, embedded in H are of great interest, since they are the holographic duals
of Wilson loops at strong coupling [47,48]. In this Part, we we study the relation of
entanglement and integrability in this framework.

In a rst study one would be interested in taking advantage of integrability in
order to construct solutions of the NLSM. A method for the construction of classical
solutions in NLSMs with a symmetric target space that is more systematic than
the use of an arbitrary ansatz, but yet leads to solutions expressed in terms of
Weierstrass elliptic function and related functions, was initiated in [190, 258]. In
this approach, NLSM solutions are derived through the inversion of the Pohlmeyer
reduction [259, 260]. The symmetric space non-linear sigma models (NLSMs) that
describe strings propagating in the corresponding symmetric space, are well known
to be reducible to integrable systems of the same family as the sine-Gordon equation
and multi-component generalizations of the latter [261{264]. This procedure is non-
trivial, since the transformation connecting the original NLSM elds to the eld
variables of the reduced theory is non-local. The oldest and most well-known example
is the reduction of the O(3) NSLM, which leads to the sine-Gordon equation [259,260].
The reduced system can always be derived from a local Lagrangian, which is a gauged
Wess-Zumino-Witten model with an integrable potential [265{268]. The Pohlmeyer
reduction is equivalent to the Gauss-Codazzi equations for the embedding of the
string worldsheet into the target space, which is in turn embedded into a at enhanced
space [269]. In this context, the fact that the target space is a symmetric space is
directly connected to the integrability of the reduced model [270, 271].

Even though it is straightforward to calculate the solution of the reduced the-
ory that corresponds to a given solution of the original NLSM, the inversion of the
Pohlmeyer reduction is a highly non-trivial process. This can be attributed to the
non-local nature of the Pohlmeyer reduction, as well as to the fact that the map-
ping is many-to-one. Construction of NLSM solutions based on the inversion of the
Pohlmeyer reduction has been performed in [258] for strings propagating on AdS
and dS;, and in [190] for minimal surfaces in Bl These techniques can be applied for
a particular class of solutions of the reduced system, which depend on a sole world-
sheet coordinate. Given such a solution of the reduced system, the NLSM equations
of motion become linear and solvable via separation of variables. Then, the geomet-
ric and Virasoro constraints are imposed and NLSM solutions are obtained. This
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procedure enables a systematic investigation of this class of NLSM solutions.

Classical string solutions have played an important role in the understanding
of the AdS/CFT correspondence. According to the dictionary of the holographic
duality, the dispersion relations of classical string solutions are related to the anoma-
lous dimensions of gauge theory operators in the strong coupling limit. Matching
the spectra on both sides of the holographic duality was a non-trivial quantitative
test [272{276] of the AAS/CFT correspondence and classical string solutions were
necessary in order to perform such calculations. The standard methodology in the
literature for this purpose, has been the use of an appropriate ansatz in order to
reduce the classical string equations of motion and the Virasoro constraints to a sys-
tem of equations for a set of unknown functions or parameters [277,278] (See [33] for
a review of the subject).

The matching of the spectra of the classical string in AdS S° and the N = 4
SYM has also been studied with the help of methods from algebraic geometry. The
sigma model [279] of the Green-Schwarz superstring possesses a spectral curve, which
Is a manifestation of integrability [280]. On the eld theory side, the anomalous
dimensions of operators at strong coupling can be calculated using the Bethe ansatz
[281]. It has been shown that at speci ¢ limits, the spectra of the dual theories indeed
match upon the identi cation of some parameters [34, 35] (for a review see [282]).
In this language, the classical string solutions are provided in terms of abstract
hyperelliptic functions, that can be expressed in terms of conventional functions
(algebraic or elliptic) only in the genus one case. Thus, although the problem of
spectrum matching is formally understood, it is di cult to study and comprehend
the generic structure.

The general solution of the NLSM on H has been obtained in [188] in terms of
hyper-elliptic functions, while further aspects of it have been studied in [189, 283].
Key element of this solution, is the reducibility of the NLSMs de ned on symmetric
spaces to integrable equations of the family of the sine-Gordon equation, through
the so called Pohlmeyer reduction [259, 284]. Given a solution of the Pohlmeyer
reduced theory, the equations of motion of the NLSM become linear. The general
solution was constructed by a clever incorporation of basic properties of hyper-elliptic
functions. Yet, the practical use and qualitative understanding of this formal solution
is very limited due to the high complexity of the hyper-elliptic functions. On a
complementary approach in [190], the whole class of solutions, whose Pohimeyer
eld is expressed in terms of elliptic functions of only one of the two world-sheet
coordinates, was derived through the \inversion" of the Pohlmeyer reduction and
subsequently it was studied in detail.

As integrability has been extensively used in the context of AAS/CFT corre-
spondence, it is interesting to investigate whether integrability can be used in a
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fashion similar to that of the spectral problem, in order to establish a direct rela-
tion between quantities relevant to entanglement entropy on the eld theory side
and its gravitational dual. Expressing this kind of questions in eld theory more
concretely is beyond our understanding. The spectral curve, that corresponds to
the solution [188], was constructed in [285]. Yet, we lack any clue on how to relate
entanglement entropy with a spectral curve. To sidestep this obstacle, we study an
operation, which alters the entangling surface and the corresponding minimal sur-
face. This is the construction of new minimal surfaces using the so-called dressing
method [260, 286, 287].

In order to gain intuition, we make several steps back, and study a similar prob-
lem, namely classical strings iR S?. The reason for doing so is that the Pohlmeyer
reduced theory, i.e. the Sine-Gordon equation, is much more studied and it is easier to
conceptually understand the relation between the NLSM solution and the Pohlmeyer
counterpart. In addition, even though the vacuum solutions have been used as the
seed, the dressing method has already been applied in this NLSM. As a byproduct
we draw interesting conclusions for classical strings.

String solutions belonging inR  S? probe several interesting regimes of the
spectrum of the AJS/CFT duality at speci c limits. Berenstein, Maldacena and
Nastase [288] studied a particle moving at the equator of @it the speed of light.
Gubser, Klebanov and Polyakov [289] studied a closed folded string that rotates
around the north pole of the $ and its counter part, a string that is a rotating
great circle. A few years later, Hofman and Maldacena [290] introduced the giant
magnons. These are open strings, whose ends lie at the equator of thar8l move at
the speed of light. They are the strong coupling, string theory counterpart of in nite
size single-trace operators that contain one impurity. In [291{296] more general
spiky string solutions are constructed. All these known solutions emerge naturally in
our construction. We give a uni ed description and classi cation of all these string
solutions in terms of their Pohimeyer counterpart.

The integrable systems of the family of the sine-Gordon equation possess Back-
lundtransformations, which connect solutions in pairs. Given a seed solution, these
transformations generate a new non-trivial one. Iterative application of the Back-
lundtransformations leads to in nite towers of solutions. The archetypical exam-
ple is the sine-Gordon equation, where using the vacuum as seed solution, one can
construct the one-kink solutions and then a whole class of multi-kink/breather solu-
tions [297]. The analogue of this procedure in the NLSM is the so called \dressing
method" [260, 286, 287, 298]. This method has been applied in the literature to
produce string solutions on dS space [299], on the sphere [300, 301] and on AdS
space [302, 303] that correspond to one- or multi-kink solutions of the Pohlmeyer
reduced system.
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We use classical elliptic string solutions as seed for the construction of higher
genus string solutions orR S, via the dressing method. This is made possible due
to the simple and universal description of the elliptic solutions achieved via the inver-
sion of Pohlmeyer reduction and the parametrization in terms of Weierstrass elliptic
function. We carry out this study in both the NLSM and the Pohlmeyer reduced
theory, namely the sine-Gordon equation, in order to understand the correspondence
between the dressing method and the Backlundtransformations of the latter more
deeply.

Although more general higher genus solutions of both the NLSM and the sine-
Gordon equation can be expressed in terms of Riemann's hyperelliptic theta function
[304{306], it is di cult to study their properties in this form. Unlike this approach,
the solutions presented here are degenerate genus two solutions, which are expressed
in terms of simple trigonometric and elliptic functions, and, thus, their properties can
be studied analytically. This study is the rst application of the dressing method on
a non-trivial background, whose Pohlmeyer counterpart is neither the vacuum nor a
kink solution, i.e. a solution connected to the vacuum via Backlundtransformations
[300, 301]. The development of this kind of solutions can also be very useful in
systems whose Pohlmeyer reduced theory does not possess a vacuum solution; the
cosh-Gordon equation is such an example [190]. We focus on salient aspects of the
above solutions, such as spike interactions, implications to the stability of the seed
solutions and their dispersion relations.

An interesting feature of the elliptic string solutions is the fact that they have
several singular points, which are spikes. These can be kinematically understood,
as points of the string that propagate at the speed of light [289] due to the initial
conditions. As they cannot change velocity, no matter what forces are exerted on
them, they continue to exist inde nitely, as long as they do not interact with each
other. In the already studied spiky string solutions [292,293,295,296,307], the spikes
rotate around the sphere with the same angular velocity, and thus, they never inter-
act. Interacting spikes emerge in higher genus solutions. The simplest possible such
solutions are those which are constructed via the dressing of elliptic strings.

The stability of the elliptic strings is closely related to the stability of their
Pohlmeyer counterparts, which are either trains of kinks or trains of kinks-antikink
pairs. Although the latter is known [308], it is not easy to construct an explicit
non-perturbative solution exposing the instability of the elliptic strings. Naively,
such a solution has to be a degenerate genus two solution. In this case, one of the
two periods must coincide to the periodicity of the original elliptic solution under
study. On the other hand, the degenerate one will describe the in nite evolution
which either asymptotically leads to or away from the elliptic solution. Therefore,
the dressed elliptic strings are conducive to the determination and study of the in-
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stabilities of the elliptic ones. The periodicity conditions that are obeyed by the
closed strings, combined with the physics of the dressed strings, specify a particular
region of parameters in the moduli space of the elliptic string solutions that allow
the existence of these instabilities. We focus on the relation of this class of dressed
solutions to linearized perturbations around the elliptic ones. We establish a one-to-
one correspondence between the instabilities of the linearized perturbations around
the Pohlmeyer eld of the seed solution and the dressed solutions that realize the
instabilities of the elliptic strings. As a consequence, the dressing method can be a
useful tool for the study of string instabilities.

Having exhausted the analysis of elliptic strings iR 2, it is time to return to the
original problem. We study some aspects of the dressing method on hyperbolic spaces
and apply it on the elliptic minimal surfaces of [190] in order to construct new minimal
surfaces. In the context of entanglement entropy, the dressing transformation can
be perceived as an operation that changes the entangling surface and consequently
the corresponding minimal surface. Obviously, this a ects both the entanglement
entropy in eld theory, as well as the holographic entanglement entropy. Nevertheless,
the application of the dressing method is far from trivial due to many technical and
conceptual challenges.

The implementation of the dressing method relies on the mapping of the solution
of the NLSM to an element of an appropriate coset. There exist previous works
that discuss the dressing of Wilson loops in AdSand AdSs or AdS, S 8, using
mappings on complex groups [302,309]. The fact that the world-sheet metric is
Euclidean causes complications to the construction of new real solutions. In these
works, the problem is sidestepped, but this cannot be the case for arbitrary space-
time dimensions. We apply the dressing method via the mapping of°Ho the real
coset SO(13)=SO(3). We set up the problem from scratch and discuss in detail the
constraints that have to be imposed on the solution of the auxiliary system.

Contrary to most applications of the dressing method in the context of classical
string solutions, such as [300, 301], in the case of minimal surfaces, the Pohlmeyer
reduced theory lacks a vacuum (either stable or unstable); the simplest possible seeds
are the elliptic minimal surfaces [190]. As these seeds are non-trivial, more e cient
techniques are incorporated. Surprisingly, studying the dressing transformation of a
general seed, we nd that a single dressing transformation, with the simplest dressing
factor, interrelates a real solution of the NLSM to a purely imaginary one. The
imaginary solution of the Euclidean NLSM on hyperbolic space corresponds to a
real solution of the Euclidean NLSM on de-Sitter space. This drawback leads us to
study abstractly the dressing transformation for an arbitrary seed and to develop an

8As a matter of fact, in the latter case the pseudoholomorphicity equations, which describe the
Wilson loops as a result of supersymmetry, can e ectively be described as a NLSM on®S
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iterative procedure that can be employed in order to construct new NLSM solutions
once a solution of the auxiliary system is known. We discuss general quantitative
aspects of the tower of solutions and present an algebraic addition formula for the
surface element. Subsequently, we perform a double dressing transformation to the
elliptic minimal surfaces.

As in both the dressed elliptic strings and the dressed elliptic minimal surfaces
we were able to solve the auxiliary system we identifying the structure of a matrix
and generalizing some parameters of the seed, it worth asking whether one can solve
the auxiliary system for an arbitrary seed Regarding the O(3) NLSM, it turns
out that the answer is yes. This formal solution is expressed in terms of a specic
element of the family of the seed. This implies that the particular NLSM has a more
fundamental property, which is a non-linear superposition rule. The dressing method
is exactly the implementation of this non-linear superposition rule.

This Part of the dissertation is based on the publications [2{5,9,10]. Itis organized
as follows. In section 18, we revisit the Pohlmeyer reduction of the NLSM describing
strings propagating onR S that results in the sine-Gordon equation. In section 19,
we review the class of solutions of the sine-Gordon equation that can be expressed
in terms of elliptic functions. In section 20, it is shown that for these solutions of
the sine-Gordon equation, the equations of motion of the NLSM separate into pairs
of e ective Schredingerproblems. Each pair contains one at potential, whereas the
other one is then = 1 Lane potential. We obtain the general solution for this system
of equations and impose the appropriate constraints to e ectively invert Pohlmeyer
reduction. In section 21, we study various properties of the elliptic strings, with
emphasis to the mapping of their properties to those of their Pohimeyer counterparts.
In section 22, we study the dispersion relations of the string solutions. In section 23,
we set up the application of the dressing method for the cos8iO(3)=SO(2) and in
section 24, we apply it on the elliptic string solutions. In section 25, we study the
relation between the dressing method and the Backlundtransformations of the sine-
Gordon equation and we obtain the Pohimeyer counterparts of the dressed elliptic
string solutions presented in section 24. In section 26, we elucidate the properties
of the sine-Gordon counterparts of the dressed elliptic string solutions, in order to
both facilitate the study of the latter and furthermore establish a mapping between
the properties of the string solutions and their counterparts. In section 27, we study
the constraints which have to be imposed on the dressed string solutions, so that
they are closed. In e ect they emerge to belong to four distinct classes. In section
28, we study the time evolution of the string solutions focusing on the interaction
of spikes. In section 29, we study a speci c class of dressed string solutions that
reveals instabilities of a subset of the elliptic string solutions. In section 30, we
study the linear perturbations of the elliptic strings in the language of the Pohimeyer
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reduced system and show that there is a one-to-one correspondence of unstable linear
perturbations and the relevant dressed string solutions. In section 31, we specify
explicitly the set of unstable elliptic string solutions. In section 32, we calculate
the energy and angular momentum of the dressed elliptic strings, which have great
interest in the context of the holographic dualities. In section 33 we discuss the
dressing method for the Euclidean NLSM in Bifor a general seed and an arbitrary
number of dressing transformations and a relation between solutions of the NLSM
on H® and solutions of the NLSM on d$is established. In section 34 we study some
basic properties of the dressed surfaces, focusing on the transformation of the surface
element and the entangling surface. In section 35 we present the twice dressed elliptic
minimal surfaces. In section 36 we review basic elements of the NLSM that describes
strings propagating onR S and solve the auxiliary system for an arbitrary seed.
Finally, in section 37, we discuss our results.

There are also some appendices. Appendix J consists of a review of the dressing
method. In appendix K the construction of the simplest dressing factor is presented
and the equivalence of the corresponding dressing transformation to the Pohlmeyer
reduced theory is discussed. In appendix L the double root limits of the dressed
Sine-Gordon solutions are presented. The asymptotic behaviour of the dressed el-
liptic strings with D? > 0 is derived in M. The angular momentum of the dressed
elliptic strings is calculated in N. In appendix O we prove that the dressed minimal
surfaces with the minimal dressing factor obey the equations of motion and satisfy
the Virasoro constraints. Finally, appendices P and Q contain some technical details
on the derivation of the solution of the auxiliary system for arbitrary seed.

Throughout the text, various properties of the Weierstrass elliptic and related
functions are used. All the necessary formulae can be found in standard mathematical
literature, e.g. [310], or in the appendix of [258].

18 The Pohlmeyer Reduction of Strings Propa-
gating on R S?

The NLSMs that describe string propagation in symmetric spaces, are reducible to
integrable systems of the same family as the sine-Gordon equation [261{264, 311].
In this section, we revisit the Pohlmeyer reduction of strings propagating oR ?

(R stands for the time dimension). The main dierence of our approach to the
original treatment [259] is the implementation of a more general gauge, instead of
the static one, which will facilitate the construction of the elliptic string solutions
via the inversion of the Pohlmeyer reduction, in section 20. This is the main reason
we review the well-known Pohlmeyer reduction of strings propagating on the sphere
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here.

The basic ingredient of Pohlmeyer reduction is the embedding of the string world-
sheet in a symmetric target space, which is in turn embedded in an enhanced higher-
dimensional at space. In the case of bosonic strings propagating ¢ <, this
higher dimensional at space isR®®. We denote the coordinates in the enhanced
space asX %, X1, X2 and X 3. Throughout this text, we use the following notation:

A B A°B°+ AIB1+ A2B?+ A®BS3; (18.1)
A B AB'+ A?B?+ A%B3: (18.2)

Using this notation, the target space of the non-linear sigma model describing the
propagation of strings onR $? is simply the submanifold of the enhanced space:

X X = RZ% (18.3)
Writing the string action as a Polyakov action, we nd,
Z

S=T d*d (@X) (@X)+ X X R? ; (18.4)

where  are the right- and left-moving coordinates, (! 9=2andT is the
tension of the string.
The equations of motion that emerge from the action (18.4) read

@@X°=0; (18.5)
@@x = X (18.6)

Obviously, the equation for theX ° coordinate implies
X0=f, * +f . (18.7)

We may eliminate the Lagrange multiplier from the equations of motion (18.6). The
geometric constraint (18.3) implies that@ X X = 0. Upon another di erentiation
and the use of the equations of motion (18.6), we obtain

1
R? @x @xX : (18.8)
Therefore, the equations of motion for the embedding function$' assume the form
@@Xx = % @Xx @xX X (18.9)

The stress-energy tensor can be obtained by variation of the action with respect
to the worldsheet metric. The o -diagonal components vanish identically],. =0,
as a result of Weyl invariance. The diagonal elements equal

T =(@X) (@X): (18.10)
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It follows that the Virasoro constraints assume the form,@X) (@ X) =0. Using
the general solution for the embedding functiorX © given by equation (18.7), the
Virasoro constraints can be written as

@x @X =(f %% (18.11)

The classical treatment of Pohlmeyer reduction takes advantage of the di eomor-
phism invariance to set a speci c form for the function$ , in particular selecting the
static gauge,X° = ( . ). For our purposes, it is more convenient to proceed
without selecting a gauge and leave the advantage of this freedom for later use.

We de ne a basis in the enhanced three-dimensional at space (tH®* subspace
of R(1?3)), n o
¥= X@X @X : (18.12)

The magnitudes of the vectorss are xed by the geometric and Virasoro constraints,
¥ =R% 2= (F.9% ¥=(f 9% (18.13)

Furthermore, the geometric constraint upon di erentiation yields@X X =0 im-
plying that  is perpendicular tow, and v,

Y, =¥ ¥M=0: (18.14)

The only parameter that is not xed by the constraints of the system is the angle
betweenv, and v;. We de ne it, as the Pohimeyer eld’ ,

@x @x =f,% °os: (18.15)

The relations (18.13), (18.14) and (18.15) for the base vectovscan be used in
order to decompose any vecto¥ in the three-dimensional enhanced space in the
basev, as

1 foV w f.°V % cos
V==V v v+

"R (f. 9% © *
f.°Vw f %V % cos
+ T v (18.16)

We decompose the derivatives of the base vectors into the base itself by introducing
the 3 3 matricesA* and A

@ = AjH: (18.17)
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By de nition @+, = %, @V, = %, While the equations of motion imply
@y = @% = f.% ©R2cos'v,. So, the only basis vector derivatives left to
calculate are@v, = @X and @v; = @ X . Di erentiating the geometric constraint
twice with respect to the same variable yields@X) X = (@X) (@X) =

(f 92. Di erentiating the Virasoro constraints yields (@X) (@X)=f ¥ % Fi-
nally, di erentiating the Pohlmeyer eld de nition (18.15), we get (@X) (@X) =
f % %o0s f.% %' sin'. Plugging the above into the decomposition formula
(18.16), we get

@, = (f+()2v + f+00+ @' cot' v f.0 s, (18.18)
> Rz % 40 > f Oin" '
B G SOV S Fo
@ = R N+ 0 + @' cot' f Osin™ AR (18.19)
Putting everything together, the matricesA™ and A assume the form,
0 0 1 0 !
A= CY LY@ cott 0K (18.20)
0 “ijz ° cos' 0 0
0 0 1
0
A =B Y cos 0 0 - (18.21)
0qm) ' 00
= froan o+ @' cot’

The matricesA* and A must obey the compatibility condition @ @+v = @ @,
which can be written as the zero-curvature condition

@A" @A + AT:A =0: (18.22)

Plugging the matrices (18.20) and (18.21) into the zero curvature condition yields

P

@@ =

sin': (18.23)

This equation can be simpli ed using the invariance under di eomorphisms. We
will not select the static gaugef ( ) := , but we will restrict ourselves to
what is necessary to write (18.23) in the form of the sine-Gordon equation, i.e. a
more general \linear" gauge. We rede ne the coordinates , so that

f =m (18.24)

The static and linear gauges are obviously connected via a worldsheet boost. In
the following, we will construct classical string solutions, inverting the Pohlmeyer
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reduction, using the techniques of [258]. The latter require solutions of the reduced
system that depend solely on either® or 1. The freedom of the linear gauge selection
allows the construction of classical string solutions, whose Pohimeyer counterpart
depends on a general linear combination of the worldsheet coordinates in the static
gauge. Furthermore, it turns out that this freedom also facilitates the classi cation of
the obtained solutions. Once the string solutions are found, one can always perform
a boost to express them in the static gauge.

Calculating the induced metric on the worldsheet, using the Virasoro constraints
(18.11) and the Pohlmeyer eld de nition (18.15), we nd

ds’= m.,m sin2E d?l?

2

d?° (18.25)
Therefore, demanding that o is the time-like parameter and ; is the space-like
parameter setsm. m < 0. Then, the reduced system equation (18.23) assumes the
form

@@' = *siny (18.26)

where 2:= m,m =R2

19 Elliptic Solutions of the Sine-Gordon Equation

In this section, we are going to nd the solutions of the sine-Gordon equation (18.26)
that depend solely on one of the two worldsheet coordinates, i.e. they are either
static or translationally invariant. In the following, the dot denotes di erentiation
with respect to ° and the prime denotes di erentiation with respect to 1.

Without loss of generality, we consider a solution that depends only o, namely
(% H="0(9. Inthis case, the sine-Gordon equation reduces to

o= Zsin' (19.1)

This equation can be integrated once to yield

1!2

50 2cos' ¢ = E: (19.2)
Similarly, had one considered static solutions, the only di erence would be an
overall sign. This sign can be absorbed dening ( %; )= +' (1), which leads
to
I 100: ZSinl 1- (193)

It follows that static solutions can be produced by translationally invariant ones via
an interchange of the coordinates and a shift of by
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Despite the simple symmetry that connects the translationally invariant solu-
tions to the static ones, these two classes of solutions are characterized by dissimilar
Hamiltonian density. The latter equals
1- 2 1 @ 2

H= '+~ cos". 194
2— 2 ( )
In the case of translationally invariant solutions, the Hamiltonian density is constant

in both space and time and is equal to the integration constart,
H=E: (19.5)

On the contrary, in the case of static solutions, the Hamiltonian density is not con-
stant, but a non-trivial function of 1,

H=2>,% 2cos;=E 2°2cos,;=',% E: (19.6)
The momentum density is given by
p= '0 (19.7)

and it vanishes for both translationally invariant and static solutions.

It is clear that equation (19.2) can be regarded as the conservation of energy of
the simple pendulum. It is well known that the solutions to this problem can be
expressed analytically in terms of elliptic functions. Indeed, performing the change
of variable

2y + % = 2cos o (19.8)

equation (19.2) assumes the form

E?2 E E °?
yCQ — 4y3 ? + 4 y g § 4 : (199)

This is the standard form of the Weierstrass equatioy® = 4y @y g, with
speci ¢ values for the moduli equal to

2

2
E 4, %:%- % 4 (19.10)

= — +
=3

The general solution of the Weierstrass equation in the complex domain is pro-
vided by the Weierstrass elliptic function}. However, we are interested only in
real solutions de ned in the real domain. When the modulg, and g; are real, the

Weierstrass equation has one or two independent real solutions in the real domain,
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depending on the reality of the roots of the cubic polynomia® (y) =4y oy .
It turns out that the latter, with the moduli g, and g; given by (19.10), has always
three real roots, namely,

2 2
%; Xo = %+ 7; X3 = % ?: (19.11)
The ordering of the three roots depends on the value of the integration constalat,
as shown in gure 15. De ning the ordered roots ag, wheree; > e, > e3, we have

X1 =

Xj
2_3 X1
2
2 E X2
2:3 X3

Figure 15: The roots of the cubic polynomial as function of the integration constant
E

the identi cation between x; and g that is shown in table 1.

ordering of roots

E> 2 |e =Xy, &=Xy €&=Xs
JEj< 2 le =Xy &=X1; €=Xg
E< 2le=Xy &=X3s 6&=X

Table 1: The ordering of the roots

When Q (y) has three real roots, the fundamental periods of the Weierstrass
elliptic function can be de ned so that one of them is real and the other is purely
imaginary. Let 2! ; be the real one and 2, be the imaginary one. Then, there are
two distinct real solutions of the Weierstrass equation in the real domain, which read

y=1 (X Xo); (19.12)
y=1} (XX Xo+!): (19.13)

The rst solution ranges between the largest of the roots and in nity, while the
second one oscillates between the two smaller roots.
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In order to obtain a real solution for' , it is necessary thaty is real, but also it
must satisfy

2y+% < Z (19.14)

so that the change of variables (19.8) maps a reglto a real' . The table 2 shows
the range of ¥ + E=3 for each of the two solutions. It is clear that the unbounded

| | range of 2 (x) + E=3| range of 3 (x + ! ) + E=3|

E> 2 2y+ E=3>E 2<2y+E=3< 2
jEj< 2 2y + E=3> 2 2< 2y+ E=3<E
E < 2 2y+ E=3> 2 E< 2y+ E=3< 2

Table 2: The range of 2cos , for both real solutions of the Weierstrass equation

solution does not correspond to a real solution for, as it does not satisfy the
constraint (19.14). The bounded solution does correspond to a real solution for
as long ast > 2. This is expected from the physics of the simple pendulum. In
all cases, the solution assumes the form

1

cos % hE = 5 22 “+1%(E)ix(E) +% : (19.15)

Had one desired to nd the solution for' ¢ itself, they would have to connect
appropriate patches of' o, obeying equation (19.15), so that the solution is both
continuous and smooth. This F§equence of patches, which satis es the initial condi-
tions ' o ( O)EO and 'o(o)= 2(E+ 2),is

0

E( 1)Tlo arccos 20 °2+!2)+% : E< 2
.0 = o ] k
;( 1) 't arccos 2(° °2+!2)+% +2 —02!01"‘1 - E> 2
(19.16)

where arccox is assumed to take values in [0]. These solutions are plotted for
various values of the energy constanE in gure 16. Similarly, the static elliptic
solutions’ 4 ( 16 of the sine-Gordon equation, with boundary conditions o ( o) =
and' ;°( o) = o 2(E+ 2),are

1
) E
2 0t!2)+§

2p( 1
E( 1) ' arccos C o ; E< %

'l = + 1, L e
.§( 1) T arccos 2L o't —th s E> 2

(19.17)

+2

Equations (19.16) and (19.17) imply that:
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0 E= 9 2=10
4 E=0
3 E=9 2210
) E =99 2=100
E= 2
. E =101 2=100Q
E=5 24
E=3 2=2

Figure 16: The translationally invariant elliptic solutions of the sine-Gordon equation
(19.16), for various values of the energy constaii

1. The solutions withE < 2 are periodic. Their period is equal to 4,. We will
call them the \oscillatory" solutions, inspired by the simple pendulum analogue
of equation (19.2).

2. The solutions with E > 2 are quasi-periodic, obeying ¢y %' +2!;, =
"o P +2 . We will call them the \rotating” solutions.

19.1 Double Root Limits

When E = 2. two of the roots coincide, giving rise to some special limits of the
elliptic solutions. In the caseE = 2, the two smaller roots are both equal to
e = 6= 2=3, and, thus,} %!+ 1, tends to a constant equal to the double

root. It follows that

o % %2 =0; (19.18)

.0 L 2 = (19.19)
Translationally invariant solutions tend to the stable vacuum of the sine-Gordon
equation, whereas the static ones tend to the unstable vacuum.

For E = 2, the two larger roots are both equal toe; = e, = 2=3. In this case
the real period of the Weierstrass elliptic function diverges and the latter degenerates
to a simply periodic hyperbolic function. It turns out that

‘o % 2 =4arctane (° 0+ : (19.20)
', L 2 =4arctane (7 0); (19.21)
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The rst one is an instanton solution evolving from the unstable vacuum =
to the unstable vacuum' =+ . The second one is the usual kink solution of the
sine-Gordon equation, in the frame where it is static and localized in position = .

20 Elliptic String Solutions

20.1 The Building Blocks of Elliptic Solutions

Given a string con guration, it is a straightforward process to nd the corresponding
solution of the Pohlmeyer reduced system. The inverse problem is highly non-trivial
due to the non-local nature of the Pohlmeyer reduction. This procedure comprises
of using a given solution of the reduced system and then solving the equations of
motion

@x + @x = 2cos X; 2= m*RT : (20.1)
while simultaneously satisfying both the geometric
X X = R? (20.2)
and the Virasoro constraints
@X @X = m?: (20.3)

There is an advantage in nding a string solution starting from a given solution
of the reduced system; the equations of motion have taken the form of tteear

di erential equations (20.1). Using a solution of the reduced system that depends on
only one worldsheet coordinate provides an extra advantage; these linear di erential
equations are solvable using separation of variables [190, 258],

XT(0% b= (HTICO): (20.4)

It is easy to show that in the case of a solution of the sine-Gordon equation that
depends solely on?, the equations of motion (20.1) are written as pairs of e ective
Schredingerproblems of the form,

O} Tel, vx f= 0T (20.5)
T = ITh (20.6)
Similarly, in the case of solutions depending solely off,

i00 i

= ; (20.7)
T+ 2} %41, +x, T'= T (20.8)
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The form of the elliptic solutions of the sine-Gordon equation (19.15) implies that
in both cases, the non-trivial e ective Schredingerproblem (20.5) or (20.8) assumes
the form of the boundedn = 1 Lame problem,

d?y

w"‘z} (x+!1)y=y: (20.9)

The eigenfunctions of this problem are given by

(x+!1, Q) (!2)e ( ayx.
(x+12) (2 @ '

y (x;a) = (20.10)
The Weierstrass quasi-periodic functions and aredenedas °= } and & =
. The corresponding eigenvalue of both solutions is

= }(@: (20.11)

As long as  is not equal to any of the roots, the pair of solutions (20.10) are
linearly independent, and, thus, the general solution of (20.9) can be written as a
linear combination of the latter. At the limit becomes equal to any of the roots,
bothy tend to

y unz):Z}(x+!a €s; (20.12)
y ('uz)= ez }(x+ 1) (20.13)

In these cases, there is another linearly independent solution,

PGt = U TO T B ( (2l + e (20.14)
y(Xta)= e F(X+!12)( (X+ a2+ 3)+ eoX): (20.15)

When, the eigenvalue obeys< e or e < < es, the eigenfunctionsy
are real and they diverge exponentially at either plus or minus in nity. When the
eigenvalue lies in the complementary segments> e or e < < e, the
eigenfunctionsy are complex conjugate to each other and they are delta function
normalizable Bloch waves.

Finally, the eigenfunctionsy obey the \normalization" relations

}(x+12) }(a)
e }(a

yiy = (20.16)

and 1 0(a)
0_— .
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Summing up, there are three classes of solutions of the pair of e ective Schrdinger-
problems (20.5) and (20.6), depending on the sign of the corresponding eigenvalue
i. Positive eigenvalues lead to embedding functions of the form

X=cy. hHa+cy %hHa cos %+ dy. ha+cfy ha sint 9
(20.18)
where = 2=} (a)+ x;. Negative eigenvalues lead to embedding functions

X=cy, La+cy %a cosh °+ Zy, Ya+cdy La sinh %
(20.19)
where = “2= 1} (a)+ x;. Vanishing eigenvalue means tha} (a) equals to the
root x,, i.e. ais one of the half-periods. Thus, the corresponding Lane eigenfunctions
degenerate to the form of eigenfunctions lying at the edge of the allowed bands. In
general the solution is

X=cy ha+cy Ha + dy Ha+y ha b (20.20)

where} (a) = x;. For \normalization" reasons that will become apparent later, we
will consider only the part of this solution that can be taken as the limit of positive
or negative eigenvalue solutions, i.e.

X = cp X1 P(r+1): (20.21)

The embedding functions for the case of translationally invariant Pohlmeyer coun-
terparts are identical to the above after an interchange of° and 1.

20.2 Construction of Elliptic String Solutions

In section 20.1, we took advantage of the special form of the elliptic solutions of the
sine-Gordon equation to solve the equations of motion via separation of variables.
The general embedding function can then be written as a linear combination of the
forms (20.18), (20.19) and (20.21). Then, in order to nd a classical string solution,
we need to nd appropriate expressions for the three embedding functios?, X 2,
and X3 that satisfy the geometric constraint (20.2) and the Virasoro constraints
(20.3). The latter, expressed in terms of the coordinated and !, assume the form

2 2

@ @%x + @ @x =w; (20.22)
2 2

2 @ @X = % (20.23)

Since the embedding functions are solutions to the e ective Schredingerproblems
(20.5) and (20.6), we take advantage of the geometric constraint to write down the
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Virasoro constraints in the more handy form

2 4 m2

@x x @x x:%; (20.24)
m2  m?

2 @@x x= T (20.25)

In this analysis, we focus on the simplest choice, namely the use of a single
eigenvalue for each component. The form of the geometric constraint enforces the
two of the three components to correspond to the same positive eigenvalue and the
third one to correspond to a vanishing one, i.e.

0 I |
cU; (L;a)cos’ %+ c U, ( L;a)sin® ©

X=@cgU; ( ha)gos’ °+ G U, ((Ha)sin” A (20.26)
GG X1 }(t+1!ly)

where’? =} (a)+ x; and U,,, ( *;a) are real linear combinations ofy ( *;a).
Substituting the above into the geometric constraint (20.2) and demanding that
the terms proportional to sin™ °cos’ °, si*> ° and cog" © vanish, yields

G = C,; G =¢; (20.27)
U, =U;; U, =U;: (20.28)
Then, the geometric constraint assumes the form

Ul “+ U “+& x; } '+, =R% (20.29)

The normalization properties of the Lane eigenfunctions (20.16) imply that
C, =C¢, Ci (20.30)

s _ 1 . 1 :

U =50y )i U =50 v (20.31)

It follows that in order to get a real solution,y must be complex conjugate to each
other, i.e. they must be Bloch wave eigenfunctions of the= 1 Lane problem. This
constraints the parameter} (a) to obeye; >} (a), ore; >} (a) > e,. Incorporating
this into the geometric constraint, further simpli es it to the form

dy:y +G x1 } '+l =R%: (20.32)

The normalization property (20.16) has an overall sign depending on whether the
eigenstate belongs to the in nite \conduction” bande; >} (a) or not. The only way
that the ! dependence in the geometric constraint disappears is that are indeed
such states, thus,

es>} (a): (20.33)
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This also implies thata lies on the imaginary axis. Finally, absorbing thees } (a)
factor of (20.16) into the de nition of y , the geometric constraint reduces to
R? R?
Ci=C ¢ = ————= —:
S X1 }(@ 2
Taking the above into account, the ansatz (20.26) assumes the form
0

(20.34)

Rey, ( L;a)cos’ °+Imy, ( L;a)sin” ©
X =c@ Imy, ( 1;3)005‘ 0+ Rey, ( La)sin® °A: (20.35)
Xp }(1+12)

Substituting the above to the Virasoro constraint (20.24) results in

2 2
o _ Mmi+m +3x1

Notice that the above equation implies that
2
m. + m
a= —— >0 20.37
& )@ o= (20.37)

as required in order for the Lane eigenstatey to lie in the in nite conduction
band. The bound is saturated form, + m = 0. In this case, which corresponds
to the special selection of the static gauge, the Lane eigenfunctiogs are real and
periodic functions that lie at the edge of the in nite conduction band. This limit is
the equivalent to the GKP limit [289].

It is left to satisfy the Virasoro constraint (20.25). With the use of formula
(20.17), the latter assumes the form

1@ m2 m?

R2 (20.38)
The Weierstrass equation implies that
@ 4
PO-20@ wi@ 0@ x) ,
2 2
X2 X 3x
— 4 <2 2 -4 2 3 _1 <2
X1 X2 X1 X3 5 >
" 2 2# 2
-4 2 m2 + m? o om2 m?
- 2 4R2 - 2R2
(20.39)

and thus the Virasoro constraint (20.25) is automatically satis ed without demanding
further constraints in the free parameters of the solution. The subtlety in the sign
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can always by corrected by re ecting the parametern, which corresponds to the
transformationy ! y or equivalently interchangingm, and m .

Putting everything together, the elliptic string solutions corresponding to static
solutions of the sine-Gordon equaticc))n are written as

. Re y, ( L;a)e '’
X = . i o : 20.40
Pl e iae X N
X1 }(t+1y)

21 Properties of the Elliptic String Solutions

In this section, we proceed to study the geometric characteristics of the string so-
lutions derived in section 20 and their relation to the features of their Pohimeyer
counterparts. We indicate with index 0, the elliptic string solutions that correspond
to a translationally invariant solution of the sine-Gordon equation and with index
1, the solutions with a static sine-Gordon counterpart. It turns out that the nat-
ural parametrization of our construction, which is based on the Weierstrass elliptic
function, facilitates the study of the properties of the elliptic string solutions.

We take advantage of the fact that Bloch wave eigenfunctions of the Lane po-
tential are complex conjugates to each other and write them as

y = I 1) T@e'l @ (21.1)

where (4 ) )
. _ |_ +!-,+a ' a

(ia= 3 (+!, a) (1,+a)

Notice that the function possesses the quasi-periodicity property

+i (a): (21.2)

( +2lga)=( ;a+2i( @!1 (1)a): (21.3)
Thus, the elliptic strin%solutions assume the form 1
}(O+1,) ) (@)cos T O a
R Y — s _
Xom1 = p—x—-— }(L+1,) )} (a)sin T O =l a  (21.4)
X1 }(a)
p

xp }( %+ 1Y)

Adopting spherical coordinates

X0 =t (21.5)
X1= Rsin cos; (21.6)
X2 = Rsin sin; (21.7)
X3= Rcos; (21.8)
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we obtain a parametric expression for the elliptic string solutions,

toz1 = SRp X2 } (a) 0+ Rp X3 } (a) 1; (219)

X1 }(%+1,),
COS o=1 X1 } (a) ; (2110)
0=1 = sgn(lma)Io X1 }(a) ¥° =l-a : (21.11)

Notice, that we have made the selectiom,+m > Oandm, m > 0. The rst
choice is equivalent to the physical timé& being an increasing function of the time-
like worldsheet coordinate °. Having selected one of the two above quantities to be
negative, requires taking the opposite value @ according to the Virasoro constraint
(20.38). We have restricteda to take values in the segment of the iB1aginary axis
with endpoints ! ,. Then, equation (20.38) impliesthat = sgn(lma) x; }(a).
From now on, for simplicity, we make the choice > 0.

21.1 Angular Velocity
Both classes of elliptic string solutions can be written in the form
f(; t)=0: (21.12)

where s_
) X1 a
!0:1:—; or !0:1 = }() .

1
" R @ (21.13)

This angular velocity is a function of the gauge selection that we performed at the
process of Pohlmeyer reduction.

Each class of elliptic string solutions is comprised of two subclasses, one corre-
sponding to oscillating solutions of the sine-Gordon equation and one corresponding
to rotating solutions of the latter. These are the well-known four classes of helical
string solutions on the two-dimensional sphere [295] (see also [291{294]). These two
subclasses have some qualitative di erences:

1. The solutions with rotating counterparts obeyx; > X,. Such solutions do
not cross the equator; they lie between two circles, which are parallel to the
equator and in the same semi-sphere. For example, in the case this is the north
semi-sphere, these solutions obey

< < 4 (21.14)
where S

X1 Xo=
= arccos 23 (21.15)

X1 }(a)
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Both subclasses of solutions with rotating counterparts are characterized by
' o=1 > 1=R. The angles that constrain the string on the sphere also depend
on the gauge selection, since

1

i = : 21.16
sin Rl os ( )

2. The solutions with oscillating counterparts obeyx; < X,. These solutions
periodically cross the equator. They lie between two parallel circles, which are
symmetrically placed above and below the equator, namely,

< < : (21.17)

The angular velocity of solutions with static counterparts obey$; < 1=R. On
the contrary, solutions with translationally invariant counterparts have! >
1=R. Smoothness of the solution requires that coschanges sign every time
the string crosses the equator. Thus, the argument of the Weierstrass elliptic
function should be altered by 4, in order to complete a whole period for

, In analogy to the period of the corresponding oscillating solutions of the
sine-Gordon equation.

In the static counterpart cases, the angular velocity tends to the critical value
| o=1 = 1=R, in the positive double root limit (E !  2), namely the limit of string
solutions with a kink counterpart. The latter are the giant magnons [290]. In the
translationally invariant counterpart cases, the angular velocity tends to the same
critical value in the negative double root limit (E ! 2), namely the limit of string
solutions corresponding to the stable vacuum of the sine-Gordon equation. This is
the BMN particle solution [288].

Although, elliptic solutions with either static or translationally invariant coun-
terparts accept a description of the fornf (; It ) = 0, it is not clear whether
this property should be conceived as a manifestation of rigid rotation or wave prop-
agation. The fundamental di erence between these two classes of solutions is that
they can be written in a parametric form as

o==f (21.18)
=1 lomitor=g (21.19)
In other words, and It are parametrized in terms of the spacelike worldsheet

coordinate in the static case. Thus, in this case, we may consider a given point of the
string to be characterized by constant values ofand' !t , implying rigidly rotating
motion of the string. On the contrary, this is not the case for string solutions with
translationally invariant counterparts, since in this case and' !t are parametrized

in terms of the timelike worldsheet coordinate. These solutions should be understood
as wave propagation solutions.
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21.2 Periodicity Conditions

In order to better understand the form of the solutions, we perform a worldsheet
boost to convert to the static gauge,

0= 0 L (21.20)
= ! o (21.21)
where
s
_ X3 } (3.
S % @ (21.22)
- T e (21.23)

Then, the elliptic string solutions assume the form

tomy = 5 ° (21.24)
COS o= = M (x10:1} (a) e 2); (21.25)
0=1 = p X1 } (a) 1=0 0=1 0=1 1=0 ‘a (2126)

Equations (21.24), (21.25) and (21.26) allow the visualization of a snapshot of the
solution, as freezing the target space timx ° is equivalent to freezing the worldsheet
coordinate °. The form of the four classes of elliptic string solutions de ned in
section 21.1 is depicted in gure 17.

Clearly, equation (21.25) implies that the angle is a periodic function of ! in
all cases. The period depends on the type of the solution. More speci cally,

o= =( ) (21.27)
L= = (21.28)

where s the real period/quasi-period of the corresponding sine-Gordon solution,

namely (
4., E< %
= ! (21.29)
20 ;. E> 2%

Within a period , the azimuthal coordinate runs monotonically and its value
changes by , which is determined by the quasiperiodicity property (21.3) of the
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oscillating counterpart rotating counterpart

Figure 17: The four classes of elliptic string solutions

function . It equals

m= (GDa @)+ |
S !
_ : a . (X1 }(a) Xo=3 1} (8)
= i (1) T i (a) X 1@ (21.30)
R N (P P at e,
1

where! . is the half-period corresponding to the rook;, i.e. } (!4 ) = X;. The
quantity o, has two contributions; one coming directly from the quasi-periodicity
properties of the phase of the Bloch wave eigenfunctions of the= 1 Lane potential
and another one coming from the boost relating the static and linear gauges. Thus,
the appropriate periodicity condition for closed elliptic string solutions without self-
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intersections is
) a _
iNo=t!1 (1) —t ! ams a+ !y, = (21.31)
‘1

whereng-; is an integer whenE > 2 and an even integer wherE < 2.

It seems that for the hoop string solutions that correspond to translationally
invariant solutions of the sine-Gordon equation no periodicity condition is implied.
This apparent asymmetry would have been resolved, if we had considered fhe S?
string target space, as a subspace of AgS S", implying that the time direction
would be compact, and, thus, the target space would be the fully compact SS. In
AdS spaces, it has be shown that hoop solutions have to obey such a time periodicity
condition [258], which would be inherited in the 3part of the solution. In general,
in such a case the elliptic solutions would be identical and furthermore it would be
possible to nd solutions that wouldn't simply correspond to closed strings, but to
fully compact toroidal worldsheets. For this purpose, another periodicity condition
similar to the above should be imposed, which would e ectively select a subspace of
the elliptic solutions with appropriate angular velocity.

21.3 Spikes

In order to study the shape of the string, we di erentiate the altitude and the
azimuthal angle' with respect to the spacelike worldsheet variable!. This yields

Gos p e J@, V7 Tl (21.32)
@ a X1 } (a) } ( ( 0=1 1_0)+ | 2) } (a)

@o1 _ (X2 } (@) Xo=z } (&) x50 } 0=1 0 4y,

@ T 0+ 1,) () (21.33)

As long as solutions with static counterparts are considere® ;=@? vanishes only
when X, is equal toe,, i.e. only for rotating solutions of the sine-Gordon equation.

In this case, it vanishes when ( 1 9%=(@2n+1)!4, wheren 2 Z. Considering
solutions with either oscillating or rotating translationally invariant counterparts,
@ o=@"* vanishes when ( ° Y =2n!4, wheren 2 Z. The locations where

@ o-1=@" vanishes are lying at altitude
sin P =sin (21.34)

Therefore, in such locations the altitude obtains an extremal value implying that
its derivative changes sign. Indeed@,-,=@* also vanishes at these positions. At
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this points, @ =@ diverges as

@ }O 0=1 1=0 + 1 2 1
@ }( (% )+ 15)  Xao | }( (02 0+ 1,)  Xas
(21.35)
It follows that these positions are positions of spikes.
The Pohlmeyer eld in the position of a spike assumes the value
L hmeyer =2N5 N 2 Z: (21.36)

This justi es the form of the elliptic string solutions presented in gure 17. Transla-
tionally invariant oscillatory solutions of the sine-Gordon equation oscillate around

= 0. For this reason, the corresponding strings have spikes that appear period-
ically. Half of those spikes point towards the north pole of the sphere and half of
them towards the south pole, corresponding to the Pohimeyer eld being equal to
zero with positive or negative derivative. On the contrary, static oscillatory solutions
of the sine-Gordon equation oscillate around = and as a result, the correspond-
ing strings do not have spikes. Both classes of rotating solutions of the sine-Gordon
equation are always increasing (or decreasing) functions and therefore periodically
cross positions with = 2n  with the same derivative. For this reason, the string
solutions with rotating counterparts present spikes periodically, which point to the
same pole of the sphere.

It is easy to show that
R! o sin $PF€ = 1; (21.37)

l.e. the spikes are moving at the speed of light. In the static counterpart case, the
spike may have the interpretation of a given point of the string, which due to initial
conditions, is moving at the speed of light and therefore cannot change velocity no
matter what forces are exerted on it. In the translationally invariant counterpart
case, which has the interpretation of wave propagation, a given point of the string is
spiky at a given time instant, when this point reaches the speed of light, as a result
of the propagation of a wave pattern along the string, and gets violently re ected.
Since the elliptic strings preserve their shape as time evolves, spikes cannot get in
contact, in order to study their interactions. It would be interesting to study the
outcome of the collision of such spiky points; this requires the investigation of string
solutions with more complicated Pohlmeyer counterparts.

The fact that spikes appear at locations where the Pohlmeyer eld is a multiple
of 2 is not a coincidence. Writing down the Virasoro constraints in the static gauge
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yields

@x * - R? 208 (21.38)

@xX = R? zsinzz: (21.39)

Thus, any singular point of the string, i.e. a spike, which necessarily is characterized
by vanishing @X, is a point where the Pohimeyer eld is a multiple of 2. Fur-
thermore, the Virasoro constraints imply that these points have@X = R , which

combined to the fact that at the static gauget = R © implies that the spikes move
at the speed of light. Notice that the Virasoro constraints do not imply that any
point of the string where the Pohlmeyer eld is a multiple of 2, is necessarily a
singular spiky point. However, the latter is also true in the class of elliptic string
solutions.

21.4 Topological Charge and the Sine-Gordon/Thirring Du-
ality

The limit of the elliptic solutions of the sine-Gordon equation at plus and minus
spatial in nity is well-de ned only in the vacuum and kink limits. Therefore, a
topological charge can be naturally de ned only in these cases. However, in the case
of string con gurations with appropriate periodicity conditions, the Pohlmeyer eld
obeys periodic and not asymptotic conditions, namely,

Co0 1y % 1 =2n; n2z (21.40)

Therefore, a topological charge in the Pohlmeyer reduced theory can be de ned in
such solutions, which obviously equals. We have seen that a spike appears whenever
the Pohlmeyer eld assumes a value that is an integer multiple of 2 It follows that

n = number of spikes (21.41)

Notice that spikes pointing to opposite poles of the sphere have opposite contributions
to this conserved charge, i.e. they function as spikes and \anti-spikes". This is evident
in the case of string solutions with translationally invariant oscillating counterparts
(see gure 17). Conservation of the topological charge in the Pohlmeyer reduced
theory implies some kind of \conservation of the number of spikes”, which should
also apply in more complicated string solutions, where spikes may get in touch and
interact.
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It is well known that the sine-Gordon equation is S-dual to the Thirring model
[11]. The Lagrangian densities of the two theories are

1
Lss= ,@@ ' + 2 cos’; (21.42)

Len=i @ mo g : (21.43)

ol

The Thirring model possesses a global symmetry, namely

1 (21.44)
This gives rise to a conserved current
j o= (21.45)
and a conserved charge, namely the fermion number,
Z
N= dt ©°: (21.46)

The duality implies that the parameters and elds of the two dual theories are
connected as,

4

=14 g (21.47)
" @ = : (21.48)
—5cos' = mp (21.49)

The classical limit corresponds to = 1 [312]. According to the above, the conserved
current of the Thirring model can be expressed in terms of the sine-Gordon eld as

i°= @ (21.50)
i‘= @ (21.51)
and, thus, the fermion number assumes the form
1 Z
N = > d'@ = n; (21.52)

which equals the opposite of the topological charge in the Pohlmeyer reduced theory,
and, thus, the number of spikes.
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The above correspondence naively implies that in the picture of the Thirring
model, the string solutions with rotating counterparts can be considered as multi-
fermion states. On the contrary, solutions with oscillating Pohimeyer counterparts
have the natural interpretation of bosonic condensates. However, notice that the
sine-Gordon/Thirring duality is a full quantum weak to strong duality. Thus, the
above statement should be viewed cautiously, since taking the classical limit of a
strongly coupled quantum theory is in general non-trivial.

It would be interesting to investigate this duality in the framework of string
theory. Type IIB superstring theory in AdS, " is self-S-dual, with the closed strings
being S-dual to D1-branes [100, 101]. This hints that the spiky elliptic superstrings
should be S-dual to D1-brane con gurations, whose Pohimeyer counterpart has non-
trivial fermion number equal to the number of spikes of the original string solutions.
The investigation of this correspondence requires the derivation of elliptic superstring
solutions propagating on the full Ad§ S" space and their parallel study in the
corresponding supersymmetric Pohlmeyer reduced theory.

21.5 Interesting Limits and the Moduli Space of Solutions

The elliptic string solutions have some very well known special limits, which are
very simple to study in our parametrization. We do so for the completeness of our
presentation. At these limits, two of the three rootsx,;, x, and x3 coincide, and,
thus, the Weierstrass elliptic function degenerates to a simply periodic function,
either trigonometric or hyperbolic. There are two such cases:

In the limit E ! 2, the two negative roots coincide and the solutions reduce
to
COS o=1 = 0; (21.53)
0=1 = 0=1. (21.54)

being a hoop around the equator [276] in the static counterpart case and the BMN
particle [288] travelling along the equator at the speed of light in the translationally
invariant counterpart case. Notice that in this limit, the string worldsheet degen-
erates to a one-dimensional manifold. This is not unexpected, since in this limit,
the solution of the Pohlmeyer reduced system degenerates to the vacuum solution of
the sine-Gordon equation, meaning that the vector&@ X and @ X become parallel.
This property is present to other NLSMs as well(e.g. see [313]).

Similarly, in the limit E! 2, the two positive roots coincide and the solutions
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degenerate to

Cos -1 =sin(ia )sech cscfa) ® cot(ia) ¥ ; (21.55)
. i cosh cscfa) ™' cot(ia) ¥ a

o= 04 L ta) _ (a) _ ; (21.56)
2 cosh[ (cscfa) %1 cot(ia) ¥+ a)

being the giant magnon [290] with angular opening equal to = 2ia in the case of
solutions with static counterparts and the single spike [291] in the case of solutions
with translationally invariant counterparts.

The above two limits are speci c values for the integration constanE. For a
given value of this constant, the parametea may take any value on the imaginary
axis on the linear segment de ned by the origin and the half-periodl,. Another
interesting limit is the special selectiona = !, or} (a) = x3. This is the case
where the linear gauge coincides with the static gauge. Had we restricted Pohlmeyer
reduction to the static gauge, the method applied in section 20 for the construction
of the elliptic string solutions would have resulted to these special solutions only. In
this limit, the solution assumes the form

S
X1 }(%+1y)
— = ; 21.57
COS 01 s ; (21.57)
0=1 — P X1 X3 1:0: (2158)

In the case of static oscillating counterparts, this is a great circle crossing the two
poles and rotating with angular velocity! ;, whereas in the case of a static rotating
counterpart this is an arc of a great circle centered at one of the two poles and rotating
with angular velocity ! ; so that its endpoints have the speed of light. This is the
well known GKP string solution [289]. Notice that this limit is always compatible
with the periodicity conditions corresponding to the valuen; = 2.

In the case of translationally invariant counterparts, equations (21.57) and (21.58)
describe a hoop being always parallel to the equator which shrinks to a point at the
pole of the sphere and then extends again. In the case of oscillating solutions it
extends further than the equator and then shrinks again to the opposite pole before
it starts re-extending; in the case of rotating solutions it extends up to a maximum
size and then it shrinks again to the same pole. These solutions, although they have
a translationally invariant Pohlmeyer counterpart are spikeless. This is due to the
coincidence of the static gauge to the linear one. As there is no need for a worldsheet
boost to convert to the static gauge, the singular behaviour characterizes solely the
time evolution of the string and not its shape. These solutions satis%the periodicity
conditions with np = 0. The coordinate ! takes values in [02="X; X3) to
complete one hoop.
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The opposite limit to the above isa=!, ! 0. In this limit the solution assumes
the form

S

0=1 1=0

_, = jai — 41 ; 21.59
COS o1 = ja X1 } A 2 ( )

o= 2o X3 0+ jaj T+ [ (1,) (21.60)

This describes strings that have the shape of the general solution, lying very close
to the equator and being characterized by a small angular opening. In this limit,

the static gauge and the linear one are connected via a boost by a velocity close to
the speed of light. These string solutions are the \speeding strings" limit [314].

The elliptic string solutions are a two-parameter family of solutions, in our lan-
guage being the parameterk and a. The advantage of our parametrization is that
only one of the two parameters (the integration constarnk ) a ects the corresponding
solution of the Pohlmeyer reduced system. The worldsheets of the solutions being
characterized by the same constarfe comprise an associate (Bonnet) family [190].
Demanding appropriate periodicity conditions, restricts one of the two parameters
to be discrete, or in other words the moduli space of the elliptic string solutions
with appropriate periodicity conditions is a discretely in nite set of one-dimensional
curves. Figure 18 depicts the moduli space of elliptic string solutions and visualises
their classi cation according to their Pohlmeyer counterpart.

2 }(@ 2 E 2 l@ 2 E
LS No
% 0
: é
g 4
5
8 6
9
10 !
static counterparts translationally invariant counterparts
hoop/BMN partiple oscillating counterparts

giant magnons/single spikes
GKP limit/oscillating hoops

rotating counterparts

Figure 18: The moduli space of elliptic string solutions
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22 Energy and Angular Momentum of Elliptic Strings

The R & target space has the symmetry of time translations, leading to a conserved
energy and that of SO(3) rotations, leading to a conserved angular momentum.

Considering solutions with appropriate periodic conditions, the string energy is
given by

Z
L Mo=1  o0=1 @d’.:]_ 1 2T n0=1R 2] 1
Eo-1= — =T d "= p—ri——; 22.1
= @t 0 @° X3=2 } (3) ( )

whereng; 2 Z whenE > 2, whereasng=; 2 2Z in the caseE < 2. The above
expression is indeterminate in the GKP limit of solutions with translationally invari-
ant counterparts (} (a) = Xz, ng = 0). In this case, the energy assumes the value
Eoc=2 TR = X1 Xs.

Similarly, the z-component of the angular momentum is given by

Z
L Mo=1 o0=1 @ o-
Jo:]_ = E = TR2 . sz 0=1 @001
s -
Z
TR?  Xa- a) o o= - -

= ;12 }}(;)) y 041, X d P (222)

0

21""0:1'32 ("1)+ Xo=s! 1
= B~

X1 }(a)
In the following, we de ne Ey-; := Eo-1=(2TR) as well asJ o1 := Jo-1=(2TR?).

The mismatch of theR factors in these de nitions is due to the fact that we have
considered time as an independent dimension not related to the radius of the sphere.
Had we considere®R S as a submanifold of an Ad$ S space with a dual bound-
ary description, the time would have been part of the AdS which has the same
radius as that of the sphere, e ectively measuring time in units oR. We also recall
that the angular opening , which is associated to the quasi-momentum in the dual
theory, is given by0

d 1

S 1
(X1 } (@) x2=3 1} (3) A -

X3= } (9)

. a .
= 2.@ (1) = i (22.3)
-1
In the positive double root limit, the Weierstrass functions degenerate to simple
trigonometric functions. It is a matter of algebra to show that in this limit and in
the case of static counterparts, the energy and angular momentum diverge, due to
the divergence of ; and it holds that

Eo + = 2ia = arcsind; (22.4)

_0
2

Et J 1=nsin( ia)= nlsin71; (22.5)
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which is the very well known dispersion relations of the single spikes and giant
magnons.

In this parametrization, it is also simple to study the limit of the speeding strings.
As a=!,! 0 the angular opening tends to zero. whereas the energy and angular
momentum remain nite. In this limit, the angular opening, energy and angular
momentum assume the form

=1 2 (11)+ Xzl (l@)+ O & ; (22.6)
Eoi' N 2i(i@)+ O & ; (22.7)
Jos1' Mot (P1)+ Xesl 1 (@) + O @ (22.8)
implying that L
Eo-a J o1’ Sho=1 (22.9)

This is compatible to the giant magnon case since in this limit ! 0.

The expressions (22.1) and (22.2) that provide the energy and angular momentum
of the string in terms of the Weierstrass functions can be used to convert the problem
of the speci cation of the dispersion relation to an algebraic problem with the help
of appropriate properties of the latter functions. For example, let us consider the
special case the modula is equal to the imaginary quarter-perioda= ! ,=2. This
is a one-dimensional family of solutions, which in the case of static counterparts,
contains the giant magnon with angular opening equal to=2. The Weierstrass

functions obey the following quarter period relations
r

15 _ P _ E 2 E+ 2
b5 o= (& e)e &)= o o > (22.10)
and q
! 1 P
5 =5 (2 0 2 (& e)(s &) 3o
r I
1 | _ £y 2 . | (22.11)
-5 (t2) i >
Using the above properties, the angular opening of the string”assumes the form
r I
Iy E+ 2
— : — = — + l ' .
=1 E; 5 > 1 > ; (22.12)
whereas the energy of the string is written as
I E+ 2 2
E; =2 =1 ; 22.1
EO y 2 1 2 2 ’ ( 3)
Y
P E+ 2 ¢ ’
EE E; — =1 +1 : 22.14
1 ’ 2 1 2 2 ( )
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This implies that the integration constant E is equal to the algebraic function of the

ratio ( o-1 = 2)=Ey=1, Which solves the equation,
3 1
ot =2 E+ 2 4 E+ 2 2
= + — 22.15
| I 1
1 1 3
1 =2 E+ 2 2 E+ 2 2
S —— - + — )
E, 1 52 1 52 (22.16)

These equations are equivalent to cubic equations f&= 2. Once this function is
speci ed, it can be substituted in the expression (22.2) in order to obtain an analytic
dispersion relation connectings, J and that characterises the string solutions with
a= | ,=2, arbitrarily far from the in nite size limit. Notice that the real period ! ;
can also be expressed as an algebraic functionfohnd  through equation (22.1).
So the only transcendental part of the dependence of the angular momentum Bn
and s through (! ) or equivalently the complete elliptic integral of the second
kind, which is nite everywhere in [G 1].

This procedure can be generalized. Consider the more general case 29!,
g2 Q. This is a one-dimensional sector of the moduli space, which, in the case of
static counterparts, contains a giant magnon solution obeying appropriate periodicity
conditions with =2q (of course this is going to have self-intersections unlegs
is of the form 1=n, n 2 Z). The functions } (2mz=n) with m;n 2 Z and} (z) are
both elliptic functions with periods 2n! ; and 2n! ,. Therefore they are algebraically
related. The above argument foe = ! , implies that } (2q! ) is an algebraic function
of the root e;.

Furthermore, the Weierstrass zeta function obeys

1}°@)  }°w).

(z+w)= 20+ (w)+ 27 @ 1MW) (22.17)
_ } M) .
22)=2 (2)+ 202)° (22.18)

As a direct result of the Weierstrass di erential equatior} * =4}3 @} g and its
derivative } °°= 6} ? @=2,}°z) and} °qz) are algebraic functions o} (z). Iterative
use of the formulas (22.17) and (22.18) results in(nz) = n (z) + f, (} (2)), where
f, is an algebraic function. Applying the above forz = 2m! ,=n results in the
zeta Weierstrass function (2m! ,=n) being equal to 2n (! ;) =n plus an algebraic
function of the root e;, or equivalently an algebraic function of the ratioE= 2, i.e.

(29!2)=2q (1) + fq E= 2 ; (22.19)

The speci cation of these algebraic functions may be a di cult task in practice.
As an indicative example, in the cas@ = 1=3, } (2! ,=3) is equal to the smallest
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root of the quartic equation 484 24g,P2 48yP g2 =0, whereas (2! ,=3) =
2 (128 ( (229)"

Once these functions have been speci ed, the angular opening and the energy of
the string assume the form

=1 (E; 29!,) = 2q + ! 100 E= 2 (22.20)
B (E; 29'2)= ! 1hq E= 2 (22.21)

wheregq (E= 2) and hq (E= 2) are algebraic functions o= 2. Therefore, the ratio
= 2is an algebraic function of the quantity ( ¢ g )=Eo, i.e.

=1 29
Eo=1

Once this algebraic function is speci ed, it can be substituted in (22.2) to provide a
closed formula for the dispersion relation of elliptic strings that satisfa= 2q! ,.

Since the set of rational numbers is a dense subset of the real numbers, the union
of the trajectoriesa = 2q!,, where the dispersion relation assumes an analytic
form, is a dense subset of the moduli space of the elliptic string solutions. Figure 19
shows how thea= 2q!, trajectories lie in the moduli space.

E= 2F (22.22)

2 Y@ 2 E 2 Y@ 2 £
g g

1/2 1/2

1/3 1/3

1/4 1/4

1/5 1/5

static counterparts translationally invariant counterparts

Figure 19: The trajectories in the moduli space where the dispersion relation can be
speci ed analytically

The above process cannot be applied in the case of the GKP limit, i.e. the
speci ¢ selectionqg= 1=2. In this case, the angular opening is not a function of the
integration constant E, but it simply equals ; = , i.e. the algebraic function
gq in equation (22.20) vanishes. Therefore, the integration constarff cannot be
speci ed algebraically by an appropriate linear combination of the energy and the
angular opening, but it requires the inversion of the elliptic integral that relates it
to the string energy. This cannot be performed analytically; usually this inversion is
performed perturbatively around the in nite size limit [315{318].
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23 Dressed Strings on R S?

The dressing method enables us to construct new solutions of a NLSM once we are
given a solution of the latter. We refer to this solution as the seed solution. Given
the seed solution we may obtain a new solution of the NLSM by solving a pair of rst
order equations, which is called the auxiliary system. This is considered a simpler
task than solving the original equations of motion, which are non-linear and second
order. For a review of the dressing method see appendix J.

The auxiliary system reads

@( )= (@1 () (231)

where is the spectral parameter, which is in general complex. The seed solu-
tion X is mapped to an element of the coset SOE3O(2), which is denoted ag .
The compatibility relation @@ = @@ ; which ensures the local existence of
a solution of the auxiliary system, implies thatf obeys the equations of motion
@ (@f)f H)+ @ (@f)f 1)=0. The normalization of ( )is xed as

©= f (23.2)

The main idea of the dressing method is the fact that a gauge transformation of the
auxiliary eld

Cry= () ) (23.3)

corresponds to a new, non-trivial element of the coset, namely
fo°= (Of; (23.4)

which is associated to a new string solution in?Svia the inverse mapping. We refer
the reader to appendix J for more details on the dressing method.

The mapping from the enhanced space of ShamelyR3, to the coset SO(3¥SO(2);
that is used, is

f=J1 2XXT ; J= 1 2XX{§ (23.5)

where X is a constant vector andX "X = X J X, = 1. For any unit norm vector X,
it is easy to show that |  2XX T 2= I; which implies that

fIfJ = I; fl=f 1% (23.6)

In addition, f is real, i.e.
f=f (23.7)
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Thus, f is indeed an element of the coset SOE30(2). On a more formal basis,
starting with the group SL(2;C), the coset can be constructed using the following
involutions

1(F)=(f 4 (23.8)
o (F) = JfJ; (23.9)
(F) = f: (23.10)

Demanding invariance under the rst involution restrictsf to SU(3). Setting , (f) =

f ! restricts f further, to the coset SU(3¥U(2). Finally, invariance under the last
involution implies that f is an element of the coset SO(3p0(2). Applying the same
involutions on the auxiliary system (23.1) implies that the transformed ( %; %; )
must belong to the set of solutions of the auxiliary system. The latter is generated by
the right multiplication with a constant matrix of a given solution; in our discussion
this solution is ( % %; ). Thus, the following constraints must be imposet

(m()= ()75 (23.11)
( )mz()=1 (1 =)J (23.12)
( )yms( )= ( ) (23.13)
The matricesm; themselves are subject to constraints, which stem from the fact that
the involutions satisfy 2= 1. In particular, they obey
my( )= mi(); (23.14)
my( )Imy(1=)J = I; (23.15)
ms( )ms( ) = I: (23.16)

In addition, since (0) = f the matrices m; and mz must reduce to the identity
matrix for =0, i.e.
m1(0) = m3(0) = I: (23.17)

These matrices are related to the so called reduction group [260,319]. As we will
show subsequently, the dressed string solution is not a ected by the choice of these
matrices.

24 Dressed Elliptic String Solutions

In this section, we apply the dressing method that we review in section J, to the
elliptic string solutions of section 20, using the simplest possible dressing factor, in
order to construct new classical string solutions propagating oR $°.

9Equation (23.11) corresponds to the action of both involutions (23.8) and (23.10).

186



The non-trivial seed solution (21.4) renders the straightforward application of the
dressing method very di cult. This is due to the corresponding auxiliary system,
which is a complicated system of coupled partial di erential equations with non-
constant coe cients. In order to avoid these di culties, we implement an intuitive
detour, by expressing the seed solution as a worldsheet dependent rotation matrix,
acting on a constant vector, which coincides with the rotation axis of the seed so-
lution, i.e. the z-axis. Furthermore, the parametrization of the coset SO(350(2)
is carried out, so that this constant vector corresponds to its identity element via
the mapping (23.5). In this way, we manage to express one of the two PDEs of the
auxiliary system in a form where one of the two worldsheet coordinates does not
appear explicitly, making the solution of the system possible. Simultaneously, all
components of the auxiliary eld equations obtain a given parity under the inversion

I 1=, facilitating the application of the coset involution. Finally, the expression
of the seed solution as a rotation matrix acting on a constant vector simpli es the
translation of the dressed solution from the form of a coset element to a unit vector.

24.1 The Auxiliary System for an Elliptic Seed Solution

In order to implement the dressing method, we have to solve the auxiliary system
(J.6). This reads

@ ()= —(@Nf ' ); (24.1)

wheref is a given seed solution of the NLSM and () must obey the condition
(0) = f. As seed solutions, we are going to use the SO£3)0(2) coset elements
f corresponding to the elliptic string solutions (21.4) through the mapping (23.5).
These solutions depend in a trivial manner on either the time-like or space-like world-
sheet coordinate. It follows that it is technically advantageous to express the auxil-
lary system (24.1) as a system of di erential equations with independent variables the
time-like and space-like coordinates® and !, instead of the left- and right-moving
coordinates . Following these lines, the auxiliary system assumes the form

@( )= @ f () (24.2)
wherei =0;1 and
1
@= ﬁ@ 1 > @; (24.3)
1
@= ﬁ@ 1 > @: (24.4)

It turns out to be convenient to express the initial solutionX as an orthogonal
matrix U ( ©; 1) acting on another unit vector X, as

X = UX; (24.5)
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It has to be noted that X is not a solution of the NLSM. In terms of the vectorX,

the seed solutionf reads
f=JUJUT; (24.6)

where

=31 2kX7T (24.7)
Obviouslyf'\z SO(3)=SO(2). It is also convenient to de ne’{ ) as
( ):=JUd ): (24.8)

Then, the equations of the auxiliary system (24.2), expressed in terms of hatted
guantities, assume the form

h [
@= W ® @uJ fuT gu "+ @ T " (24.9)
We selectX, to be the unit norm vector along the z axis, i.e.
01
0
Xo= @0A ; (24.10)
1

so that J = diag(1;1; 1). Moreover, the matrix U can be selected so thak = X,.
Thus, f* becomes the identity element of the coset and the equations of the auxiliary
system assume the form

n h i h o
@= JUVT ® @UuUJ U @u " (24.11)
while the normalization (23.2) reduces to
o= u: (24.12)

In addition, the constraints (23.11), (23.12) and (23.13) for , imply that “is subject
to the following constraints:

Toym()= )T (24.13)
T om()=31=)3 (24.14)
T ms()=1 ) (24.15)

Equation (24.5) implies that the seed string solution can be expressedXs= U X,

where
U= UU; (24.16)
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and the matricesU; and U, are given by

0 o1 0 i 1
coS 0 sin cos sin O
UuU=@ o0 1 0 A; U=@sin cos O0A: (24.17)
sin 0 cos 0 0 1

Until this point, the formalism is valid for any seed string solution. Let us restrict
our attention to the case of elliptic strings. Without loss of generality, we perform
the analysis in the case of seed solutions with static Pohlmeyer counterparts. It this
case

s
. FJ(+12) 1 (3
sin = Fi()= ;
a 1@ (24.18)
|
cos = Fp( )= Xlxl} (} Za)' 2),
0.1 = g x; }(a)° La: (24.19)

Obviously, F; and F, obeyF2( 1)+ F2( ) =1. Moreover, F;, F, and satisfy

@ = g X1} (a); (24.20)
_ i} %) 1 _
@ v 1@ (24.21)
@F,=0; @F.=0; (24.22)
_ Fs, _ Fs.
@F; = = @F; = = (24.23)
where yo( 141,
— - 2) .
B Y T @) (24.24

In terms of the functionsF,, F, and , the Virasoro constraints are expressed as

2 2
FZ (@ )*+(@ ) +[F2(@Fy) Fu(@FlP= T (24.25)

2 2
F2(@)(@)= =T 5 m. (24.26)

Similarly, the equations of motion imply

F.@ +2(@F)(@ )=0; (24.27)
F.@F1 Fi@F,= FiF, (@ )°+(@ )° ; (24.28)
Fi@F,+ F.@F,=  [F(@F) Fi(@F2))* (24.29)
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The equations of the auxiliary system require the calculation of the quantities

UT (@U) = Uj U; (@U,) Uy + U] (@Uy):
It is a matter of simple algebra to show that

UTU; (@Uy) U= (@ )(FaTa+ FiTy);
U (@U,) =0;

F
Ul (@Uy) = [F2(@F1) Fi(@F)]T2= == T
FiF
whereT; are the SO(3) generators, namely,
OOOO1 o0011 00 101
T.=@0 0 1A; T,=@ 0 0 0A; T;=@1 0 O0A
01 0 1 00 0O 0 O
Adopting the notation .
ut (@)= K T;
equations (24.31), (24.32) and (24.33) imply that
ki= (@)Fu ki= (@ )Fy;
ki=0; ki=F.(@F) Fi(@F);
ki=(@ )Fz ki=(@ )Fu

(24.30)

(24.31)
(24.32)

(24.33)

(24.34)

(24.35)

(24.36)
(24.37)
(24.38)

Notice that none of the coe cients k! depends on the time-like coordinate®.

Similarly, we adopt the notation

@= 1"
Observing that

JTJ = T, JT = Ty JT3d = Ty

the equations of the auxiliary system (24.11) imply that

3 _ L3 .
0=1 = Ko

2
1= 1+ 1=2 2 1=2 _ 1=2 1=2.
1= 7 Koo 1 sKio = cothzky_; +cschzkg;

where = €. The above imply that the coe cients ’, obey the properties

8:1( );

=20)
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(24.42)

(24.43)

(24.44)



or in a shorthand notation

=1(1=)= J 0 (); (24.45)

where 0 1
=1
X (24.46)

0=1 — E‘P
=1

It is a matter of algebra to show that | o equals

PWon R
o

2
fo==( @) @)@ i
2
+OFL (@) +(@) +IF(@F) Fi(@FIF oy o (2447)

Using the Virasoro constraints (24.25) and (24.26), we can express in terms of the
guantities E and m ,

_E, mi1 > m? 1+ °?
-E, m; tanh2Z + m* coth?Z:
T2 4 2 4 2

Thus, the quantity is a constant. Moreover, it can be easily shown that (1 =)=
(). The quantity could be considered as the generalization of the parameter
*2 of the elliptic seed solution after a \boost" in the worldsheet coordinates with
complex rapidity z=2.

24.2 The Solution of the Auxiliary System

Since all coe cients in the equations of the auxiliary system (24.39) are functions of
1 only, we may proceed to solve those that involve the derivatives Ofvith respect

to © as ordinary di erential equations, upgrading the undetermined constants to

undetermined functions of 1. These equations are a set of three identical linear rst

order systems, one for each column §f ", i = 1;2;3. This linear system has the
solution
P — p—
") Twrg twd C+g tvel (24.49)
where 0 1
Lot . TR
Vo= p—@ 2A; y = B 32z i 1%. (2450
; (H*+( B’ (H (P

191



The vectorsvy and v have been selected so that] vo = 1, whereasv'v = 0. Fur-
. ++ T + + — + T + —_—
thermore, the vectorsv obey the relations ==~ e H— =
1.
Using the de nitions (24.36), (24.37) and (24.38), as well as the equations of

motion (24.27), (24.28) and (24.29), it is a matter of algebra to show that

@kg = kik3; @Ki= kik%; (24.51)
@ks=0; @kI= kik3+ k3k3; (24.52)
@k3 = kiky; @K3 = kiki + 2kTkiki=ks: (24.53)

Then, the de nitions (24.41) and (24.42) imply that

0= 55 16 (24.54)
5= 15 1% (24.55)
@5= 156 1o (24.56)
or in a shorthand notation
@ 0= 1 0- (2457)

The vectorsvg and v can be written in terms of  as

Vo= Pp—— = €; (24.58)
0o O
X . X .
vV = ¢ OTO p? ig OTO =g ey
Xo o) Xo o) 00 Xo o) Xo o)
(24.59)
The vectors
8 9
_° . Xo o L0 L Xo o n 0
e = g = P=—9 = P
Xo o) Xo o) 00 (Xo o) Xo o) o 0
(24.60)
form a basis, which obeysg-TeJ = j ande g = "jx&. Noticethatas ! O,
0 1 0 1 0 1
F, 0 F1
a(0)=@ 0 A; 60=@1A; O)=@ o A (24.61)
=5 0 F2
and furthermore
e(1=)= e»(); e&a(l=)= e3(): (24.62)
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Using the fact that [ o is constant, one can show that

q T
Xo 1) Xo o)
@e e = !
or ° 0(Xo o) Xo o)

. T Xo )" (Xo o)

e; (24.63)

Qe 1o&= o 0(Xo 0" (Xo o) o (24.69
@ 1 e=0; (24.65)
implying that
@vo 1 V=0; (24.66)
@v 1V = iq i ogz :;: Eiz Z;v = ig 'v; (24.67)
where
g ' = P—_10* 1o (24.68)

(D7+( 27

It is a matter of algebra to show that

P— m2 ; 2 m2 4, 2
. 2 1 a1 o }0(a)
}(1+!2)+%+m43 1+—2+¥i+_2 2} (+ 1) Y (&
(24.69)
where
m2 1 2 m?2 1+ % E m? .,z m? .z
= — ! — = — *tanh®’> ——coth®=:
}(8) 5 4 1+ 1 5 4 tanh*s  —-coth®s
(24.70)
and
@ _m2 1 2 m? o1+ 2 omi oz om? Lz
== 13 > 1 = 2tanh2 2coth > (24.71)

The quantity a has the propertya{(1=)=-a( ).
Substituting the above to the spatial derivative equation of the auxiliary system,
we get

d ( ? dg (Y .
A0yps 9D g

(1 P—
+ 2al )+ig g Yve' "=0; (2472
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implying that

 t=d (24.73)

G 1 - G e iRy 19( 1) =ce i (1;a); (24.74)

where the function is the same quasi-periodic function that appears in the con-
struction of the elliptic strings and it is de ned in equation (21.2). Then,

P L P L
M) Qv+ v dl () p ey eiC 0 () (24.75)
or equivalently
h p_ p_ [
" ()=C() cos 0 La e +sin 0 La e
h p_ p_ |
+ C?( ) cos 0 a e +sin 0 La e
+C()es
=Cl ()Ej;
(24.76)
whereCl=¢ +¢,C?=i ¢ ¢ andC?=c. The vectorsg; are de ned as
E,:=cos © la e+sin © La e (24.77)
P— P
E,:= cos 0 La e +sin 0 La e (24.78)
E3 =63 (24.79)
and they obeyEiTE,- = j andE; E; = "jxEk. Noticethatas ! O,
0= x; }@="% a)=a (24.80)
and thus, 0
-0 L a L7 0 La ="' 0 1: (24.81)
Therefore,
1 0 1 0 1
F, cos' F,sin' Fi
E.00=@ sin' A;E,00=@ cos A:E;(0=@ 0 A: (24.82)
F, cos' F;sin' F,
Additionally, the properties (24.62) imply
Eio(1=)=JEi2(); Es(=)= JEs(); (24.83)
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which impliesE (1= ) = JE ( ) J. Finally, notice that the basis vectorsg; have the
property
@1Ei= o1 Ei: (24.84)

De ning the matrices E and C as the matrices comprised by the three columns
being the vectorsE; and C; respectively, the solution can be written in the form

' )= EC: (24.85)

It is straightforward to show that the above imply that one can de ne

mi( )= CT()C() (24.86)
my( )= C X()I( )C@=); (24.87)
ms( )= C *()C( ); (24.88)

so that (23.14), (23.15) and (23.16) are identically satis ed.
Finally, the solution should satisfy the condition (24.12), i.e.

F,cos F ,sin' F,
)= @ sin cos 0 A: (24.89)
Ficos Fisin  F,
Since the matrix E obeysE (0) = 0), it follows that the matrix C should obey
co= 1 (24.90)
Thus, it is simple to satisfy all the conditions, selecting
C()=CcO= I, (24.91)

implying that the solution of the auxiliary system that obeys all the appropriate
involutions and the initial condition is

i ()= Eji: (24.92)

24.3 The Dressed Solution in the Case of Two Poles

As analysed in section J, the simplest possible dressing factor has two poles lying on
the unit circle at positions complex conjugate to each other. In this case, the dressed
solution is

%= (0) (0) ; (24.93)
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where () is given by equations (J.35) and (J.36). The constant vectop obeys
p'p=0, p= Jp and thus, it may be parametrized in terms of two real numbers
and! as

cos!
p=@ sint A: (24.94)
i
We also de ne
1= €1 (24.95)

In order to visualize and understand the behaviour of the dressed solution, we
would like to nd the unit vector X °that corresponds to the coset elemerit®through
the mapping (23.5). For this purpose we de ne

fO= JUIfUT: (24.96)
Then
=3 | 2AKT ; (24.97)
where
X %= ux® (24.98)
in a similar manner to the de nitions we used to solve the auxiliary system. Then,
po_ | 1 1713 )IppIT () 1=x 1 4)IppI"T(4)
1o pItT (DI DI Fr piITT ()3T )Ip
(24.99)
o X X[ X XT
= 1=
fo=1 =2 et ey 24.1
1 XIX 1= 1 XIX ' ( 00)
where
X, = )JIp; X =371 )Ip: (24.101)

The vectorsX obey the property X T(X ) = 0 and they are complex conjugate to
each other. Using these facts, along with the mapping (23.5), it is straightforward
to show that

O=gin ;— Xy + X +cos 1Xq
iXJ(X  Xy)
= ﬁsin 1(X4+ + X )+cos 1Xog (24.102)
:=sin 31X +cos 1Xo:
Thus, the dressed string solution is
X®= UXS (24.103)
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where X %is given by (24.102).

It is easy to show that the vectorX, is a unit vector, which is perpendicular to
Xo, due to the fact that X = JX.. Thus, equation (24.102) implies that the arc
connecting the endpoints of the vectorx, and X0is equal to ;. Since the seed
solution is given byX = UX = UX, and the dressed solution is given by °= UX?,
this property is transferred to the points of the seed and dressed solutions that
correspond to the same worldsheet parameter$=. In other words, the dressed
string solution can be visualized as being drawn by a point in the circumference of
an epicycle of arc radius ;, which moves so that its center lies on the seed string
solution.

This statement provides a nice geometric visualization of the action of the dressing
on the shape of the string. Itis a general property that follows from equation (24.102),
which is the outcome of the form of the dressing factor in the case it has only two
poles (J.35), as well as the mapping (23.5) between unit vectors and elements of the
coset SO(3¥S0O(2). It follows that the epicycle picture isnot a speci ¢ property of
the dressed elliptic solutions; it is rather ageneric property that holds whenever the
simplest dressing factor is adopted. This interesting property of the dressing method
deserves further investigation in the case of strings propagating on other symmetric
spaces or in the case of a more complicated dressing factor. A further implication
of the above is the fact that at the limit ;! 0 the dressed solution tends to the
seed, whereas as ! the dressed solution tends to the re ection of the seed with
respect to the origin of the enhanced space.

In gure 20, four representative dressed elliptic string solutions are depicted. In
these plots, the dressed string solutions are depicted with a thick black line, whereas
the seed solutions are depicted with a thin one. In the top row, the seed solution has
a translationally invariant elliptic Pohlmeyer counterpart, whereas in the bottom row
it has a static one. On the left column the seed solution has an oscillating counterpart
with E = 2=10 anda selected so thain = 10, whereas on the right column the seed
solution has a rotating counterpart withE = 6 2=5 anda selected so than = 7. In
all cases the pair of poles of the dressing factor lies at= e 'z. Large spheres are
points of the dressed solution, whereas small spheres are points of the seed solution.
Spheres with the same color correspond to the same worldsheet coordinateand

1 and they are connected via an epicycle plotted with the same color, too.

Our analysis focused on the case of seed solutions that are elliptic string solutions
with static Pohlmeyer counterparts. It is trivial to show that had we used elliptic
strings with translationally invariant counterparts as seed solutions, we would have
resulted in dressed string solutions that can be obtained from the ones presented
here after the trivial operation °$ 1.
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seed with static seed with static
oscillating counterpart rotating counterpart

seed with translationally invariant  seed with translationally invariant
oscillating counterpart rotating counterpart

Figure 20: The dressed elliptic string solutions

25 The Sine-Gordon Equation Counterparts

The elliptic string solutions presented in section 20 can be naturally classi ed with
respect to their Pohlmeyer counterparts. Furthermore, in 21 it was also shown that
many of the properties of these solutions are connected to the properties of their
corresponding sine-Gordon counterparts. For example, the number of spikes equals
the topological number in the sine-Gordon theory. For these reasons, we proceed to
specify in this section the sine-Gordon equation counterparts of the dressed elliptic
string solutions, which are obtained in section 24.
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25.1 BacklundTransformations

The sine-Gordon equation (18.26) possesses the well-known Backlundtransformations

C o -
; (25.1)

@ 2 =
@ > = (25.2)
connecting pairs of solutions. As described in the introduction, they can be used for
the construction of new solutions from a seed one. Their merit is the fact that this is
achieved via solving a pair of rst order di erential equations, instead of the original
second order one. The usual application of these transformations is the construction
of the kink solutions, using the vacuum =0 as seed.

A nice property of the Backlundtransformations is the fact that their iterative use
does not require further solving of di erential equations. Multi-kink solutions can
be obtained from the single-kink ones algebraically, using the Bianchi permutabil-
ity theorem. If ' ; is related to the seed through a Backlundtransformation with
parametera; and ' , is related to the same seed through a Backlundtransforma-
tion with parameter a,, then a new solution’ 3, that is connected to' ; through a
Backlundtransformation with parameter a, (or equivalently to ' , through a Back-
lundtransformation with parameter a;) will be given by

12 at a 1 2
tan = tan : 25.3
4 a; a 4 ( )

25.2 Virasoro Constraints

A basic ingredient of the Pohimeyer reduction is the fact that the energy momentum
tensor can be set constant, with obvious consequences for the form of the Virasoro
constraints. In the following, as a rst step towards the speci cation of the Pohimeyer
counterparts of the dressed solutions discovered in section 24, we show explicitly that
they obey the Virasoro constraints as expected by the analysis in section J.4.

We have shown that the dressed solution is written as

X %= UXP%= U(Xysin 1+ XoCO0S 1): (25.4)

The vectors Xy and X, are unit vectors, orthogonal to each other.

In appendix K.2 we show that the dressed solution satis es the Virasoro con-
straints, as long as the seed solution does so. The notation of the appendix, Vé.
andW, is related toX adW = UX andW = UX,.
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25.3 Dressing vs BacklundTransformation

In appendix 24 we show that the dressed solution gives rise to the following set of
equations

] + |

@T.d: m cotflsin > ; (25.5)
— = m, tan = si = 25.6
@) m. tan > sin > ( )

which are the usual Backlundtransformations (25.1) and (25.2) with parameté&t

r
a=

M+ tan El: (25.7)

It follows that the dressed string solutions obtained in section 24 have Pohlmeyer
counterparts that are connected to the elliptic solutions of the sine-Gordon equa-
tion presented in section 20 via a single Backlundtransformation with parameter
determined by the position of the poles of the dressing factor.

25.4 BacklundTransformation of Elliptic Solutions

The last step towards obtaining the Pohimeyer counterparts of the dressed elliptic
string solutions of section 24 is the application of a Backlundtransformation to the
elliptic solutions of the sine-Gordon equation (19.15). Such solutions have been
studied in the past [320{323] in a di erent context and language.

In general, a much wider class of solutions of the sine-Gordon equation can be ex-
pressed in terms of hyperelliptic functions [304,305]. Such solutions can be classi ed
in terms of the genus of the relevant torus. The elliptic solutions that we have studied
in section 20 are the simple case of genus-one solutions. Pairs of solutions connected
via a Backlundtransformation are characterized by genuses whose di erence equals
one. This extra hole in the relevant torus is a degenerate one meaning that one
of the corresponding periods is in nite. Therefore, the solutions that we are going
to construct applying a Backlundtransformation to elliptic solutions are degenerate
cases of genus two solutions of the sine-Gordon equation. In a di erent approach one
may nd other genus two solutions via separation of variables [324, 325].

The technical advantage of using an elliptic solution as seed is the fact that they
depend solely on either the space-like or time-like worldsheet coordinate. Writing
down the Backlundtransformations (25.1) and (25.2) in terms of the coordinates’

0 Actually the sign of a cannot be determined, since it corresponds to a shift of or '~by 2 .
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and ! vyields

@§+@§
@+ @;=5 @

Sin E COS§ E

in—cos- - a+
sin_ cos; 5 a

cos— sin %; (25.8)

+
a 2

= —

V|l VI
Ol O

Without loss of generality, we start our analysis considering that is a transla-
tionally invariant elliptic solution of the sine-Gordon equation as given by equation
(19.16). Equation (19.15) directly implies that

' 1
co§§=—2 X } %+, ; (25.10)
! 1

S|n2§= =} %+l xg (25.11)
(@ )*=4 x1 } °+1; (25.12)

The sign of the quantities co'§, sin'E and @ depends on whethet is an oscillating
or rotating solution. Although these signs are not going to play a crucial role in the
following, equation (19.16) implies
sgncos- = +1;
g > ;

0

sgnsins = (1) 71 (25.13)

0
+
209

N[

sgn@ =( 1)

for oscillating solutions, and

. 0
sgncoszz( 1) **

0

1 (25.14)

sgnsinz =( 17 7,
sgn@ =+1;

for the rotating ones with increasing .

Equation (25.9) contains only the derivative of -~with respect to ! and simul-
taneously all other functions that appear depend solely orf. Therefore, it can be
solved as an ordinary di erential equation, substituting the undetermined constant
of integration with an undetermined unknown function of °. The latter equation
assumes the form

i P U A DU

: 25.15
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where

A sin A(ZO) = 5 ara ! coS; (25.16)

Acosv\( Do a a't sinl—' (25.17)
2 2 ° 2’

B % = @5: (25.18)

One should be careful in the inversion of (25.16) and (25.17), so thatis*continuous
and smooth andA has the correct sign. De ning the inverse tangent function so
that its codomain is ( =2; =2), an appropriate selection for "and A is

"\ = 2 arctan a itan'E +(2k 1) +sgn a® 12 ?:—+ % . (25.19)
A= sczp a’+ a 2+2cos’ (25.20)
wherek 2 Z and we de ned the signs; as
se:=( 1)*sgra; (25.21)
For a translationally invariant oscillating seed soluthn glven Py (19.16) it holds that
=+ % =0, whereas for a rotating one - + % ol % .

Notlce also that the monotonicity of"‘ls the same as that of the seed solution
whenjaj > 1 and opposite wherjaj < 1. We de ne

Sq:=sgn(jaj 1): (25.22)

The quantity A2 B2 D2, which is going to play an important role in the
following, is actually a constant, namely,
h [
2 2 o_ 17, 12 2 _1
D° A B°= 2 a +2 E = i
For a given value ofE, the constant D may assume any value larger or equal to
D2, =( 2 E)=2. The latter assumes any given value larger than the minimum
one, for exactly four distinct values of the Backlundtransformation parametes; let
a be one of them, then the other three are aand 1=a Therefore, there is exactly
one value of the Backlundparametem corresponding to a given value ob? in each
of the segments  ; 1], [ 1,0), (0;1] and [% 1 ). There is an exception to this
rule; there are only two distinct values ofa, corresponding to the minimum value of
D2= D2,,, namelya= 1.

It is clear that in the case of oscillating solutions, sinc& < 2, the quantity D?
is always positive. On the contrary, in the case of rotating solutions the sign of this

+a? 2E :(25.23)
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quantity depends on the value of. Therefore, for cases wherB? can become nega-
tive, we are able to select the sign A& B, choosing the direction of rotation of the
solution' . In the following, we will assume that rotating solutions are characterized
by increasing’ , and, thus, for these solution®8 is always negative. We de ne

(p__
P A2 BZ; A2 B2>0
D := P (25.24)
i B2 A2 A? B2< 0
Substituting
A+B ~
—qQ=t : 25.25
5—g=tan ——; (25.25)
equation (25.15) assumes the form
@g D
= —; 25.26
1 g 2 ( )
whose solution is b
g = tanh > Yyf 0 (25.27)
Therefore,' ~assumes the form
'~= "N +4arctan B tanh% v O (25.28)

Returning to the Backlundtransformation (25.8) that we have not used so far, we
may write it as

-~ ) ~ ~
—= - a+a
2

sin-cos= —= a a ! cos=sin=; (25.29)

@E 2772 2 272

since' does not depend on?. It is a matter of trivial algebra to write it in the form

__ [ A 1 IN ' AN
— = —cos a+tal!sin—cos= a a?! cos—sin—
@2 2 2 2 2 2 2
__ A 1 1 A 1 1 IN
—sin + in—=sin— + — — = (25.
25| > a+a - si > Si > a a 0052 0052 ; (25.30)

which is signi cantly simpli ed with the use of equations (25.16) and (25.17) to

] 2 __ N __ N

—  a +2sin' sin

g 2
2 4A

@

a - cos (25.31)

Equation (25.18) and the equation of motion imply that@B = 2sin'= 2. Fur-

thermore, equation (25.19) implies that@”~ =  ?(a? a ?) B=(2A?), while equa-
tion (25.20) implies that @A = 2B sin'= (2A). Finally, the function g satis es
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@g=D(@1 ¢°)f° 9 =2. Performing the substitution (25.25) and putting every-
thing together, we arrive at

o0 _ ‘@ a?_ z@ a?

AA2 1 (94 1,) Tz(a2+ a2+ % (25.32)

The denominator in the above relation is always positive. Therefore, the sign of
f9( 9), and, thus, the monotonicity of f ( ©), is determined by the sign of the nu-
merator. The functionf is increasing wherjaj > 1 and decreasing whepgj < 1.

We de ne & so that

e g a@rar
X, + D?= x,+ Zz a al? (25.33)
2
= X3+ a+a

}(8)

1 2

and demand that it lies within the cell of the Weierstrass elliptic function, whose ver-
tices are the four complex numbers! ; !,. Then, the Weierstrass di erential equa-
tion}® =414 g} g andequation (25.33)implythat} (a) = *D%(@2 a 2)°=4,
which speci esa-up to an overall sign. We select thesuch that

} %) = ;D a® a? (25.34)

or in other words, so that the real part ofa-has always opposite sign thamsy.

Equation (25.33) implies that} (a) is larger than at least two of the three roots.
When D2 > 0, it is also larger than the largest root, implying thata-lies in the
real axis, in the interval (G! 1), whenjaj < 1, and in the interval ( ! ;0), when
jaj > 1. WhenD? < 0, } (a) lies between the two larger roots and therefora lies
in the linear segment with endpoints! ; and!s !';+ !, whenjg > 1,and !,
and !3, whenja < 1. In the special limiting casea = 1, the derivative of the
function f vanishes, and, thus} °(a) vanishes too. At this limit, } (&) assumes the
value of the root x,, implying that a is equal to ! for oscillating backgrounds
and ! 3 for the rotating ones. In the latter case, there is yet anothea for which
& assumes the value ! ;, and, thus, once agair} °(a) vanishes. This is the specic
choicea = E E 2 = , which setsD = 0. These are depicted in gure
21.

Using the above de nitions, it can be shown that

oo - 1 }°(8)
T Do) 1@ (25:39)
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oscillating background rotating background

a=1!;,
D2=( 2 E)=2
a= 1
a=0 a=0
2 2 B
Pp K?)
a:!l a=|‘1
D2:( 2 E): D2:O
a= 1

Figure 21: The allowed values o in the complex plane. Each point in thee-eomplex
plane corresponds to two discrete values of the Backlundparametayr di ering only
in their sign.

implying '
i

f o — 0
D

where the function is the same quasi-periodic function that appears in the expres-

sions of the elliptic strings and it is de ned in (21.2). Putting everything together

D+i( %a)
2

& (25.36)

A+B
'~= "N +4arctan 5 tanh (25.37)
Equations (25.35) and (25.36) imply that wherD? < 0, the function ( ©; &) is
real, whereas wherD? > 0, the function ( 9; &) is purely imaginary. Therefore, in
all cases the solution +s real. It can be written in a manifestly real form as,

8 .
E"\+4arctan A+B tanh P Le) 1+'2( "ie) : D2>0;

'~= _"+4arctan =B (1+i( %&) ; D2=0; (25.38)
'+ darctan AE tan ° : Z(O;a) , D?<o

Equation (25.38) reveals that there is a bifurcation of the qualitative character-
istics of the dressed elliptic solutions of the sine-Gordon equation that occurs at
E = 2. As we have commented above, in the case of an oscillatory seed solution
D2 is always positive, whereas in the case of rotating seeds, there is a range of Back-
lundparameters that sets it negative. Equation (25.38) implies that the solutions
with D2 > 0 look like a localized kink at the regiorD '+ i ( % & = 0. Far from
this region, they assume a form that is completely determined by the seed solution
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and it has the same periodicity properties as the latter. Thus, solutions witB? are
localized disturbances on the elliptic background. On the contrary, solutions with
D2 < 0 do not have this property. They do not describe any kind of localized kink
and they do not have the same periodicity properties as the seed solution in any
region.

The same procedure can be repeated for a static elliptic seed solution. As ex-
pected by the symmetries of the sine-Gordon equation, the obtained solution reads

D°+i( ha
2 )

'~= N +4arctan A J[r) B tanh (25.39)
which can be obtained by equation (25.37) interchanging the two coordinates and
adding an overall angle .

To sum up, the dressed elliptic string solution (24.103) has a sine-Grodon coun-
terpart that is given by equation (25.39), where the Backlundparameter is given by
equation (25.7).

The parameters appearing in the dressed string solutions and the solutions of
the sine-Gordon equation presented in this section are also connected. The function

( ), when = €1, which is the case of interest, is real and assumes the value

= ( ?(a®+ a ?) 2E)=4, wherea is given by (25.7). This is exactly equal
to the opposite of the parameterD? de ned in (25.23) that appears in the dressed
elliptic sine-Gordon solutions. This is in line with the form of the dressed string
solution; wheneverD? is positive and thus is negative, the trigonometric func-
tions that appear in the dressed string solution will actually be hyperbolic functions
when expressed in a manifestly real form, a fact expected for solutions with a kink
counterpart.

Similarly, when = € *, the function &( ) appearing in the dressed elliptic
string solutions, assumes a given value so that(a) = E=6+ 2(a’+ a 2)=4, and,
furthermore, } %) = i 2(a?2 a 2)=2. Comparing to the de ning properties
(25.33) and (25.34) of the parametea of the correBp_ondiTJgiine-Gordon solutions,
the two parameters coincide, as long as one de nes = | , whenever < 0.

26 Properties of the Sine-Gordon Counterparts of
the Dressed Elliptic Strings

It has been shown that many physical properties of the elliptic strings solutions are
directly connected to properties of their sine-Gordon counterparts 21. The establish-
ment of this mapping enhances the intuitive understanding of the dynamics of string
propagation on the sphere via the dynamics of the sine-Gordon equation, which is
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a much simpler system. For this purpose, in this section, we will study some ba-
sic properties of the sine-Gordon counterparts of the dressed elliptic string solutions
reviewed in section 20.

The dressed strings, as well as their sine-Gordon counterparts can be classi ed
into two large categories depending on the sign of the constabt?>. When D? > 0
(or equivalently whena-lies on the real axis), equation (25.38) describes a localized
kink travelling on top of an elliptic background. The position of the kink can be
identi ed with the position where the argument of the tanh in equation (25.38)
vanishes, namely ! = i (% &)=D, where it holds that' = ™. Far away from this
region, the solution assumes a form that is determined solely by the seed solution. As
we have commented in section 25.4, a Backlundtransformation increases the genus of
the solution by one, adding a degenerate hole to the relevant torus, which corresponds
to a diverging period. This is evident in this case, where the two periods appearing
in the solution are the one of the seed solution and the in nite time/space required
to accommodate the kink.

The minimum value of the parameterD2 is D2,. = ( 2 E)=2. Thus, when a
rotating seed is considered, it is possible thad? < 0 (or equivalently & lies on the
imaginary axis shifted by the real half period ;). In such a case, the hyperbolic
tangent function appearing in the dressed solution becomes trigopnometric tangent.
As a result, the e ect of the dressing on the solution is not localized in the position
where the argument of this function vanishes, but it is rather spread everywhere in
a periodic fashion. It follows that these solutions do not describe a kink propagating
on an elliptic background. They should be understood as a periodic structure of
oscillating deformations on top of a rotating elliptic background. Such solutions
contain two periods; one of the seed solution and one imposed by the aforementioned
trigonometric tangent. However, it is the imaginary period of the trigonometric
tangent that is divergent, and, thus, these solutions are still degenerate genus two
solutions, in this manner similar to the solutions of theD? > 0 class.

It follows that a bifurcation of the qualitative characteristics of the dressed solu-
tion occurs atD? = 0.

26.1 D?> 0: Kink-Background Interaction

We start our analysis considering solutions whose seeds are translationally invariant.
Figure 22 depicts two such dressed solutions of the sine-Gordon equation, one with
an oscillatory seed and one with a rotating seed. It is evident from the form of the
solution (25.38), as well as gure 22, that the solutions wittD? > 0 have the form of
alocalized kink at *= i ( °; &) =D propagating on top of an elliptic background.
Let us determine, whether the kink is left- or right-moving. This is determined by
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Figure 22: The dressed sine-Gordon solution for a translationally invariant oscillating
seed withE = 9 2=10 and a translationally invariant rotating seed withE =
11 2=10. In both cases, the Backlundparameter equaks= 2.

the monotonicity of the function i ( % &) =D. It turns out that

d i( %e) _ 2 a? a? .

do D 4}(°+!y) }(®
implying that the direction of the motion of the kink is determined by the sign of
a> a? ie. bysy:=sgn(a 1). Since} (°+!,)<} (a), as the former takes
values between the two smaller roots and the latter is larger than the largest root,
it turns out that the regime jaj > 1 corresponds to the left-moving kinks and the
regimejaj < 1 corresponds to the right-moving ones, similarly to the usual analysis
for kinks built on top of the sine-Gordon vacuum.

Moreover, equation (25.38) implies that far away from the kink location, the so-
lution depends solely on °. This is also visible in gure 22. As this is the de ning
property of the elliptic solutions of the sine-Gordon equation, we expect that asymp-
totically the solution assumes the form of an elliptic solution. One can easily check,
either directly or via the calculation of the energy density far away from the kink
location (see section 26.4), that this is not an arbitrary elliptic solution, but the seed
one up to a time shift (and possibly a re ection). This time shift may be di erent
before and after the passage of the kink. It is a matter of algebra to show that

(26.1)

. A+
lim S¢~=Sq4 " 4arctan
D 1+i( O;a)! 1 D (262)

= 0 & +s55(2k 1 s):

Thus, indeed the asymptotic form of the solution is a shifted version of the seed
solution, being re ected depending on the siggy. In the following, taking advantage
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of the re ection symmetry ' ! ' of the sine-Gordon equation, we will avoid this
re ection, considering the properties of the solutionsy'~. The above asymptotic
expression (26.2) determine's &nd 4 arctan(A + B)=D in terms of the seed solution,
allowing the re-expression of the dressed solution (25.38) in terms of the latter as

1
S¢~= ="' %+a+' % & +s45(2k 1)
? ’ 1 0 #
D+ ;
+4sqarctan tanh |2( &) tan 5 ' 04+ O & + s,
(26.3)
Equation (26.2) clearly implies the asymptotic behaviourolllim sg~="(°j &)+

2n ,wheren 2 Z. Therefore, as depicted in gures 23 and 24, the passage of the
kink e ectively causes a delay to the motion of the system equal to

°=2j8: (26.4)
This observation provides a nice physical meaning to the parametar This time

delay quanti es the e ect of the interaction of the elliptic background with the kink
that was introduced by the Backlundtransformation.

piai
4, 4, 1

Figure 23: The dressed solution for an oscillating seed with = 9 2=10 and Back-
lundparametera=2 at ! =0. The dashed lines indicate the asymptotic behaviour
(0 a).

Finally, studying the average value of ~n a full period of the seed solution at
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spatial in nity, we nd that

lim s¢~ lim s~ = ' %j&a ' %+jg +2s.

41 11 (
25, E< 2 (26.5)

2s, 214 E> 2
Y1

implying that the solution is a kink or antikink depending on the signs.. Notice that

in the case of a rotating background, as shown in gure 24, the jump in the rotation
induced by the kink is not an integer multiple of 2, butitrangesin[ 4; 2 ]]
[0;2 ]; itis actually 2 minus a quantity induced by the delay to the background
rotation. The apparent asymmetry is due to the fact that we have considered the

+

28]

Figure 24: The dressed solution for a rotating seed witk = 11 2=10 and Back-

lundparametera=2 at ! =0. The dashed lines indicate the asymptotic behaviour
" (9 a&). The jump due to the kink is positive, but smaller than 2, as a result of
the delay in the background motion.

rotating elliptic seed solutions to be always increasing functions of time. All cases
are summarized in table 3. These four classes of solutions are the physical depiction
of the fact that the same value oD? can be obtained for four distinct values of the
Backlundparametersa. The de nition of the sign of the function A (25.20) has been
made so that all four classes of solutions can be accessed with the same formula,
simply varying the parametera, in a similar manner to the usual analysis of kinks
built using the vacuum as the seed solution. The special case 1 corresponds to
static kinks/antikinks leading to only two physical distinct cases.

The situation is similar in the case of static seed solutions. In this casg:i,1 lingg'~=

‘(' a+2n ,wheren 2 Z. Thus, the e ect of the passage of the kink is a
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parity a2 (1 ; 1)|a2( 1,0 |a2(0;1)|a2((11)
of k
k even left right right left
moving moving moving moving
antikink antikink kink kink
k odd left right right left
moving moving moving moving
kink kink antikink | antikink

Table 3: The translationally invariant background kink solutions for alla and k.

displacement of the background static con guration by

Furthermore, considering the average value of i a full spatial period of the

1 _

= 2&

background solution at spatial in nity, we nd that

lim (sq4'~
I +1 ( d

This implies that the solution is a kink or an antikink depending on the sigrs.. All
cases are summarized in table 4.

")

Jim - (sq~ ") =

2s: ;

E <

2 %+25c; E >

parity |a2 (1 ; 1)|a2( 1,0)|a2(0;1)|a2 (1)
of k
k even right left left right
moving moving moving moving
antikink kink antikink Kink
k odd right left left right
moving moving moving moving
kink antikink kink antikink

Table 4: The static background kink solutions for alla and k.

26.2 D?2> 0: Kink Velocity

Let us consider the class of kinks propagating on a translationally invariant elliptic
background. A naive way to de ne the kink velocity is
d? 1 }°(8)

Vo= —— =
0 doDl+i( 0;&):(: ZD}(O+I2)

@ (26.8)
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The above velocity is not constant but rather it is a periodic function of time. Its
range is

s
. a a't a) X
O 2
, , p (26.9)
Vol a° a _ G @ x)( (8) X
% a@+a? E=? }(® Xxi
for oscillating backgrounds and
s
. a a' _ }@ xz
Moavat T Ye %
s (26.10)
. atal _ }(8 xs
M 372317 Y@ x

for the rotating ones. The minimum value is always smaller than the speed of light,
whereas the maximum value is always larger than the speed of light in the case
of rotating backgrounds. In the case of oscillating backgrounds, whéh < 0 the
maximum instant velocity is always smaller than that of light, whereas whek > 0
it is so only when the Backlundparameter satis es

2 4 E2

E
—>a’> —, D?%«<
E 2 2E

(26.11)

The velocity de ned above is a notion of instant velocity. Within a period of the
elliptic background, the propagation of the kink is quite complicated, since the shape
of the kink is uctuating periodically. A more natural de nition of the kink velocity
is the mean velocity in a periody, de ned as

( °+2'y8 (%8,

5D (26.12)

Vg =

The function ( ©; &) is a quasi-periodic function. Its property (21.3) implies that
the mean velocity of the kink equals

@'y (‘i)a,
1,D '

Vo = (26.13)
This velocity should not be apprehended as the velocity of the kink. Any of these
solutions can be boosted to an arbitrary frame, altering the kink velocity. It should
rather be understood as a parameter of the family of dressed elliptic solutions of the
sine-Gordon equation, which is equal to the velocity of the kink ahe speci ¢ frame
where the background is translationally invariant.
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Figure 25: The solution for an oscillating background wittE = 7 2=10 and Back-
lundparametera = 2. The blue line indicates the position of the kink. The dashed
line is the average position. Its inclination is the mean velocity of the kink.

For the solutions with D? > 0, the parametera-takes values on the real axis
between !, and! ;. The mean velocity is a decreasing function a for energies
smaller than a critical valueE.' 0:65223 2 de ned through the equation

6 (! 1(Ec); 2 (Ec); B (Ec) = Ec! 1(Ee) (26.14)

and an increasing function forE > 2. In the intermediate range of constantsE

there is a global maximum. Bearing in mind the pendulum picture for the transla-

tionally invariant elliptic solution of the sine-Gordon equation, the criterion (26.14)

Is equivalent to demanding that the mean potential energy of the pendulum vanishes.
Furthermore,

Iimovo =1: (26.15)
al
In the case of an oscillating background, it is also trivial that
lim vo =0: (26.16)
al 1

Thus, all possible velocities between 0 and 1 relative to the translationally invariant
background are allowed. In the case of rotating backgrounds though, the expression
for the velocity (26.13) is undetermined at the limitas! ! ; and it turns out that

) 1 )=l1+ X
“m VO — ( 1) 1 1
& (X1 X2) (X1 Xa)

implying that all kinks on a rotating background are moving with speeds larger than
the speed of light and up to the value given by (26.17). The top panel of gure 26

Vmax > 1; (26.17)

©
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depicts the dependence of the mean velocity on the modulasfer various values

of the other modulus. To sum up, only whenE < E , all kinks moving on the

elliptic background are subluminal. WhenE > E ., there is always a range oh~
corresponding to superluminal kinks.

When kinks propagating on a static elliptic background solution are considered,
both the instant and the mean velocity are simply the inverse of the ones calculated
for the translationally invariant backgrounds as given by equations (26.8) and (26.13),
le.

I.D _
(@' (lpa

Therefore, kinks propagating on an oscillating static background are always super-
luminal, when E < E , but there are kinks moving with velocities under the speed
of light when E > E ., whereas kinks propagating on a rotating static background
move with velocities smaller than the speed of light. However, they cannot move
with an arbitrarily small velocity. The minimum velocity is the inverse of vy as
given by (26.17). The bottom panel of gure 26 depicts the dependence of the mean
velocity on the modulusa: In the case of the static seed, only whei > 2 all

Vi =

(26.18)

E= 9=10°2
V, V1 E = EC
0 E =9=10 2
E =99=100 2
E =101=100 2
E =21=20 2
1
1
& &
18 1':

Figure 26: The mean velocity as function o for translationally invariant seeds (left)
and static seeds (right) for various values of the energy constaht

kinks propagating on the elliptic background are subluminal. Wheit < 2, there
is always a range oa-which gives rise to superluminal kinks.

26.3 D?2> 0: Periodic Properties

The elliptic solutions of the sine-Gordon equation have speci ¢ periodic properties.
These are critical in the determination of the appropriate periodicity conditions for
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the construction of the corresponding elliptic strings solutions. The translationally
invariant elliptic solutions obey

R AT (26.19)
when they are oscillatory, and
%20t P = 0 w2y (26.20)

when they are rotating. The above properties hold for any value of %, which
is a result of the fact that' does not depend on!. The static solutions have
similar periodic properties that are given by the relations above after the interchange
0 $ l_

The periodic properties of the dressed elliptic solutions have been disturbed due
to the presence of the kink, which needs in nite time to complete. However, the new
solution still has some interesting periodic properties.

Firstly, in the region far away from the location of the kinkiD *+ i ( % &)j 1,
the solution tends to a shifted version of the elliptic seed solution. Therefore, at this
region, the periodic properties (26.19) and (26.20) are approximately recovered.

Secondly, as the shape of the kink also alters periodically in time, an observer that
follows the kink thinks that the sine-Gordon eld alters periodically in all positions.
This is evident in equation (26.3), which implies

'~ 0441 Thdygl, == Ot (26.21)
for solutions with oscillatory seeds and
~ 0420y 2wl = % 42 (26.22)

for solutions with rotating seeds.
In a trivial manner, one can obtain the corresponding periodic properties of the
dressed elliptic solutions with static seeds, after the interchangé $ 1.

26.4 D?> 0: Energy and Momentum

The energy-momentum tensor of the sine-Gordon theory is given by

T00 %(@' )2 + %(@- 2 2cos H ; (26.23)
T%= (@ )(@ ) P I (26.24)
T = %(@' )2+ %(@' )2+ 2cos  Jp: (26.25)
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The static solutions can be derived from the translationally invariant ones via the
interchange of the variables © and ! and a shift of' by . It follows that if
TP = 009 b, then T = £O( 1 9 and similarly if TSt = £1( % 1), then
T=11( 5 0.

The elliptic solutions of the sine-Gordon equation lead to simple expressions for
most of the elements of the energy-momentum tensor (see section 19). Namely,
TP = T2 = E and T = T3 = 0. However, the elementsT! and TS are non-
trivial functions of © and ! respectively.

Let us study the energy and momentum of the dressed solutions of the sine-
Gordon equation. We initiate our analysis considering the kinks propagating on a
translationally invariant elliptic background. It is a matter of algebra to calculate
the energy density and nd

sin 4arctan 2B tanh 0 1+'2( "ie)

H = 2DA ST Tr T T S8 + E: (26.26)

Therefore, the energy density, far away from the kink position assumes the same
constant value that matches the energy density of the seed solution. This is not
surprising, since we have seen that the asymptotics of the dressed solution far away
from the kink is the seed solution shifted by an appropriate time/position. Actually,
we could also have deduced the above fact by the form of the energy density.

De ning the kink energy density as the di erence of the energy densities of the
dressed solution and the background solution, we can calculate the energy of the

kink and nd it equal to
Z

Ewik = di(H E)=8D: (26.27)

The above formula reveals the physical meaning of the constabt. It is now clear
why the quantity D? is a decreasing function of the energy constafi, since the
larger the background energy, the smaller the necessary energy for a kink to jump
from the region of one vacuum to the region of the neighbouring one. Furthermore,
it is also physically expected that the kink energy is a decreasing function of the
background time delay 2~ As the latter gets larger approaching ;, the jump is
facilitated and less energy is required for this purpose (see gure 23).

As the kink propagates, it periodically changes shape, due to its interaction with
the elliptic background. This is also depicted in the pro le of the energy density. One
measure that quanti es this phenomenon is the peak energy density at the location
of the kink. The latter equals

Hpeaw E =4A(A+ B); (26.28)
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which obviously is a periodic function of time. In the limitE ! 2. the energy
density of the peak becomes constant as expected from the physics of the kinks

propagating on the vacuum. Figure 27 depicts the energy density for the two solutions
depicted in gure 22.

a4, a
a a1 ,
0 4'1 0 4'1
4 4 4

Figure 27: The energy densities of the dressed elliptic solutions with translationally
invariant seeds depicted in gure 22

In a similar manner, we may calculate the momentum density of the kink solution

1 0.
sin 4arctan A*B tanh > (°2)
A} 0(8.) D 2

}(0+12) }(®) sinh(® * ( %&)

2 A+B D (%)
2p SN 2arctan =5~ tanh ———~=

2

A snh® * ( %a) sin"  (26.29)

The momentum density vanishes far away from the location of the kink, a fact which

is expected since the momentum density of the elliptic background vanishes. We
de ne the kink momentum as the integral of the momentum density over all space

to nd
PR A(C)
F(O+12) } (9

as one would expect for a particle. Like the instant velocity, the kink momentum is
not constant in time. One could de ne the mean kink momentum as

Pyink = =8Dvg = Exink Vo; (26.30)

Piink = 8D Vg = Ejink Vo: (26.31)

It may appear surprising that the momentum of the kink is not conserved, al-
though the theory possesses translational symmetry. This is due to the asymptotic
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behaviour of T! in the case of translationally invariant seeds. The momentum con-
servation law @T°* + @T* = 0 implies that

@ =T1T% 11 +1 TH i : (26.32)

Asymptotically, the solution assumes the form of the translationally invariant seed
solution, with a time shift, which is di erent at plus and minus in nities. As the
element T is a non-trivial periodic function of time in this case, it follows that
the kink momentum cannot be conserved. On the contrary, the energy is conserved,
since

@=pP ' +1 P 11 =0; (26.33)

as the momentum density of the seed solution vanishes.

When we consider kinks propagating on a static background, it is not easy to
repeat the above calculations, since the dependence of the dressed solution on the
space-like coordinate * is highly non-trivial. However, we may adopt a di erent
approach, calculating the total ow of energy or momentum that passes through
a given location. Converting from static to translationally invariant backgrounds,
leaves the expression of the momentum density the sarpg, apart from an interchange
of ®and ! It follows that the ow of energy EQ" = d °Pg( % 1) through a
given point can be derived froml.\];he total momentum of the kink on a translationally
invariant background, i.e. P; = d 'P; ( °; 1) after the same interchange, Thus,

_ } °(8) .

E ow 4} (71 T@ (26.34)
Naturally, this is not constant. As we have already commented in section 26.1, the
passage of the kink has translated the static background, and as the latter has a
non-trivial energy density pro le, it has translated energy. In this case, the e ect
of the interaction of the kink with the background is not limited to a time delay,
but it extends to the energy density. The kink energy can be identi ed as the mean
energy ow per spatial period. Bearing in mind that the kink velocity on a static
background is the inverse of that on a translationally invariant background with the
same Backlundparametera, the above imply

D
8D. (26.35)
1

a
Eknk = Eow =8 (! 1)ﬁ (8 = v

In a similar manngy, the ow of momentum from a given point in the case of a
static seedP" = d °Tg'( % ), gan be deduced from the energy in the case of a
translationally invariant seedE; = d Hy ( ©; 1), after the interchange of o, and

1. Subtracting the momentum ow of the background solution, in order to de ne
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the kink momentum, yields
Z

Prink = d® 1 01 E =8D = EkVi: (26.36)

Notice that in the case of a static seed, both the energy and momentum of the
kink are conserved quantities, since

@E=P ' +1 P 111 =0; (26.37)
@=T% 11 +1 T¥ 111 =E E=0: (26.38)

The algebra of the Backlundtransformations results in dressed elliptic solutions,
which are naturally expressed in terms of the parameteB® and a. Interestingly, both
parameters have a simple physical meaning. The parametBr is directly related
to the energy of the kink in the case of a translationally invariant seed solution
(equation (26.27)) or its momentum in the case of a static one (equation (26.36)). The
parametera-directly measures the degree of interaction of the kink with the elliptic
background. In the case of a translationally invariant seed, it is directly related to the
time delay in the background eld oscillation induced by the kink (equation (26.4));
in the case of a static seed, it is related to the spatial displacement of the static
background (equation (26.6)). Bearing in mind that there are not two independent
parameters in this class of solutions, but only one (the Backlundparameta), there
Is a relation connecting the energy/momentum of the kink to the e ect that it has
on the background. This reads

E &k ° E? . E E? 4
— = — =t Y= — —; 26.39
64 J 2 '3 "3 9 3’ ( )
for translationally invariant backgrounds and
P ‘E?, LE E? , E
Plink — B L 4B B e, .
64 ) 2 '3 "3 9 3’ (26.40)

for static ones. The above relations can in principle be veri ed experimentally in
physical systems realizing the sine-Gordon equation, such as coupled torsion pendula,
Josephson junctions, spin waves in magnetics, etc. (see e.g. [326])

26.5 D?< 0: Periodicity

When D2 < 0, the solution assumes the form

A+B
'~= " +4arctan D tan >

(26.41)
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Figure 28: The solution with D? < 0 for two distinct Backlundparameters. The
background solution has energy densitif =3 2=2 and the Backlundparameter take
the value a = 1:45482 on the left anda = 1:36771 on the right.

Figure 28 depicts two example cases of such solutions. These solutions do not describe
a localized kink propagating on top of an elliptic background. They are actually a
periodic disturbance propagating on top of a translationally invariant rotating elliptic
background. This transition of the qualitative characteristics of the solution is in a
sense similar to the well-known behaviour of the solutions that occur after the action
of two Backlundtransformations of the vacuum. These solutions form two classes;
one class of two-kink scattering solutions and one class of bound states, the so called
breathers. Having this picture in mind, we may understand the Backlundtransformed
elliptic solutions with D? > 0 as the analogue of the scattering solutions, since the
kink induced by the Backlundtransformation propagates on top of the train of kinks
that forms the elliptic background, interacting with it, causing a delay/translation.
On the contrary, the solutions with D? < 0 are the analogue of the breathers. Of
course instead of a single oscillating breather, these solutions are a whole periodic
structure of such oscillating formations, a "train of breathers".

The solution (26.41) is obviously periodic in ! since

~ % '+2=(D) =~ % *: (26.42)
Furthermore, the quasi-periodic properties of the function imply that

| |
'~ 04214 142 (a)'lD toa _ . o1y, (26.43)

It follows that the solutions with D? < 0 are either periodic or quasi-periodic
under translations in a non-orthogonal two-dimensional lattice. One of the two di-
rections of the lattice coincides with the space-like (in the case of translationally
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invariant seeds) or time-like (in the case of static seeds) directions. The other is
determined by a velocity, which is the average velocity of the periodic disturbances.
This velocity equals

| |

V(t)b — (a) 1 ( l)a (26.44)
I',.D

and it is the analytic continuation of the kink mean velocity (26.13).

As & moves from! ; to ! 3, the velocity of the periodic disturbances/® increases.
It also obeys

im v = —p—--" 26.45
ety O 1,0 2(E 2 ( )
and
)=l +
im V0 = fim v = pt Uit Xe (26.46)
al al (X1 X2) (X1 Xs)

which implies that v is always larger than the speed of light. In a similar manner,
in the case of a static seed solution, the velocity of the periodic disturbances is given
by the inverse of equation (26.44)

th — 14D .
(@' (')a

vy = (26.47)

The velocity vi® decreases aa moves from! ; to ! 5 and it is always smaller than
the speed of light. The above are displayed in gure 29.

vP viP

01=100 2
1=20 2

mim
I

N =

a 1 a '3

1! 1 !'2

Figure 29: The velocity of the periodic disturbances as function affer translation-
ally invariant seeds (left) and static seeds (right) for various values of the energy
constant E. These curves are a smooth continuation of the corresponding ones of
gure 26 with the same color.
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It is not obvious, whether the solution (26.41) is a periodic function of°. In
general we have that

__ 0+2!1; l":2 + N 0. 1

A(9+B(9 D! ( %a
iD tan 2

+ 4 arctan

i &' ('1a)
(26.48)

The quantity (a)!, (! 1) ais the Bloch phase of the nite valence band states
of the n = 1 Lane problem. It is always purely imaginary and its imaginary part
decreases monotonically from 0 to =2 asa-moves from! ; to ! 3. It follows that

i (&!, ('1)a) = c=2, wherec 2 [0;1]. The periodicity properties of the
solution '~ as a function of time, are determined by number-theoretic properties
of the number c. If the number c is a rational number of the form = , where
ged(; ) =1, then ~ will be a quasi-periodic function of , with period 4! ; and
the quasi-periodicity property ' °+4 ! ; ) =2 (% H)+2 ( + ). On the
contrary, if the number c is irrational, then '~ will not be periodic in 4. In gure 30,

a periodic and a non-periodic example are shown. Similarly, if a static background

1 1
~ ~

64
12
32
6
1 1
8l 1 16 4 121, 24! 4 36 ;

Figure 30: The solution withD2 < 0 at * = 0 for two distinct Backlundparameters.
The background solution has energy densitif =3 2=2 and the Backlundparameter
take the valuea = 1:45482 on the left, corresponding to a periodic solution with
c=1=z2 anda=1:36771 on the right, corresponding to a non-periodic solution with
c=( 5 1)=2

is considered, the solution is always periodic in°, but not always periodic in 1,
obeying the periodicity properties
~ %+2=(D); ' =~ %', (26.49)

| |
" 040 (6.).1D (.1)a+2!1; 1+2!1 =+ 0.1 45 (26.50)
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In this case the velocity of the periodic disturbances equals

D! _
(@' (1)a’

which is the analytic continuation of equation (26.18).

Vip = (2651)

26.6 D?< 0: Energy and Momentum

Once again, we rst consider a translationally invariant seed solution. As we showed
In section 26.5, these solutions are always periodic in space. Therefore, they cannot
have a nite energy di erence to the energy of the background solution. However,
we may study the average energy density per spatial period of the new solution. It
turns out that 7
hHi = '23 dH = E: (26.52)

1

Thus, the solution has on average the same energy density as the background solution.
In a similar manner the average momentum density vanishes, also similarly to the
background solution.
D h
hPi= — d!P =0: (26.53)
2 .
Figure 31 shows the energy density and the momentum density for a periodic solution.

The relevant solutions whose seed is a static elliptic solution are not manifestly

=(iD) 0 i, =(iD) 0 A,
=(iD) =(iD)

Figure 31: The energy and momentum density for a solution witld? < 0, back-
ground energy densityE =3 2=2 and Backlundparametera = 1:45482, correspond-
ing to a periodic solution withc=1=2.

periodic in space. They are periodic in time. One can show that the average current
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of momentum and energy through a given point is identical to those of the seed
solutions, namely,

D% “k
hPi = 5 d °P =0; (26.54)
0
D%k
TH = > d°T=E: (26.55)
0

26.7 The D! O Limit

In the limit D ! O, the solution degenerates to the form

1 .
'—~= N + 4arctan ZSCB boisg o 0 (26.56)
where
0 — 0. — I 0 | | o .
0 = 1l = pﬁ + 13 ( 2)+ X1 . (2657)

There are four such solutions, as there are four distinct values af namely a =

P— .
E E2 4=, which setD equal to zero. Half of those correspond to a

localized solution that generates an overall jump to the background solution equal to

4 . For the other half, the solution is equal to' 4 thus a periodic, translationally
invariant solution. It turns out that in this speci c case, " coincides with an elliptic
solution, as the corresponding parametea is equal to ! ;, namely,

1
N=Zgy o P+ 4+ 0 1 +@2k 1) =sg %+s4(2k D)o

2
(26.58)

Interestingly enough, the limitD ! 0 separating the localized and non-localized
solutions comprises of two localized and two non-localized solutions, the latter coin-
ciding with the background solution shifted by an odd number of half-periods.

The total energy and momentum of these solutions exactly match those of the
seeds in this limit, not only in the case the dressed solution is a trivial displacement
of the seed, but also in the non-trivial cases.

27 Asymptotics and Periodicity of the Dressed El-
liptic Strings

In this and the following three sections, we will study some properties of the dressed
elliptic string solutions that we presented in section 24 and compare them to the
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properties of their Pohlmeyer counterpart that we presented in section 26. Here, we
determine the appropriate values of the moduli that result in closed string solutions.

In order to visualize the string solutions, rst we have to select the static gauge,
so that the time-like world sheet coordinate ° is proportional to the physical time
X °. This is equivalent to a boost in the worldsheet of the form (21.20) and (21.21).
In the static gauge, the time coordinate assumes the fordd® = © and it is easier
to study a time snapshot of the string solution in order to determine the periodic
properties that it obeys. It is also easier to visualize the time evolution of the string,
which will become handy in sections 28 and 29.

The dressed string solutions, similarly to their elliptic seeds, are naturally in nite
string solutions. They are parametrized by the spacelike coordinate taking values in
the whole real axis. However, the periodic properties of the sine-Gordon counter-
parts of the elliptic strings (26.19) and (26.20) imply that the string solution obeys
appropriate periodicity conditions for specic values of the moduli, giving rise to
nite string solutions.

In the case of the dressed elliptic strings witlD? > 0, the sine-Gordon counter-
parts cease to obey periodicity conditions of the form (26.19) and (26.20) due to the
existence of the extra kink that propagates on the non-trivial elliptic background.
However, the above periodic properties are recovered in the region far away from the
position of the kink, as the sine-Gordon solution tends to a shifted version of the
elliptic seed. This asymptotic behaviour can be used to construct approximate nite
closed dressed elliptic string solutions in the same manner as the closed nite elliptic
strings. In order to do so, we rst need to study the asymptotics of the dressed
elliptic string solutions with D2 > 0.

Even though the dressed solutions do not have the extended periodicity properties
of their elliptic seeds, they still obey the periodic properties (26.21) and (26.22) in
the caseD? > 0, as well as (26.42) and (26.43) in the cag®? < 0. One can take
advantage of these periodic properties in order to construct exact nite closed string
solutions. It has to be noted that the above equations are expressed in the linear
gauge; however, the closed string solution should exhibit appropriate periodicity in
their dependence on the spacelike coordinate in the static gauge. In the following,
we present all these classes of closed string solutions and derive the appropriate
constraints that the moduli should obey for each class.

27.1 D?> 0: The Asymptotics of the Dressed Strings

Bearing in mind the asymptotic form of the sine-Gordon counterparts of the dressed
string solutions with D? > 0, which is described in section 26.1, it is not surprising
that in the region far away from the location of the kink, the dressed string solutions
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tend to a rotated version of their seed, elliptic string solution. Assume that the seed
solution is written in spherical coordinates, in parametric form as,

0-1= seed 5 i (27.1)
0=1 = seed O; 1 (27.2)
The functions geeq and ' seeq have the properties
seed 0; ! + 0=1 — seed 0; ! ; (27-3)
seed 0; 1y 0=1 = seed O; Loy ; (27.4)

where the sign in the rst equation applies in the case of rotating/oscillating
counterparts, ' is the angular opening of the elliptic string, i.e. the azimuthal
angular distance between two consecutive spikes of the seed solution,

o= 20 (! 1)%+ o a+ !y, (27.5)
and
o= 24, (27.6)
1= é (27.7)
Furthermore, we de ne the function
=~ %l =D ™+ "ha (27.8)

The kink which propagates on the elliptic background is located in the regiof '
0. Several periods away from the kink position, one may use the quasiperiodicity
property of thegunction to show that

<D (1+ v ‘? 1++"V°O 0 . for transl. invar. seeds,

_ (27.9)
D + 1 1 Vi 0 - for static seeds.

V1 1+ vp

The parametersvy-; are the mean velocity of the kink relatively to the elliptic back-
ground, in the case of a translationally invariant and static seed, respectively, which
are given by equations (26.13) and (26.18). Notice that the above approximations
are exact whenever ' = n o4, with n 2 Z.

Then, one can show that in the region far away from the kink position, the dressed
solution assumes the form

. a

lim o 0; b= seed O; T — 0 (27-10)
~11 2! 1

. a

lim o 0, 1 = seed 0. 1 — 0 0 (27.11)
~11 24

226



for translationally invariant seeds and

lim 0; b= seed 0; RE— 1 (27.12)
~11 2!
. a
im 1 % ' = g %' — 1 1 (27.13)
~11 2!

for static seeds, respectively. An overall re ection with respect to the origin, !
, ! + , may be present; we will comment on it later on. The angle o
is equal to

=1 —arg("+iD)+arg (a+ a)+ i a+ !, ! a

3=2 X3=2
o & (27.14)

=zarg("+iD)+arg (a+ a)+ (')a > T
‘1

The half-period! , is the half-period corresponding to the rook;. More speci cally,

I v, IS always the imaginary half-period! ,, whereas! , is equal to the real half-
period! ; for oscillating seeds and td 3 = ! ; + ! , for rotating seeds. The details of
the above derivations are included in the M.

The above approximation is valid at the region ~ 1 or in other words in the
region

1 tVo o 1 .
— 27.15
1+ vy D j1+ vy ( )

+vV 1
1 to - (27.16)
1+ v D + 1

for each case respectively. The above inequalities are expressed in terms of the static
gauge worldsheet coordinates, and, thus, they describe which region of the dressed
elliptic string in any time snapshot is indeed well-approximated by a rotated version

of the seed solution. Notice also that one has to be careful in the correspondence
between the ! and Tin nite limits. This is determined by whether the kink velocity

is larger or smaller than the inverse of the velocity of the boost connecting the linear
and static gauges. We de ne the sigs as

1Ilign = s1: (27.17)
Equation (27.9) implies that
8
<sgn(l+ vg); fortransl. invar. seeds,
s = (27.18)

sgn + &+ ; for static seeds.
1
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The dependence of the siga on the moduli of the dressed string solutions is studied
exhaustively in the N. In the special case where 1+vy, =0 or +1=v; =0, the
string does not exhibit this kind of asymptotic behaviour. This is an interesting
special case, which is studied in section 27.5.

Equation (27.14) implies that the angle  obeys

0=1,
2 )

lim -1 =arg( +iD) (27.19)
a 14
where the angle is the angular opening of the elliptic string. Further details are
provided in M.

The behaviour ofa-and

as functions of ; is shown in gure 32. For solutions

g =2 fT s =2
1 1
{1 {1
E = 2 E= 2
E =3 2=10 E=6 2=
E= 2 E=2 2
{2 {2
2 2
:2 - -~ ~+ :2
1 1
-1 -1
1-n 1n
-n -n

Figure 32: The parametersa-~and determining the asymptotic behaviour of the

dressed solutions as function of the angle. The parametera of the seed elliptic

solution is selected so that the latter obeys appropriate periodicity conditions with
n=~o6.

with D? > 0, usually we seleciao lie on the real axis in the segment (! ;! 1).
However, in gure 32 it is selected to lie in the segment (2! ;;0) to show the
continuity of its dependence on the position of the poles of the dressing factor. In
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the case of a seed solution, with an oscillating counterpart, there is a special value

of ;= 7, equal to r
m
~=2arctan ; (27.20)
m.
wherea-equals the real half period ;. At 1= 7, is stationary and at the same
time discontinuous. It performs a jump by , Which is related to the inversion

of the asymptotics of the solution. In the case of a seed solution with a rotating
counterpart, there are two such special values for, namely,
S -
Y Ez 2

E
~ =2arctan 5 ; (27.21)
ms

where a-equals the real half period ;. When ; is equal to ~ , D? vanishes and
the absolute value of ' is maximum and equal to = 2 and = 2, respectively.
For values of ; between these two, it turns out thatD? < 0 and the solution has
a Pohlmeyer counterpart being a periodic disturbance on a rotating background; we
will study these solutions in section 27.4.

It follows that, in the case of rotating backgrounds, the dressed solutions with
Pohlmeyer counterparts, which are kinks or antikinks propagating on top of a train
of kinks, have been separated into two classes. Recalling the epicycle description of
the action of the dressing on the string solutioH, their di erence is the following:
the class with ; < = asymptotically tends to the seed solution rotated around the
z-axis by an appropriate angle; the class with; > =, asymptotically tends to the
seed solution, rst inverted with respect to the origin of the enhanced space and then
rotated appropriately around the z-axis. Finally, notice that ' tends to O at the
limits ;! Oand ;! as expected, since the epicycle becomes a point.

27.2 D?> 0: Approximate Finite Closed Strings

Strictly speaking, it is not possible to x the parameters of the solution, so that
a dressed string withD? > 0 satis es appropriate periodicity conditions (except
for very specic cases that we will study in section 27.5). In the elliptic strings
case, the functions ¢eeq and seeq have the periodic properties (27.3) and (27.4).
Therefore, arranging the solution parameters so that =2 =n wheren 2 Z, in the

case of a rotating counterpart, anch 2 2Z in the case of an oscillating one, results

11The dressed string solutions with the simplest dressing factor, as those presented here, have an
interesting geometric relation to their seeds. Every point of the dressed string is connected to the
point of the seed solution with the same worldsheet coordinates, via an arc of a maximum circle
equal to ;. Therefore, the dressed string can be considered drawn by a point on an epicycle of
constant arc radius 1 whose center is running on the seed solution.
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in a well de ned, closed string of nite length, parametrized by * 2 O;n o .
However, when one considers dressed strings with a Pohlmeyer counterpart that is
a kink propagating on an elliptic background, in general these functions are not
periodic/quasi-periodic due to the presence of the kink.

Nevertheless, we have shown that the dressed solutions asymptotically approach
a rotated version of the seed elliptic ones. This is due to the fact that the e ect
of the kink is exponentially damped with the distance from its center. Therefore,
as long as the characteristic length of the exponential damping of the kink is much
smaller that the number of periods appearing in the seed solution, we can claim that
we may adjust the periodicity conditions in order to nd a string solution that is not
exactly a closed nite string, but nevertheless an exponentially good approximation
of such a solution. For such a purpose, the parameters of the solution should obey a
modi ed periodicity condition, due to the asymptotic behaviour (27.11), (27.13) of
the dressed solution, namely,

(nl +2s )n2=2 o Nqyny2 Z: (2722)

It has to be noted that in general dressed elliptic string solutions that satisfy the
condition (27.22) have elliptic seeds which do not obey the appropriate periodicity
conditions, and, thus, they are not nite closed strings. This holds in the simple
case that we considered here, where the strings perform only one winding around the
z-axis and thus, it is possible that they do not contain self-intersection. In general,
one could consider a generalization of (27.22) where the left hand side i® 2 where
m 2 Z. In such a case, the seed and the dressed solutions are both closed, as long
as the ratio = is rational; however, they correspond to di erent ranges of the
spacelike parameter 1. The simplest case of this kind is the limiad ! ; for rotating
seeds, where the angle tendsto = 2.

Figure 33 depicts six such solutions. All solutions of gure 33 depict approximate

nite closed dressed strings witm, = 1. Two indicative examples of dressed solutions

with n, > 1 are depicted in gure 34.

The conditions (27.15) and (27.16), which determine the regions where the asymp-
totic form (27.12) and (27.13) of the dressed solution is a good approximation, imply
that solutions obeying the condition (27.22) are an exponentially good approximation
of a nite closed string as long as

1
D —+vy '1 M, 1; (2723)
1
D +— I,n L (27.24)
\%1

in the case of seed solutions with translationally invariant and static Pohlmeyer
counterparts, respectively.
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seed solution
rotated seed solution
dressed solution

Figure 33: The nite dressed string solution with approximate periodicity conditions.
The left and right column solutions have seeds with translationally invariant and
static Pohlmeyer counterparts, respectively. On the rst row the seed solution has
an oscillating counterpart with E = 2=10 and a selected so thatn; = 10 and
n, = 1. On the second and third rows the seed solution has a rotating counterpart
with E =6 2=5 and a selected so thatn; = 7 and n, = 1. On the rst and second
rows ; = =12, whereas on the third row ; = 7 =8. The solutions of the second
and third row belong to the ; < and 1> 7

. classes of solutions, respectively.
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