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Ektetamènh PerÐlhyh





Eisagwg 

H jewrhtik  fusik  tou prohgoÔmenou ai¸na qarakthrÐsthke apì thn anˆptuxh thc
Kbantik c JewrÐac PedÐou (KJP), h opoÐa eÐqe plhj¸ra efarmog¸n. Mèsw autoÔ
tou plaisÐou katano jhkan arketˆ jemeli¸dh fainìmena se diˆforouc klˆdouc, ìpwc
h fusik  sumpuknwmènhc Ôlhc kai h swmatidiak  fusik . Parìla autˆ oi perissìteroi
upologismoÐ sthn KJP basÐzontai sthn jewrÐa diataraq¸n, ètsi polloÐ upologismoÐ,
oi opoÐoi aforoÔn thn mh diataraktik  perioq  orismènwn jewri¸n kai aforoÔn shman-
tikˆ erwt mata, den mporoÔn na ulopoihjoÔn. Pollˆ endiafèronta fainìmena ìpwc o
Egklwbismìc, h Uperagwgimìthta Uyhl¸n Jermokrasi¸n, h Uperreustìthta kai to
Plˆsma Kouˆrk - GklouonÐwn eÐnai eggen¸c mh diataraktikˆ, epomènwc den mporeÐ na
upˆrxei ektetamènh posotik , allˆ kai poiotik , perigraf  mèsw thc apl c efarmog c
twn teqnik¸n thc KJP.

'Enac montèrnoc trìpoc na xeperasteÐ autì to empìdio eÐnai h anagn¸rish enìc duðs-
moÔ. 'Enac duðsmìc sqetÐzei me tetrimmèna dÔo jewrÐec, ètsi ¸ste h mh diataraktik 
perioq  thc mÐac jewrÐac na antistoiqeÐ sthn diataraktik  perioq  thc ˆllhc. 'Etsi,
ìpote upˆrqei ènac duðsmìc, mh diataraktikoÐ upologismoÐ sthn mia jewrÐa sqetÐzon-
tai me diataraktikoÔc upologismoÔc sthn duðk  jewrÐa. To pr¸to parˆdeigma duðs-
moÔ aforˆ ton duðsmì metaxÔ thc jewrÐacsine-Gordonkai tou montèlou Thirring
[11]. Efìson h jewrÐa sine-Gordon[12,13] eÐnai mpozonik , en¸ to montèloThirring
fermionikì, autì to parˆdeigma anadeiknÔei èna perÐergo qarakthristikì twn duðs-
m¸n. En gènei mporeÐ na susqetÐzoun jewrÐec entel¸c diaforetik c fÔshc. 'Ena polÔ
shmantikìtero ˆlma ìson aforˆ touc duðsmoÔc èlabe q¸ra stic arqèc thc dekaetÐac
tou 90 , opìte kai anakalÔfjhkan oi duðsmoÐ metaxÔ upersummetrik¸n jewri¸n ba-
jmÐdac [14, 15]. O duðsmìcSeiberg-Witten epitrèpei ton akrib  upologismoÔ thc en-
ergoÔ drˆshc twnN = 2 upersummetrik¸n jewri¸n bajmÐdac, oi opoÐac moiˆzoun me
thn Kbantik  Qrwmodunamik . Aut  h perigraf  epitrèpei thn posotik , allˆ kai
poiotik , perigraf  tou EgklwbismoÔ, o opoÐoc stic jewrÐec autèc ulopoieÐtai wc h
uperag¸gimh fˆsh thc jewrÐac, me ta fortÐa qr¸matoc na egklwbÐzontai lìgw tou
anˆlogou tou fainomènouMeissner.

Mia austhr  apìdeixh enìc duðsmoÔ eÐnai dÔskolh, parìla autˆ h Ôparxh tou duðs-
moÔ mporeÐ na uposthriqjeÐ me arketoÔc trìpouc. Gia na upˆrqei ènac duðsmoÔ eÐ-
nai aparaÐthto na tairiˆzoun oi summetrÐec kai oi anwmalÐec twn duðk¸n jewri¸n.
Epiplèon, ìpote eÐnai efiktì na epektajeÐ ènac diataraktikìc upologismìc sthn mh
diataraktik  perioq , autìc prèpei na tairiˆzei me ton antÐstoiqo diataraktikì up-
ologismì sthn duðk  jewrÐa. An upˆrqei upersummetrÐa, tètoioi mh diataraktikoÐ
upologismoÐ enÐote eÐnai efiktoÐ. H upersummetrÐa eÐte apotrèpei posìthtec apì to
na lˆboun kbantikèc diorj¸seic eÐte epitrèpei thn topikopoÐhsh oloklhrwmˆtwn di-
adrom¸n [16, 17], enswmat¸nontac ìlec thc kbantikèc diorj¸seic wc uper-orÐzousec
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enìc brìgqou.

Mia uperbolikˆ endiafèrousa kathgorÐa duðsm¸n aforˆ touc duðsmoÔc metaxÔ Jew-
ri¸n BajmÐdac kai BarÔthtac. Sun jwc autoÐ sqetÐzoun mia jewrÐa barÔthtac se
(d+1) -diˆstato asumpwtikˆ Anti-de Sitter qwroqrìno me mia SÔmmorfh JewrÐa PedÐou
stic d diastˆseic. Aut  h kathgorÐa duðsm¸n ulopoieÐ thn Olografik  Arq  [18,19],
afoÔ to sÔnoro tou AdS qwroqrìnou dra wc olografik  ojình. O pio melethmènoc
kai pio isqurˆ jemeliwmènoc duðsmìc JewrÐac BajmÐdac / BarÔthtac eÐnai h antistoiqÐa
AdS/CFT [20�22].

Efìson oi SJP perigrˆfoun sust mata kontˆ sta krÐsima shmeÐa, o duðsmìc Jew-
rÐac BajmÐdac/BarÔthtac sqetÐzetai me pollˆ endiafèronta fusikˆ sust mata. Mia
apì tic plèon epituqhmènec efarmogèc tou aforˆ thn perigraf  thc udrodunamik c
sumperiforˆc tou Plˆsmatoc Kouark � GklouonÐwn (PKG). Aplˆ epiqeir mata sthn
barutik  jewrÐa upodeiknÔoun thn Ôparxh enìc kajolikoÔ ˆnw orÐou gia ton lìgo tou
ix¸douc proc thn puknìthta entropÐac [23�26]. 'Ola ta reustˆ pou perigrˆfontai apì
to sugkekrimèno montèlo ofeÐloun na sèbontai to legìmeno ìrioKSS. EÐnai ˆkrwc
endiafèron ìti ìla ta gnwstˆ reustˆ sèbontai autì to ìrio, en¸ ta peirˆmata sto
RHIC upodeiknÔoun ìti o sugkekrimènoc lìgoc gia to PKG sumpÐptei me to ìrioKSS.
H efarmosmènh antistoiqÐaAdS/CFT apoteleÐ èna ˆkrwc energì pedÐo èreunac me èm-
fash sthn perigraf  twn diafìrwn fˆsewn sthn Fusik  Sumpuknwmènhc Ôlhc [27�29]
kai sthn Uperreustìthta [30,31].

H antistoiqÐaAdS/CFT apoteleÐ mia dunamik  isodunamÐa metaxÔ thcIIB jew-
rÐac qord¸n ston qwroqrìno AdS5 � S5, meN monˆdec ro c mèsw thc sfaÐrac S5,
kai thc N = 4 upersummetrik c jewrÐacYang Mills me omˆda bajmÐdacSU(N ). H
jewrÐa bajmÐdac qarakthrÐzetai apì thn tˆxh thc omˆdac bajmÐdacN kai thn stajerˆ
zeÔxhc't Hooft � , en¸ h jewrÐa qord¸n qarakthrÐzetai apì thn stajerˆ zeÔxhc thc
kai to m koc thc qord c. To ìrio N ! 1 kai � ! 1 antistoiqeÐ se klasik  up-
erbarÔthta ìson aforˆ thn barutik  jewrÐa, ìpou ìla ta kbantikˆ fainìmeno kai ta
fainìmena pou sqetÐzontai me to peperasmèno m koc qord c eÐnai amelhtèa. Aut  h
perioq  èqei melethjeÐ ektenèstata sthn bibliografÐa, blèpe [32] gia mia anaskìphsh.
KaneÐc mporeÐ na estiˆsei se mia ˆllh endiafèrousa perioq  af nontac thn sta-
jerˆ zeÔxhc 't Hooft peperasmènh. Autì to ìrio antistoiqeÐ se klassik  jewrÐa
qord¸n, fainìmena pou sqetÐzontai me to peperasmèno m koc qord c eÐnai parìnta
kai shmantikˆ, allˆ ta kbantikˆ fainìmena exakoloujoÔn na eÐnai amelhtèa. Genikˆ
oi klassikèc qordèc diadÐdontai polÔ perÐploka, afoÔ oi parousÐa touc epidrˆ sthn
gewmetrÐa tou q¸rou ston opoÐo diadÐdontai. Gia na aplousteÔsoume aut  thn katˆs-
tash mporoÔme h anˆdrash thc qord c sthn gewmetrÐa tou q¸rou prèpei na meiwjeÐ.
Autì epitugqˆnetai apì peperasmènh men, allˆ arketˆ megˆlh de, stajerˆ zeÔxhc't
Hooft. Aut  h epilog  kajistˆ thn kÐnhsh thc qord c oloklhr¸simh, mia idiìthta tou
epˆgetai apì ta Mh Grammikˆ SÐgma Montèla se SummetrikoÔc Q¸rouc. Klassikèc
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lÔseic thc jewrÐac qord¸n [33], oi opoÐec diadÐdontai se summetrikoÔc q¸rouc, ìpwc
AdS5� S5 kai AdS4� CP3 èpaixan shmantikì rìlo sthn bajÔterh katanìhsh thc antis-
toiqÐacAdS/CFT . Stic dhmosieÔseic [2�5] ekmetalleuìmaste thn oloklhrwsimìthta
prokeimènou na kataskeuˆsoume idiaÐtera perÐplokec klassikèc lÔseic thc jewrÐac
qord¸n, oi opoÐec ìmwc mporoÔn na melethjoÔn analutikˆ kai sqetÐzontai me endi-
afèrontai fainìmena.

Sto jermodunamikì ìrio,  toi sto ìrio ìpwc oi sÔnjetoi telestèc perilambˆnoun
polÔ megˆlo arijmì pedÐwn, h oloklhr¸simh dom  tou MGSM mporeÐ na axiopoihjeÐ
prokeimènou na kataskeuasteÐ mia antistoÐqish anˆmesa sta diathroÔmena fortÐa twn
klassik¸n qord¸n kai tic an¸malec diastˆseic kai ta fortÐa twn duðk¸n telest¸n
[34, 35]. Parìlo pou aut  h antistoÐqish eÐnai gnwst , eÐnai entel¸c afhrhmènh kai
basÐzetai sthn tautopoÐhsh twn fasmatik¸n kampÔlwn. Den eÐnai kajìlou tetrim-
mènh h eÔresh sugkekrimènou telest  kai sugkekrimènhc klassik c lÔshc thc jew-
rÐac qord¸n pou sqetÐzontai metaxÔ touc. MporoÔn na axiopoihjoÔn arketèc teqnikèc
prokeimènou na melethjeÐ h antistoiqÐaAdS/CFT se autì to ìrio, kurÐwc apì thn
pleurˆ thc jewrÐac pedÐou [36]. Sthn ergasÐa [10] brÐskoume thc lÔsh tou bo-
hjhtikoÔ sust matoc, tou antistoiqeÐ sthn diˆdosh qord¸n ston q¸ro R � S2. H
genÐkeush aut c thc kataskeu c ston q¸ro uper-phlÐkoPSU(2; 2j4)=SO(1; 5) �
SO(6) ja mporoÔse na suneisfèrei sthn kateÔjunsh thc ˆmeshc susqètishc klas-
sik¸n lÔsewn thc jewrÐac qord¸n kai duðk¸n telest¸n.

'Opwc anafèrjhke, o duðsmìc JewrÐac BajmÐdac / BarÔthtac upodeiknÔei ìti sto
ìrio megˆlou N kai megˆlhc stajerˆc zeÔxhc 't Hooft h baurik  jewrÐa anˆgetai
sthn klassik  uperbarÔthta. Sto ìrio autì upˆrqei mia suntag  gia ton upolo-
gismì thc Olografik c EntropÐac Diemplok c, h opoÐa protˆjhke apì touc Ryu kai
Takayanagi [37�39] kai metèpeita apodeÐqthke sto plaÐsia thc antistoiqÐacAdS/CFT
[40,41]. H entropÐa diemplok c eÐnai h entropÐavon Neumanntou anhgmènou telest 
puknìthtac, o opoÐoc perigrˆfei touc bajmoÔc eleujerÐac enìc uposust matoc. Autì
to uposÔsthma orÐzetai na perilambˆnei touc bajmoÔc eleujerÐac pou upˆrqoun se
mia sugkekrimènh perioq  tou q¸rou, h opoÐa orÐzetai apì mia kampÔlh diemplok c.
O upologismìc thc entopÐac diemplok c sthn kbantik  jewrÐa pedÐou eÐnai idiaitèrwc
dÔskoloc, akìma kai gia thn eleÔjerh jewrÐa [42�46]. SÔmfwna me thn suntag  twn
Ryu kai Takayanagi, h olografik  entropÐa diemplok c eÐnai anˆlogh tou embadoÔ
miac elˆqisthc epifˆneiac sun-diˆstashc 2, h opoÐa èqei wc sÔnorì thc thn kampÔlh
diemplok c kai ekteÐnetai sto eswterikì tou q¸rou. Parìlo pou autìc o kanìnac
eÐnai idiaÐtera aplìc, sthn prˆxh h efarmog  tou eÐnai polÔ dÔskolh, kaj¸c prèpei
na eÐnai gnwst  h èkfrash thc elˆqisthc epifˆneiac gia na upologisteÐ to embadìn
thc. Akìma kai ìtan o q¸roc eÐnai amig¸cAdS, polÔ lÐgec elˆqistec epifˆneiec eÐnai
gnwstèc se tuqaÐo arijmì diastˆsewn. Autèc eÐnai kurÐwc elˆqistec epifˆneiec pou
antistoiqoÔn se sfairikèc epifaneÐec   uperepifˆneiec diemplok c.
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AntimetwpÐzoume autì to prìblhma me dÔo diaforetikoÔc trìpouc. Pr¸ta estiˆ-
zoume ston q¸ro AdS4. Se aut  thn perÐptwsh oi elˆqistec epifˆneiec sun-diˆstashc
2 eÐnai 2-diˆstata EukleÐdeia kosmikˆ sentìnia, opìte upˆrqoun perissìtera ergaleÐa
diajèsima se sqèsh me thn tuqoÔsa perÐptwsh. Autèc oi elˆqistec epifˆneiec eÐ-
nai lÔseic twn exis¸sewn ènoc MGSM. Sugkekrimèna, statikèc elˆqistec epifˆneiec
sun-diˆstashc 2 ston AdS4 eÐnai isodÔnamec me elˆqistec epifˆneiec sun-diˆstashc 1
ston uperbolikì q¸ro H3. Genikˆ tètoiou eÐdouc elˆqistec epifˆneiec embaptismènec
ston Hd, parousiˆzoun megˆlo endiafèron, kaj¸c eÐnai to olografikì anˆlogo twn
brìgqwn Wilson se isqur  zeÔxh [47, 48]. Sthn ergasÐa [9] pragmateuìmaste thn
efarmog  thc mejìdou èndushc se tètoiec elˆqistec epifˆneiec. Se sqèsh me thn
genik  perÐptwsh, gia tuqaÐo arijmì diastˆsewn, sthn ergasÐa [8] parousiˆzoume mia
exÐswsh gewmetrik c ro c, h opoÐa perigrˆfei thc elˆqistec epifˆneiec kai mporeÐ na
qrhsimopoihjeÐ gia na melethjoÔn orismèna qarakthristikˆ touc.

H olografik  entropÐa diemplok c sqetÐzetai me dÔo ˆkrwc shmantikˆ anoiqtˆ
erwt mata thc jewrhtik c fusik c: to parˆdoxo thc plhroforÐac twn melan¸n op¸n
(blèpe [49] gia mia anaskìphsh) , allˆ kai thn Ðdia thn fÔsh thc barÔthtac. SÔm-
fwna me thn antistoiqÐaAdS/CFT mporoÔme na melet soume thn isqur¸c suzeugmènh
kbantik  barÔthta mèsw thc duðk c SJP. Kaj¸c h aktinobolÐa Hawking pou ekpèm-
petai apì thc melanèc opèc kaj¸c exatmÐzontai, eÐnai jermik  [50], faÐnetai ìti qˆnetai
plhroforÐa [51]. Autì to fainìmeno èrqetai se r xh me thn monadiak  exèlixh miac
amigoÔc katˆstashc, h opoÐa eÐnai basik  idiìthta thc kbantik c jewrÐac. Dedomè-
nou ìti h SJP eÐnai katˆ profan  trìpo monadiak  jewrÐa, h antistoiqÐaAdS/CFT
upodeiknÔei ìti h barutik  perigraf  tou fainìmenou ofeÐlei kai aut  na eÐnai mona-
diak . Epiplèon upˆrqoun sugkekrimènec protˆseic gia thn epÐlush touc paradìxou
thc plhroforÐac twn melan¸n op¸n sto plaÐsio thc sumplhrwmatikìthtac (h opoÐa
eis qjh wc ènnoia sto [52]) [53�55], allˆ kai [56] gia mia diaforetik  optik . Oi
teleutaÐec exelÐxeic sto jèma brÐskontai sta ˆrjra anaskìphshc [57,58].

Akìma kai sto plaÐsio thc Genik c Sqetikìthtac upˆrqei mia axioshmeÐwth omoiìthta
anˆmesa sthn fusik  twn melan¸n op¸n kai thn jermodunamik  [59, 60]. Upì oris-
mènec proôpojèseic, sugkekrimèna ìti h entropÐa pou antistoiqeÐ se ènan orÐzonta
eÐnai anˆlogh tou embadoÔ tou, mporoÔn na exaqjoÔn oi exis¸seicEinstein wc sunèpia
thc klassik c jermodunamik c [61]. Aut  h idèa metexelÐqjhke sto plaÐsio thn an-
tistoiqÐac AdS/CFT , prokeimènou na susqetisteÐ h barÔthta me thn kbantik  diem-
plok  [62�65]. Ek kataskeu c h suntag  twn Ryu kai Takayanagianaparˆgei nìmo em-
badoÔ kai epitrèpei thn posotik  susqètish thc kbantik c diemplok c me thn barÔthta
[66,67]. Tèloc, h olografik  entropÐa diemplok c susqetÐzetai tìso me ton Egklw-
bismì [68] ìso kai me thn ro  thc omˆdac epanakanonikopoÐhshc [69,70].

Parousiˆzei idiaÐtero endiafèron h melèth aut¸n twn fainomènwn apeujeÐac sto
plaÐsio thc KJP. H kbantik  diemplok  eÐnai mia idiìthta sÔnjetwn kbantik¸n susth-
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mˆtwn, h opoÐa den èqei klasikì anˆlogo. Parousiˆzetai ìtan ta sustatikˆ enìc
sust matoc, to opoÐo brÐsketai se amig  katˆstash, den mporoÔn na antistoiqhjoÔn
se sugkekrimènh katˆstash. H kbantik  diemplok  diadramˆtise shmantikì rìlo
sthn anˆptuxh thc kbantik c mhqanik c, kaj¸c qrhsimopoi jhke gia na tejeÐ en am-
fibìlw h isqÔc thc. Oi metr seic diemplegmènwn uposusthmˆtwn eÐnai susqetismènec,
anexˆrthta apì thn metaxÔ touc apìstash. O Aðnstˆin je¸rhse aut  thn sumper-
iforˆ asumbÐbasth me thn topik  aitiìthta, kai qrhsimopoÐhse autì to gegonìc gia
na epitejeÐ sthn kbantik  mhqanik  [71]. Parìla autˆ, aut  h sumperiforˆ eÐnai
èqei epibebaiwjeÐ peiramatikˆ. 'Oso perÐergo kai na eÐnai diaisjhtikˆ, h fÔsh douleÔei
me autì ton trìpo. Stic mèrec mac h kbantik  diemplok  eÐnai basikìc parˆgontac
teqnologik¸n efarmog¸n, ìpwc h kbantik  plhroforÐa kai oi kbantikoÐ upologistèc.

H kbantik  diemplok  mporeÐ na posotikopoihjeÐ mèsw thc entropÐac diemplok c
(ìtan to sunolikì sÔsthma eÐnai se amig  katˆstash). H entropÐa diemplok c sqetÐze-
tai me arketˆ fusikˆ sust mata, ìpwc h kbantik  plhroforÐa [72�75] kai h fusik 
sumpuknwmènhc Ôlhc. Sthn teleutaÐa, h entropÐa diemplok c qrhsimopoieÐtai gia na
melethjeÐ h krÐsimh sumperiforˆ susthmˆtwn, allˆ kai h ro  thc omˆdac epanakanon-
ikopoÐhshc [45,76�80]. Parousiˆzei megˆlo endiafèron to gegonìc ìti h entopÐa diem-
plok c pou sqetÐzetai me thn basik  katˆstash thc eleÔjerhc bajmwt c KJP up-
akoÔei nìmo embadoÔ [42�44, 81, 82], akrib¸c ìpwc h entropÐa twn melan¸n op¸n.
Sthn ergasÐa [1] genikeÔoume thn prosèggish thc ergasÐac [42] se mia mèjodo gia
ton diataraktikì upologismì tou fˆsmatoc tou anhgmènou telest  puknìthtac kaj¸c
kai thc entropÐac diemplok c. Stic ergasÐec [6, 7] meletˆme thn eleÔjerh bajmwt 
KJP me mˆza se peperasmènh jermokrasÐa. DeÐqnoume ìti se aut  thn perÐptwsh h
amoibaÐa plhroforÐa upakoÔei nìmo embadoÔ kai ìti upˆrqei ènac fusikìc trìpoc na
diaqwristoÔn oi kbantikèc apì tic klassikèc susqetÐseic sthn amoibaÐa plhroforÐa.
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Diemplok  sthn JewrÐa PedÐou

Meletˆme thn diemplok  sthn bajmwt  jewrÐa pedÐou sthn basik  katˆstash kai se
peperasmènh jermokrasÐaT. AnaptÔssoume mia analutik  diataraktik  mèjodo up-
ologismoÔ tou fˆsmatoc tou anhgmènou telest  pukn¸thtac kai thc entropÐac diem-
plok c. Se peperasmènh jermokrasÐa h entropÐa diemplok c paÔei na eÐnai mètro
thc kbantik c diemplok c. Meletˆme thn amoibaÐa plhroforÐa, h opoÐa orÐzetai wc
I

�
A; A C

�
:= SA + SA C � SA[ A C . DeÐqnoume ìti h amoibaÐa plhroforÐa efaptìmenwn

uposusthmˆtwn upakoÔei nìmo embadoÔ. MporeÐ na apodeiqjeÐ ìti sto ìrioT ! 1
h amoibaÐa plhroforÐa sumpÐptei me thn amoibaÐa plhroforÐa h opoÐa prokÔptei apì
klasikèc katanomèc pijanìthtac.

Armonikìc Talantwt c se JermokrasÐa T O telest c puknìthtac enìc
armonikoÔ talantwt  se peperasmènh jermokrasÐaT eÐnai

� (x; x0) =

r
!
�

(a + b)e�
a(x 2+ x 02)

2 e� bxx0
;

ìpou a � ! coth !
T kai b � � ! csch!

T :
H entropÐavon NeumanneÐnai h jermik  entropÐa, h opoÐa dÐnetai apì thn èkfrash

Sth = � ln
�
1 � e� !

T
�

+
!
T

1
e

!
T � 1

:

GiaT ! 0 prokÔptei ìti a = ! & � = 0. Se autì to ìrio, o talantwt c brÐsketai
sthn basik  katˆstash, h opoÐa einai amig c.

ZeÔgoc Suzeugmènwn Talantwt¸n H Qamiltonian  enìc zeÔgouc suzeug-
mènwn talantwt¸n eÐnai

H =
1
2

�
p2

1 + p2
2 + k0(x2

1 + x2
2) + k1(x1 � x2)2

�
:

AnaptÔssontac stouc kanonikoÔc trìpouc talˆntwshc paÐrnoume thn Qamiltonian 

H =
1
2

�
p2

+ + p2
� + ! 2

+ x2
+ + ! 2

� x2
�

�
:

ìpou
x � =

x1 � x2p
2

p� =
p1 � p2p

2
! 2

+ = k0 ! 2
� = k0 + 2k1

O telest c puknìthtac tou zeÔgouc twn suzeugmènwn talantwt¸n eÐnai

� (x+ ; x+
0; x � ; x �

0) = � (x+ ; x+
0) 
 � (x � ; x �

0)

=

p
(a+ + b+ ) (a� + b� )

�
e�

a+ (x +
2+ x +

02)+ a� (x �
2+ x �

02)
2

e� b+ x+ x+
0
e� b� x � x �

0
;
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ìpou
a� � ! � coth

! �

T
; b� � � ! � csch

! �

T
:

Oloklhr¸nontac stouc bajmoÔc eleujerÐac tou sumplhrwmatikoÔ uposust matoc
xC , èqoume ton anhgmèno telest  puknìthtac

� A (x; x0) =
Z

dxC �
�
x; x0; xC ; xC

�
=

r

 � �

�
e�

(x 2+ x 02) 


2 exx 0� ;

ìpou


 � � = 2
(a+ + b+ ) (a� + b� )
a+ + a� + b+ + b�

; 
 + � =
1
2

(a+ + a� � b+ � b� ) :

MporeÐ na apodeiqjeÐ ìti to fˆsma tou anhgmènou telest  puknìthtac eÐnai

pn = (1 � � ) � n ; � �
�


 + �
=

q

 + �

 � � � 1

q

 + �

 � � + 1

:

H antÐstoiqh entropÐa diemplok c eÐnai

SA = � ln (1 � � ) �
�

1 � �
ln �:

Eidikˆ gia to zeÔgoc suzeugmènwn talantwt¸n, lìgw summetrÐac, isqÔei ìtiSA C = SA .
Epomènwc, h amoibaÐa plhroforÐa dÐnetai apì thn sqèsh

I
�
A : AC

�
= 2SA � Sth ;

ìpou Sth eÐnai h jermik  entropÐa twn dÔo kanonik¸n trìpwn talˆntwshc. 'Eqei endi-
afèron ìti gia T ! 1 h amoibaÐa plhroforÐa teÐnei se mia peperasmènh tim I 1 .

Energ¸c Perigraf  KaneÐc mporeÐ na parathr sei ìti o anhgmènoc telest c
puknìthtac tautÐzetai me ènan telest  puknìthtac enìc armonikoÔ talantwt  se peperas-
mènh jermokrasÐac, arkeÐ na gÐnoun kˆpoiec antistoiq seic. Den upˆrqei topikì
peÐrama to opoÐa na ektelesteÐ ston èna apì touc dÔo suzeugmènouc talantwtèc
se peperasmènh jermokrasÐaT, to opoÐa na èqei diaforetikˆ apotelèsmata apì èna
peÐrama pou ekteleÐtai se èna energì armonikì talantwt  idiosuqnìthtac

! e� = �

se energì jermokrasÐa

Te� = �
�

ln �
:
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H proèleush tou I 1 Sto klassikì ìrio upojètoume ìti h pijanìthta na brejeÐ
èna swmatÐdio sthn jèshx eÐnai antistrìfwc anˆlogh tou mètrou thc taqÔthtˆc tou

pE (x) =
!

�
p

2E � ! 2x2
:

Se peperasmènh jermokrasÐaT h qwrik  katanom  pijanìthtac eÐnai

pcan (x; !; T ) =
Z 1

1
2 ! 2x2

p(E) pE (x) dE =
!

p
2�T

e� ! 2 x 2

2T ;

ìpou p(E) eÐnai h puknìthta pijanìthtac thc enèrgeiac sthn kanonik  sullog . Gia
èna zeÔgoc talantwt¸n isqÔei ìti

p(x1; x2; T) = pcan

�
x1 + x2p

2
; ! + ; T

�
pcan

�
x1 + x2p

2
; ! � ; T

�

=
! + ! �

2�T
e�

! 2
+ ( x 1+ x 2 ) 2+ ! 2

� ( x 1 � x 2 ) 2

4T :

H katanom  pijanìthtac tou kˆje talantwt  prokÔptei oloklhr¸nontac thn jèsh tou
ˆllo. Metˆ apì prˆxeic brÐskoume ìti

p(x1; T) =
Z

p(x1; x2; T) dx2 =
! 1

e�p
2�T

e�
( ! 1

e� )2x 2
1

2T ;

ìpou ! 1
e� =

r
2! 2

+ ! 2
�

! 2
+ + ! 2

�
.

Plèon mporoÔme na upologÐsoume to klassikì anˆlogo thc entropÐac diemplok c

Scl
A = Scl

A C = �
Z

p(x1; T) ln p(x1; T) dx1 =
1
2

 

1 � ln
(! 1

e� )2

2�T

!

kaj¸c kai thn jermik  entropÐa

Scl
A [ A C = �

Z
p(x1; x2; T) ln p(x1; x2; T) dx1dx2 = 1 � ln

! + ! �

2�T
:

ProkÔptei ìti h klassik  amoibaÐa plhroforÐa dÐnetai apì thn sqèsh

I cl
�
A : AC

�
= ln

(! 0
e� )2

(! 1
e� )2 = ln

! 2
+ + ! 2

�

2! + ! �
= I 1 :

EÐnai anexˆrthth thc jermokrasÐac kai isoÔtai me thn asumptwtik  tim  thc amoibaÐac
plhroforÐac sto ìrio T ! 1 .
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SÔsthma Suzeugmènwn Armonik¸n Talantwt¸n H Qamiltonian  tou sust -
matoc ja èqei thn morf 

H =
1
2

NX

i =1

p2
i +

1
2

NX

i;j =1

x i K ij x j ;

ìpou K summetrikìc pÐnakac me jetikèc idiotimèc. Oi kanonikèc suntetagmènec sqetÐ-
zontai me thc suntetagmènec mèsw enìc orjog¸niou metasqhmatismoÔ

yi = Oij x j ; qi = Oij pj ;

AnaptÔssontac stouc kanonikoÔc trìpouc talˆntwshc paÐrnoume thn Qamiltonian 

H =
1
2

NX

i =1

q2
i +

1
2

NX

i =1

! 2
i y2

i :

ìpou K Dij � ! i
2� ij kai K = OT K D O. Katˆ analogÐa me to zeÔgoc ton suzeugmènwn

talantwt¸n mporeÐ na breÐ kaneÐc to fˆsma tou anhgmènou telest  puknìthtac. To
fˆsma exartˆtai apì tic idiotimèc enìc pÐnaka. Sthn prˆxh den mporeÐ na upologisteÐ
akrib¸c me analutikèc mejìdouc.

QrhsimopoioÔme treic diaforetikèc proseggÐseic:

ˆ Anˆptugma se uyhlèc jermokrasÐec. ProkÔptoun kajolikˆ apotelèsmata gia
ìla ta armonikˆ sust mata.

ˆ Anˆptugma qamhl¸n jermokrasi¸n: IdiaÐtera sÔnjeta apotelèsmata. ProkÔp-
toun ekjetikèc diorj¸seic sta apotelèsmata thc mhdenikèc jermokrasÐac.

ˆ Anˆptugma 1=� : QrhsimopoioÔme to antÐstrofo thc mˆzac tou pedÐou wc di-
ataraktik  parˆmetro.

Diakritopohmènh KJP stic 3+1 diastˆseic AnaptÔssoume to bajmwtì
pedÐo se sfairikèc armonikèc kai eisˆgoume èna sfairikì plègma prokeimènou na di-
akritopoioÔme thn aktinik  suntetagmènh. H Qamiltonian  tou pedÐou grˆfetai

H =
1
2a

X

`;m

NX

j =1

"

� 2
`m;j +

�
j +

1
2

� 2�
' `m;j +1

j + 1
�

' `m;j

j

� 2

+
�

` (` + 1)
j 2

+ � 2a2

�
' 2

`m;j

#

Tìso h entropÐa diemplok c, ìso kai h amoibaÐa plhroforÐa, mporoÔn na upolo-
gistoÔn wc ˆjroisma suneisfor¸n apì touc diaforetikoÔc tomeÐc thc jewrÐac, wc

SEE=I (N; n) =
1X

`=0

(2` + 1) S`=I` (N; n) H =
1X

`=0

(2` + 1) H `

12



Lìgw ekfulismoÔ se kˆje ` antistoiqoÔn(2` + 1) tautìshmoi tomeÐc.
Upojètoume ìti h epifˆneia diemplok c keÐtetai anˆmesa sthn jèshn kai sthn

jèsh (n + 1) tou sfairikoÔ plègmatoc. OrÐzoume

nR := n +
1
2

;

¸ste h aktÐna thc epifˆneiac diemplok c na eÐnai Ðsh me

R = nRa:

Gia na ajroÐsoume se ìla tà qrhsimopoioÔme ton tÔpoEuler-MacLaurin

bX

n= a

f (n) =
Z b

a
dxf (x) +

f (a) + f (b)
2

+
1X

k� 1

B2k

(2k)!

�
d2k� 1f (x)

dx2k� 1

�
�
�
�
x= b

�
d2k� 1f (x)

dx2k� 1

�
�
�
�
x= a

�
;

ìpou oi suntelestèc Bk eÐnai oi arijmoÐBernoulli.
Se kurÐarqh tˆxh ja èqoume

I '
Z 1

0
d` (2` + 1) I ` (N; n; ` (` + 1)) :

Mac endiafèrei kurÐwc h sumperiforˆ tou oloklhr¸matoc gia megˆlaR. Den eÐnai
tetrimmèno na apomon¸soume aut  thn sumperiforˆ kaj¸c tonR emfanÐzetai sthn
oloklhrwtèa posìthta mèsw tou sunduasmoỒ (` + 1) =n2

R kai to ` paÐrnei aperiìrista
megˆlec timèc katˆ thn olokl rwsh. Aut  h duskolÐa mporeÐ na xeperasteÐ orÐzontac
thn metablht  olokl rwshc `(` + 1) =n2

R = y. Tìte

I ' n2
R

Z 1

0
dyI `

�
N; nR �

1
2

; yn2
R

�
;

to opoÐo mporeÐ na anaptuqjeÐ gia megˆlanR .

Nìmoc EmbadoÔ Kˆje tomèac o opoÐoc antistoiqeÐ se orismèno` apoteleÐ èna
sÔsthma talantwt¸n me pÐnaka zeÔxewn

K ij =
1
a

��
2 +

l (l + 1)
i 2

+ � 2a2

�
� ij � � i +1 ;j � � i;j +1

�
:

Ektel¸ntac èna anˆptugma gia megˆlec mˆzec tou pedÐou, mporeÐ na brei kaneÐc thn
amoibaÐa plhroforÐa

I = n2
R

coth
h

1
2aT

p
2 + a2� 2

i

4aT
p

2 + a2� 2
+ O (nR) :
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To anˆptugma uyhl¸n jermokrasi¸n aut c thc èkfrashc eÐnai

I = n2
R

�
1

2 (2 + a2� 2)
+

1
24a2T2

�
2 + a2� 2

1440a4T4
+ O

�
1

T6

��
+ O (nR) :

Sto ìrio qamhl¸n jermokrasi¸n, qrhsimopoioÔme tic ekfrˆseic tou sqetikoÔ anap-
tÔgmatoc gia to sÔsthma suzeugmènwn talantwt¸n kai ekteloÔme thn olokl rwsh sta
` qrhsimopoi¸ntac thn prosèggish sagmatikoÔ shmeÐou. H amoibaÐa plhroforÐa dÐnetai
apì thn sqèsh

I ' I T =0 + 2n2
R

p
2�T

4

r
3 (2 + � 2a2)

2

�

"

2 log
�
4

�
2 + � 2a2

��
� 1 �

p
2 + � 2a2

T

#

exp

"

�

p
2 + � 2a2

T

#

:

MporeÐ na dei kaneÐc ìti o analutikìc upologismìc proseggÐzei arketˆ kalˆ thn
arijmhtik  prosomoÐwsh gia megˆlec timèc thc mˆzac tou pedÐou.
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Mèjodoi Oloklhrwsimìthtac se MGSM

SÔmfwna me thn suntag Ryu kai Takayanagi h olografik  entropÐa diemplok c pou
antistoiqeÐ se mia perioq  tou q¸rou dÐnetai apì thn sqèsh

S =
Area(~A)

4GN
;

ìpou ~A eÐnai mia katˆllhlh elˆqisth epifˆneiec sun-diˆstashc 2. Tètoiec statikèc
elˆqistec epifˆneiec embaptismènec stonAdS4 eÐnai 2-diˆstatec. Oi exis¸seic pou
ikanopoioÔn mporoÔn na prokÔyoun apì èna MGSM. Ta MGSM se SummetrikoÔc
Q¸rouc eÐnai oloklhr¸sima, gegonìc pou mac epitrèpei na diereun soume thn sqèsh
thc kbantik c diemplok c me thn oloklhrwsimìthta. Kaj¸c h metrik  tou kosmikoÔ
sentonioÔ eÐnai EukleÐdeia dhmiourgoÔntai periplokèc. Gia na apokt soume fusik 
diaÐsjhsh meletˆme qordèc oi opoÐec diadÐdontai sthn pollaplìthtaR � S2. Wc epÐ to
pleÐston ja basistoÔme sthn Anagwg Pohlmeyer, sth Mèjodo 'Endushc kai stouc
metasqhmatismoÔcB•acklund.

Anagwg  Pohlmeyer H Anagwg  PohlmeyersunÐstatai sto gegonìc ìti oi ex-
is¸seic gia thn embˆptish thc lÔseic tou MGSM ston q¸ro pou diadÐdetai, o opoÐoc
mporeÐ na jewrhjeÐ wc upìqwroc enìc epÐpedou q¸rou, eÐnai poludiˆstatec genikeÔ-
seic thc exÐswshcsine-Gordon. Oi jewrÐec autèc eÐnai gnwstèc wc upodeÐgmatasine-
Gordon Summetrik¸n Q¸rwn. 'Ena polÔ shmantikì gegonìc eÐnai ìti antikajist¸ntac
mia lÔsh thc anhgmènhc katP̂ohlmeyerjewrÐac stic exis¸seic tou MGSM, autèc ka-
jÐstantai grammikèc. EpÐshc prèpei na epishmanjeÐ pwc upˆrqei olìklhrh oikogèneia
lÔsewn tou MGSM, h opoÐa antistoiqeÐ se sugkekrimènh lÔshc thc anhgmènhc katˆ
Pohlmeyer jewrÐac.

Mèjodoc 'Endushc Oi exis¸seic kÐnhshc MGSM se SummetrikoÔc Q¸rouc mporoÔn
na exaqjoÔn apì thn sunj kh @+ @� 	 = @� @+ 	 enìc prwtotˆxiou sust matoc suzeug-
mènwn grammik¸n merik¸n diaforik¸n exis¸sewn, to eponomazìmeno bohjhtikì sÔsthma:

@� 	( � ) =
1

1 � �
(@� g) g� 1	( � ); � 2 C : fasmatik  parˆmetroc

Autì proôpojètei thn antistoÐqish thc lÔshc tou MGSM se èna stoiqeÐo enìc katˆllhlou
q¸rou phlÐkou. Autì ofeÐletai sto gegonìc ìti to bohjhtikì sÔsthma anaparˆgei
tic exis¸seic tou KÔriou QeiralikoÔ UpodeÐgmatoc. En gènei jewroÔme thn �ar-
qik � sunj kh 	(0) = g. Gia thn efarmog  thc Mejìdou 'Endushc apaiteÐtai h
epÐlush tou bohjhtikoÔ sust matoc kai h efarmog  orismènwn desm¸n. DojeÐshc
thc lÔshc tou bohjhtikoÔ sust matoc, mporeÐ kaneÐc na kataskeuˆsei susthmatikˆ
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olìklhrh klˆsh lÔsewn tou MGSM. Ektel¸ntac ènan metasqhmatismì bajmÐdac, orÐ-
zoume	 0(� ) = � (� )	( � ) ¸ste to g0 = 	 0(0) na eÐnai èna nèo stoiqeÐou tou q¸rou
phlÐkou, to opoÐo ja antistoiqeÐ se mia nèa lÔsh tou MGSM. O parˆgontac� onomˆze-
tai parˆgontac èndushc kai eÐnai meromorfik  sunˆrthsh thc fasmatik c paramètrou
� . Oi exis¸seic kÐnhs c tou eÐnai

(1 � � ) (@� � ) � � 1 + � (@� g) g� 1� � 1 = ( @� g0) g0� 1

OfeÐloume na apait soume thn autosunèpeia tou bohjhtikoÔ sust matoc kˆtw apì tic
apeikonÐseic pou orÐzoun ton q¸ro phlÐko.

MetasqhmatismoÐ B•acklund Ta upodeÐgmatasine-GordonSummetrik¸n Q¸rwn
èqoun metasqhmatismoÔcB•acklund, oi opoÐoi eÐnai anˆlogoi ton metasqhmatism¸n èn-
dushc tou MGSM. Oi metasqhmatismoÐB•acklund eÐnai zeÔgh suzeugmènwn mh gram-
mik¸n merik¸n diaforik¸n exis¸sewn. Gia thn exÐswshsine-Gordon, oi metasqhma-
tismoÐ eÐnai

@�

�
a + a0

2

�
= �

1
�

m� sin
�

a � a0

2

�
;

LÔseic oi opoÐec èqoun exaqjeÐ apì metasqhmatismoÔc B"acklund, xekin¸ntac apì thn
Ðdia lÔsh, mporoÔn na sunduastoÔn algebrikˆ qrhsimopoi¸ntac ajroistikoÔc tÔpouc,
prokeimènou na prokÔyoun nèec lÔseic. EÐnai idiaÐtera shmantikì ìti ènac metasqhma-
tismìc èndushc sto MGSM, pragmatopoieÐ autìmata ènan metasqhmatismìB•acklund,
sthn anhgmènh katP̂ohlmeyer jewrÐa.

Elleiptikèc qordèc ston R� S2 H drˆsh thc mpozonik c jewrÐac qord¸n ston
q¸ro R � S2 eÐnai

S = T
Z

d� + d� �
h
� @+ X 0@� X 0 + @+

~X � @�
~X + �

�
~X � ~X � 1

�i
:

EÔkola mporeÐ na dei kaneÐc ìti oi exis¸seic kÐnhshc eÐnai:

X 0(� + ; � � ) = m+ � + + m� � � ; @+ @�
~X = � m+ m� cosa ~X:

kai sunodeÔontai apì touc desmoÔcVirasoro

@�
~X � @�

~X = m2
� :

OrÐzoume to pedÐoPohlmeyermèsw twn sqèsewn

@+
~X � @�

~X = m+ m� cosa; ~X �
�

@+
~X � @�

~X
�

= m+ m� sina:
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Mèsw thc anagwg c Pohlmeyer prokÔptei ìti to pedÐoPohlmeyer ikanopoieÐ thn
exÐswshsine-Gordon

@+ @� a = � 2 sina; � 2 = � m+ m� :

Oi lÔseic thc exÐswshcsine-Gordon, oi opoÐec ekfrˆzontai mèsw elleiptik¸n
sunart sewn, eÐnai

cos'
�
� 0; � 1; E

�
= �

1
� 2

�
2}

�
� 0=1 + ! 2; g2 (E) ; g3 (E)

�
+

E
3

�
;

ìpou } eÐnai h elleiptik  sunˆrthsh tou Weierstrasskai E eleÔjerh parˆmetroc.
Antikajist¸ntac stic exis¸seic kÐnhshc tou MGSM, blèpoume ìti gia kˆje sunist¸sa,
autèc diaqwrÐzontai se dÔo probl mataSchr•odinger, to èna den èqei den èqei dunamikì,
en¸ to ˆllo èqei to dunamikì Lam�e . 'Etsi, oi idiosunart seic thc exÐswshcLam�e

�
d2y
dx2

+ 2} (x + ! 2) y = �y; � = � } (a):

eÐnai ta �sustatikˆ� twn sugkekrimènwn klassik¸n lÔsewn thc jewrÐac qord¸n. An
h parˆmetroc a den sumpÐptei me kˆpoia hmiperÐodo thc sunˆrthshcWeierstrass, oi
idiosunart seic èqoun thn morf 

y� (x; a) =
� (x + ! 2 � a) � (! 2)
� (x + ! 2) � (! 2 � a)

e� � (� a)x

Apait¸ntac h lÔsh na ikanopoieÐ ton gewmetrikì desmì, dhlad j ~X j = 1 kaj¸c kai
touc desmoÔcVirasoro, prokÔptei ìti

~X =
1
`

0

B
B
@

Re
�

y+ (� 1; a) e� i`� 0
�

� Im
�

y+ (� 1; a) e� i`� 0
�

p
x1 � } (� 1 + ! 2)

1

C
C
A

ìpou ` =
p

x1 � } (a) kai x1 = E=3. Apì touc desmoÔcVirasoro prokÔptei ìti h
parˆmetroc a sqetÐzetai me tic paramètroucm� mèsw thc sqèshc

} (a) = �
E
6

�
m2

+ + m2
�

4
:

Gia na emfanÐsoume ton fusikì qrìno stic ekfrˆseic, prèpei na ektelèsoume ènan
metasqhmatismìLorentz sto kosmikì sentìni, ¸ste na epilèxoume thn statik  bajmÐda
X 0 = �� 0.
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Arqik  lÔsh @� gg� 1

BMN Stajerìc
Elleiptikèc qordèc Exartˆtai mìno

apì mia metablht 1

Genik  perÐptwsh Exartˆtai kai
apì tic duo metablhtèc

Endedumènec qordèc ston R � S2 'Ena basikì er¸thma eÐnai pìso eÔkolh eÐnai
h efarmog  thc mejìdou èndushc sthn prˆxh. Ston pÐnaka pou akoloujeÐ parajètoume
tic treic diaforetikèc peript¸seic pou mporeÐ na sunant sei kaneÐc. Gia na epilÔsoume
to bohjhtikì sÔsthma, ekfrˆzoume thn lÔsh tou MGSM wc X = UX0, ìpou U =
U2U1 kai

U1 =

0

@
cos� 0 sin�

0 1 0
� sin� 0 cos�

1

A ; U2 =

0

@
cos� � sin� 0
sin� cos� 0

0 0 1

1

A ; X 0 =

0

@
0
0
1

1

A :

Kataskeuˆzoume èna stoiqeÐo tou q¸rou phlÐkou wcg = J (I � 2XX T ), ìpou
J = I � 2X 0X T

0 . OmoÐwc orÐzoume,

	 = JUJV̂ ; V̂ =
�

~̂V1
~̂V2

~̂V3

�
:

To bohjhtikì sÔsthma apoktˆ thn morf 

@0=1V̂i = A0=1V̂i ;

ìpou gia elleiptikèc lÔseic o ènac apì touc pÐnakecA0=1 exartˆtai mìno apì thn mia
metablht . 'Etsi h mia exÐswsh mporeÐ na lujeÐ wc grammikì sÔsthma me stajeroÔc
suntelestèc me thn deÔterh exÐswsh na prosdiorÐzei tic ˆgnwstec sunart seic.

ParaleÐpontac ènan idiaÐtera teqnikì upologismì, h endededumènh lÔsh exartˆtai
mh tetrimmèna apì thn fasmatik  parˆmetro� mèsw thc paramètrou~a, h opoÐa orÐzetai
apì thn sqèsh

} (~a) = �
E
6

�
m2

+

4

�
1 � �
1 + �

� 2

�
m2

�

4

�
1 + �
1 � �

� 2

:

SugkrÐnontac me thn parˆmetroa twn elleiptik¸n lÔsewn, blèpoume ìti h mia prokÔptei
apì thn ˆllh me ènan metasqhmatismì twnm� . EÐnai idiaÐtera krÐsimo ìti autìc
o metasqhmatismìc af nei to ginìmenom+ m� analloÐwto. Autì shmaÐnei ìti an
jewroÔsame me klassik  lÔsh me parˆmetroa, aut  ja ikanopoioÔse tic exis¸seic
kÐnhsh, ton gewmetrikì desmì, ja antistoiqoÔsan sthn Ðdia lÔsh thc anhgmènhc katˆ
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PohlmeyerjewrÐac, allˆ ja upˆkouan desmoÔcVirasoro me migadikèc stajerèc. Sthn
aploÔsterh perÐptwsh mporoÔme na kataskeuˆsoume ènan parˆgonta èndushc o opoÐoc
ja èqei pìlouc ston monadiaÐo kÔklo, sugkekrimèna gia� = exp( � i� 1).

MeletoÔme ekten¸c tic fusikèc idiìthtec twn endedumènwn elleiptik¸n qord¸n,
kaj¸c kai twn eikìnwn touc sthn anhgmènh katˆ PohlmeyerjewrÐa. Ed¸ ja anafer-
joÔme mìno sthn Ôparxh miac klˆshc lÔsewn, h opoÐa antistoiqeÐ stic astˆjeiec
twn elleiptik¸n qord¸n. Autèc oi astˆjeiec upˆrqoun ìpote mporeÐ na diadojeÐ
èna taqionikì solitìnio sto upìbajro thc antÐstoiqhc elleiptik c lÔshc thc anhg-
mènhc katˆPohlmeyer jewrÐac. Oi sunoriakèc sunj kec eÐnai polÔ shmantikèc gia
ton prosdiorismì twn astajei¸n pou epitrèpetai na diadojoÔn. Autˆ ta sumperˆs-
mata epibebai¸nontai kai apì grammik  anˆlush eustˆjeiac sthn jewrÐasine-Gordon.
H anˆlush basÐzetai sthn dom  twn energeiak¸n zwn¸n tou dunamikoÔn = 1 Lam�e .

H epÐlush tou bohjhtikoÔ sust matoc gia tuqaÐa arqik  lÔsh Ac
jewr soume mia tuqaÐa lÔsh h opoÐa se polikèc suntetagmènec parametropoieÐtai apì
tic gwnÐec� kai � . QwrÐc na mpoÔme se leptomèreiec, mporoÔme na prosdiorÐsoume tic

st lec ~̂Vj pou lÔnoun to bohjhtikì sÔsthma. ProkÔptei ìti

~̂Vj =
~�1

(~�0 � ~�1) � ~X 0

@0V̂ 3
j �

~�0

(~�0 � ~�1) � ~X 0

@1V̂ 3
j + V̂ 3

j
~X 0;

ìpou

~�0=1 =

0

B
@

� 1
0=1

� 2
0=1

0

1

C
A ;

� 1
0=1 = sin �

�
1 + � 2

1 � � 2
@0=1� �

2�
1 � � 2

@1=0�
�

� 2
0=1 = �

1 + � 2

1 � � 2
@0=1� +

2�
1 � � 2

@1=0�

me ta stoiqeiˆ thc trÐthc gramm c na dÐnontai kataskeuˆzontai apì thn arqik  lÔsh
wc

V̂ 3
i = X i jm � ! m �

1� �
1� �

:

Apì aut  thn kataskeu  prokÔptoun pollˆ sumperˆsmata. H lÔsh touc bo-
hjhtikoÔ sust matoc gia tuqaÐa arqik  lÔsh, kataskeuˆzetai sunduˆzontac thn ar-
qik  lÔsh me mia oiwnoÐ lÔsh. Aut  mporeÐ na kataskeuasteÐ susthmatikˆ arkeÐ na
gnwrÐzei kaneÐc ìlh thn oikogèneia lÔsewn tou MGSM h opoÐa antistoiqeÐ sthn Ðdia
lÔsh thc exÐswshcsine-Gordon. Autˆ ta dedomèna arkoÔn prokeimènou na eisaq-
jeÐ èna solitìnio sto upìbajro thc sugkekrimènhc lÔshc thc exÐswshcsine-Gordon,
qwrÐc na qreiasteÐ h epÐlush twn exis¸sewn tou metasqhmatismoÔB•acklund. Ou-
siastikˆ, sthn prokeimènh perÐptwsh h mèjodoc èndushc ulopoieÐ thn mh grammik 
upèrjesh pou parousiˆsame. Ta solitìnia thc exÐswshcsine-Gordon, eÐnai h eikìna
thc mh grammik c upèrjeshc sthn anhgmènh katˆPohlmeyer jewrÐa.
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Endedumènec elˆqistec epifˆneiec Gia tic elˆqistec epifaneiec ston H3

qrhsimopoioÔme thn apeikìnish

Y 2 R(1;3) ! g =
�
I + 2Y0Y T

0 J
� �

I + 2Y YT J
�

2 SO(1; 3)=SO(3)

ìpou I eÐnai o tautotikìc pÐnakac,J = diagf� 1; 1; 1; 1g h metrik  tou R(1;3) kai Y0

èna stajerì diˆnusma ston uperbolikì q¸ro H3, dhlad  èna diˆnusma pou ikanopoieÐ
thn sqèsh Y T

0 JY0 = � 1. Epilègontac Y T
0 =

�
1 0 0 0

�
èqoume

g = J + 2JY YT J:

To bohjhtikì sÔsthma èqei thn Ðdia morf 

@� 	 =
1

1 � �

�
(@� g) g� 1

�
	 ;

allˆ oi telestèc parag¸gishc @� orÐzontai wc@+ = @kai @� = �@. Autì èqei wc
apotèlesma h sunj kh �pragmatikìthtac� na apoktˆ thn morf  �	( �� ) = 	( � � ).

Katˆ antistoiqÐa, sthn aploÔsterh perÐptwsh mporoÔme na kataskeuˆsoume ènan
parˆgonta èndushc o opoÐoc ja èqei pìlouc ston ˆxona twn fantastik¸n arijm¸n,
sugkekrimèna gia� = i� 1 kai � = � i� � 1

1 . ProkÔptei ìti h endedumènh lÔsh sqetÐzetai
me thn arqik  mèsw thc sqèshc

Y 0 = i
�

Y
� 1

+
� 1 + � � 1

1

2
JW

W T Y

�
; W = 	( i� 1)p; WT JW = 0:

H anwtèrw anˆlush den exartˆtai apì to pl joc twn diastˆsewn, ìpote katal goume
sto akìloujo sumpèrasma: 'Enac metasqhmatismìc èndeishc me ton aploÔstero parˆ-
gonta èndushc qrhsimopoi¸ntac ton q¸ro phlÐko SO(1; d)=SO(d) susqetÐzei lÔseic
tou EukleÐdeiou MGSM ston uperbolikì q¸ro Hd kai lÔseic tou EukleÐdeiou MGSM
ston q¸ro de Sitter dSd.

Aut  h periplok  mac anagkˆzei na melet soume pollaploÔc metasqhmatismoÔc
èndushc

@� 	 k(� ) =
1

1 � �
(@� gk� 1) g� 1

k� 1	 k(� ); gk� 1 = 	 k (0) :

ApodeiknÔetai ìti mporoÔme na kataskeuˆsoume pragmatikèc lÔseic epagwgikˆ qrhsi-
mopoi¸ntac thn sqèsh

Yk =
�

1 �
1 + � � 1

k� 1� � 1
k

X

�
Yk� 2 +

1
2X

1 + � k� 1� k

� k � � k� 1

�
�
�
� k + � � 1

k

� JVk

V T
k Yk� 2

�
�
� k� 1 + � � 1

k� 1

� JVk� 1

V T
k� 1Yk� 2

�
;
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ìpou

X = 1 +
1
2

(1 + � 2
k)

�
1 + � 2

k� 1

�

(� k � � k� 1)2

V T
k JVk� 1

(V T
k Yk� 2)

�
V T

k� 1Yk� 2
�

kai
Vk = 	 k� 1(i� k)pk ; Vk� 1 = 	 k� 1(i� k� 1)pk� 1:

Upˆrqoun arketèc endeÐxeic ìti to sÔnoro thc endedumènhc epifˆneiac prosdiorÐze-
tai apì thn sqèsh X = 0. Tèloc, mporeÐ na deÐxei kaneÐc ìti to embadìn thc elˆqisthc
epifˆneiac metasqhmatÐzetai wc

Ak =
Z

Dk

dudv(@+ Yk� 2)T J@� Yk� 2

�
Z

@Dk

d`n̂ � ~r ln
h��

V T
k Yk� 2

� �
V T

k� 1Yk� 2
�

X
� 2

i
:
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Olografik  EntropÐa Diemplok c

ParametropoÐhsh elˆqistwn epifanei¸n mèsw gewmetrik¸n ro¸n Ac
upojèsoume ìti jèloume na melet soume elˆqistec epifˆneiec se èna q¸ro me stoiqeÐo
m kouc

ds2 = f (r ) dr2 + hij
�
r; x k

�
dxi dxj ;

o opoÐoc èqei èna sÔnoro. H elˆqisth epifˆneia parametropoieÐtai wc

r = �; x i = X i (�; u a)

Melet¸ntac thn embˆptish thc elˆqisthc epifˆneiac, mporoÔme na kataskeuˆsoume mia
gewmetrik  ro  h opoÐa perigrˆfei thn elˆqisth epifˆneia wc exèlixh thc epifˆneiac
diemplok c.

Sthn perÐptwsh tou uperbolikoÔ q¸rouHd (gia ton opoÐo isqÔeihij = f (� )� ij kai
f (� ) = 1 =� 2) h exÐswsh ro c eÐnai

�@�

�
c
p

det 

�

�
+

(d � 1)
p

det 

c�

= 0;
1
c2

= 1 +
@xi

@�
@xi

@�
:

ìpou 
 eÐnai h orÐzousa thc epagìmenhc metrik c. Autìc o formalismìc mac epitrèpei
na ektelèsoume ènan pl rwc olografikì upologismì. Aploðkˆ to anˆptugma twn x i

eÐnai
x i (� ; ua) =

X

m=0 ;2;4;:::

x i
(m) (ua) � m

Wstìso, se tˆxh d qreiˆzontai epiprìsjetec suneisforèc. An to d eÐnai perittì,
mporoÔn na emfanistoÔn perittoÐ ìroi sto anˆptugma, en¸ an tod eÐnai ˆrtio apaitoÔn-
tai logarijmikoÐ ìroi.

To embadìn thc elˆqisthc epifˆneiac ja èqei èna anˆptugma thc morf 

A (�) =
d� 2X

n=1

an

� n
� a0 ln � + non-divergent termc:

ProkÔptei ìti oi pr¸toi suntelestèc eÐnai:

ad� 2 =
1

d � 2

Z
dd� 2u

p
detG =

1
d � 2

A d � 3

ad� 4 =

(
� d� 3

2(d� 2)2 (d� 4)

R
dd� 2u

p
detGK2; d � 4

� 1
8

R
d2u

p
detGK2; d = 4

ad� 6 =
�

d � 5
4( d � 2) 2 ( d � 4)( d � 6)

R
dd � 2 u

p
det G

�
d 2 � 5d +8
2( d � 2) 2 K 4 � K 2 K ab K ab � K 2 K

�
; d � 6

1
128

R
d4 u

p
det G

h
7

16 K 4 � K 2 K ab K ab � K 2 K
i

; d = 6
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O pr¸toc nìmoc thc jermodunamik c thc diemplok c kai oi exis¸-
seic Aðnstˆin Upojètoume ìti èqoume èna sÔsthma se amig  katˆstash, h opoÐa
exartˆtai apì kˆpoiec paramètrouc. Metabˆllontac thn katˆstash èqoune

�S A = Tr ( HA �� A ) = � hHA i ; � A = e� H A :

ìpou HA eÐnai h arjrwt  Qamiltonian . Aut  h isìthta moiˆzei me ton pr¸to jermod-
unamikì nìmo kai isqÔei tetrimmèna gia kˆje kbantikì sÔsthma.

Ac thn melet soume upì to prÐsma thc antistoiqÐacAdS/CFT . Epilègoume thn
basik  stˆjmh thc jewrÐac, h opoÐa antistoiqeÐ se gewmetrÐaAdS kai jewroÔme
sfairikèc epifˆneiec diemplok c. H metabol  thc arjrwt c Qamiltonian c eÐnai

� hHA i =
�
R

Z

B
dd� 1x(R2 � j ~xj2)� hT00(x)i

ìpou T�� eÐnai o olografikìc tanust c enèrgeiac - orm c. H arjrwt  Qamiltonian 
eÐnai topik  sunˆrths  tou, laj¸c h antÐstoiqh arjrwt  ro  eÐnai topik .

JewroÔme ìti h allag  thc katˆstashc ofeÐletai se barutikèc diataraqèc. En
gènei h diataragmènh gewmetrÐa ja dÐnetai apì èna anˆptugmaFe�erman - Graham:

ds2 =
1
z2

�
dz2 + dx� dx� + zdH �� dx� dx�

�
;

¸ste o q¸roc na eÐnai asumptwtikˆ AdS. Qrhsimopoi¸ntac olografik  epanakanon-
ikopoÐhsh mporoÔme na deÐxoume ìti o olografikìc tanust c enèrgeiac-orm c sqetÐze-
tai me tic diataraqèc mèsw thc sqèshc

T�� =
d

16�G N
H �� (z = 0; x)

H metabol  tou embadoÔ thc elˆqisthc epifˆneiac eÐnai

� Area =
1
2

Z

~B

p
det 
 ab
 cd�
 cd =

1
2R

Z

~B
dd� 1x(R2H ii � x i x j H ij ):

Apait¸ntac thn isqÔ tou pr¸tou jermodunamikoÔ nìmou thc diemplok c, dhlad 
�S A = � hHA i , prokÔptei ìti

H �
� = 0; @� H �� = 0;

1
zd+1

@z
�
zd+1 @zH ��

�
+ @2H �� = 0

Autèc eÐnai oi grammikopoihmènec exis¸seic Aðnstˆin sto upìbajro touAdS.
An h isodunamÐa metaxÔ tou pr¸tou jermodunamikoÔ nìmou kai twn exis¸sewn

Aðnstˆin isqÔei genikˆ, ja prèpei na isqÔei gia kˆje epifˆneia diemplok c. Oi sfairikèc
epifˆneiec diemplok c eÐnai polÔ eidikèc. EÐnai orÐzontecKilling kai ìlec oi exwterikèc
touc kampulìthtec mhdenÐzontai.
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Dustuq¸c h arjrwt  Qamiltonian  den eÐnai gnwst  pèra apì tic sfairikèc epifˆneiec
diemplok c. Gia tic statikèc elleiptikèc elˆqistec epifˆneiec ston AdS4 an kai den
mporeÐ na prosdioristeÐ, prokÔptei ìti eÐnai mh topik  sunˆrthsh touT�� .

Estiˆzontac ston sundetikì krÐko, dhlad  stic barutikèc diataraqèc, kataskeuˆsame
ton diadìth apì to sÔnoro sto eswterikì sthn bajmÐda Fe�erman - Graham, o opoÐoc
eÐnai

H (d)
�� (x � ; z) =

16�G N

d
1
Vd

Z

Bd
ddu T��

�
x0 + zu0; ~x + iz~u

�
;

ìpou Bd eÐnai h monadiaÐa mpˆla sticd diastˆseic. Antikajist¸ntac sthn èkfrash
aut  ton olografikì tanust  enèrgeiac orm c, mporoÔme na upologÐsoume tic gram-
mikopoihmènec barutikèc diataraqèc pou epˆgei. Mèsw autoÔ tou formalismoÔ d¸same
enallaktikèc apodeÐxeic thc isodunamÐac tou pr¸tou nìmou thc jermodunamik c thc
diemplok c gia sfairikèc epifˆneiec diemplok c.
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Introduction





Introduction

Theoretical physics of the previous century was marked by the development of quan-
tum �eld theory (QFT), which found a plethora of applications. Within this frame-
work mankind came to conceptually understand fundamental phenomena in various
�elds, including solid state physics and particle physics. However, most calcula-
tions in QFT rely on perturbative methods; as a result, many calculations in the
strongly coupled regimes of theories, which are related to very important questions,
cannot be performed. Very interesting physical phenomena, such as Con�nement,
High Temperature Superconductivity, Super
uidity and Quark { Gluon Plasma are
of non-perturbative nature; consequently, a very limited quantitative and qualitative
description of them is possible through straightforward application of the standard
QFT machinery.

An elegant and modern method to overcome this obstacle is through the iden-
ti�cation of a duality. A duality relates two theories in a very non-trivial way, so
that the strongly coupled regime of one of them is mapped to the weakly coupled
regime of the other and vice versa. That said, whenever a duality exists, it is possible
to map non-perturbative calculations in a theory to perturbative calculations in the
dual theory. A prototype example is the sine-Gordon { Thirring duality [11]. Since
sine-Gordon theory [12, 13] contains only bosonic degrees of freedom, whereas the
Thirring model [83] contains only fermionic degrees of freedom, this example reveals
a very peculiar characteristic; a duality can relate two theories of completely di�erent
nature. A far more important breakthrough in the �eld of dualities was achieved in
the early nineties, when the existence of dualities in supersymmetric gauge theories
was discovered [14, 15]. Remarkably, the Seiberg-Witten duality allows the calcula-
tion of the exact low energy e�ective action ofN = 2 supersymmetric gauge theories,
which are theories similar to Quantum Chromodynamics. This description provides
quantitative, but also qualitative, insights in the phenomenon of con�nement, which
in this framework is realized as a magnetic superconducting phase of the theory,
where the color charges are con�ned due to the analogue of the Meissner e�ect.

A formal proof of a duality is extremely di�cult, yet its existence can be moti-
vated quite rigorously. One necessary condition for the existence of a duality is the
matching of symmetries and anomalies of the dual theories. In addition, whenever a
perturbative calculation can be extrapolated to the strongly coupled regime, it should
match the perturbative calculation of the dual theory. Such non-perturbative cal-
culations are sometimes possible in the presence of supersymmetry. Supersymmetry
either protects quantities from receiving quantum corrections or enables the local-
ization [16, 17] of path integrals, thus e�ectively capturing all quantum corrections
as one-loop super-determinants.
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An extremely interesting class of dualities is that of Gauge/Gravity Dualities.
These typically interrelate a (d+1)-dimensional gravitational theory in asymptoti-
cally Anti-de Sitter spacetime and a d-dimensional conformal �eld theory (CFT).
This class of dualities incorporates the holographic principle [18,19] since the bound-
ary of the AdS space acts as a holographic screen. The most well studied and robust
formulation of a Gauge/Gravity Duality is the AdS/CFT correspondence [20{22].

Since CFTs describe systems near their critical points, the Gauge/Gravity du-
ality is relevant to many interesting physical systems. One of its most successful
applications is the description of the Quark { Gluon Plasma (QGP) 
uid dynamics.
Simple arguments in the gravitational theory indicate the existence of an upper uni-
versal bound for the ratio of viscosity over entropy density [23{26]. Fluids that are
described by this setup should obey the so-called KSS bound. Interestingly enough,
all known liquids obey this bound and the experiments in RHIC suggest that this
bound is saturated by the QGP. \Applied AdS/CFT" came to be a very active �eld
of research with emphasis on the description of quantum phases in Condensed Matter
Physics [27{29] and on Super
uidity [30,31].

The AdS/CFT correspondence is a dynamical equivalence between type IIB string
theory on AdS5 � S5, with N units of 
ux though S5, and the N = 4 Super Yang
Mills theory with SU(N ) gauge group. The gauge theory is characterized by the
rank of the gauge groupN and the 't Hooft coupling � , whereas are string theory is
characterized by its coupling and the string length. The limitN ! 1 and � ! 1
corresponds to classical supergravity in the gravitational side, where all quantum and
stringy phenomena are suppressed. This regime has been explored extensively in the
literature, see [32] for a review. One can reach another very interesting regime by
allowing the `t Hooft coupling to be �nite. This limit corresponds to classical string
theory on the gravitational side, i.e. stringy phenomena are present and important,
but quantum e�ects are still suppressed. In general, the classical strings propagate in
a very complicated way, since their presence alters the geometry of the target space.
In order to simplify the situation, the backreaction of the string to the background
geometry has to be suppressed. This is achieved by a �nite, yet large enough `t
Hooft coupling. This choice renders the motion of the string integrable, a property
which is inherited by the non-linear sigma models (NLSMs), which describe string
propagation on symmetric spaces. Classical string solutions [33], which propagate
on target spaces, such as AdS5 � S5 and AdS4 � CP3 have played an important role
in the deeper understanding of the Gauge/Gravity duality. In papers [2{5] we take
advantage of integrability in order to construct highly non-trivial string solutions that
can be studied analytically and are associated with many interesting phenomena.

In the thermodynamic limit, i.e. the limit where the composite operators include
in�nitely many insertions, the integrable structure of the NLSM can be used in order

30



to establish a mapping between the conserved charges of the classical strings and the
anomalous dimensions and charges of the dual CFT operators [34,35]. Even though
this mapping is known, it is a formal, abstract construction based on the identi�ca-
tion of spectral curves; it is highly non-trivial to identify the speci�c operators and
classical string solutions that are interrelated. Various techniques can be used to
explore the AdS/CFT correspondence at this particular limit, mainly on the side of
the boundary �eld theory [36]. In [10] we obtain the formal solution of the auxil-
iary system, which corresponds to strings propagating inR � S2. Generalization of
this construction to the supercosetPSU(2; 2j4)=SO(1; 5) � SO(6) could contribute
towards establishing a direct relation between speci�c string con�gurations and dual
operators.

As discussed, Gauge/Gravity duality suggests that at the largeN and large 't
Hooft coupling limit, the gravitational theory reduces to classical supegravity. At
this limit, a prescription for the calculation of the holographic entanglement entropy
was put forward by Ryu and Takayanagi [37{39] and subsequently derived in the
context of AdS/CFT in [40,41]. Entanglement entropy is given by the von Neumann
entropy associated with thereduced density matrix that describes the degrees of
freedom of a given subsystem. This subsystem is de�ned to contain the degrees of
freedom in a given spatial region of space, de�ned by a particular entangling surface.
The calculation of entanglement entropy in quantum �eld theory is a formidable
task, even for free �eld theories [42{46]. The prescription of Ryu and Takayanagi
states that the holographic entanglement entropy is proportional to the area of the
co-dimension two minimal surface, which is anchored on the entangling surface at
the boundary and extends towards the interior of the bulk. While this is a very well
posed and clear prescription, in practice, its implementation is far from trivial, since
one has to know the exact expression of the minimal surface in order to calculate its
area. Even in the case of pure AdS geometries, very few minimal surfaces are known
for an arbitrary number of dimensions, namely, minimal surfaces that correspond to
spherical entangling surfaces or strip regions.

We tackle this problem using two di�erent approaches. First, we focus on AdS4.
Since in this case the co-dimension two minimal surfaces are two-dimensional Eu-
clidean world-sheets, there are extra tools that can be used compared to the general
case. Such minimal surfaces are solutions of the equations of motion of a Non-Linear
Sigma Model. In particular, the static co-dimension two minimal surfaces in AdS4,
are equivalent to co-dimension one minimal surfaces in the hyperbolic space H3. Such
two-dimensional Euclidean world-sheets, embedded in Hd, are of great interest, since
they are the holographic duals of Wilson loops at strong coupling [47,48]. In [9] we
discuss the application of the dressing method on such static minimal surfaces. As
far as the general case is concerned, in [8] we present a 
ow equation, which governs

31



the minimal surfaces and can be used in order to study some of their characteristics.

Holographic entanglement entropy is related to two very important open prob-
lems of theoretical physics; the black hole information paradox (for a review see [49]),
as well as, the very nature of gravitational force. AdS/CFT correspondence suggests
that we can study quantum gravity in terms of the dual CFT. As the Hawking ra-
diation emitted by evaporating black holes is thermal [50], information seems to be
lost [51]. This fact contradicts the unitary evolution of pure states, which is a funda-
mental property of quantum mechanics. Since CFT is manifestly unitarity, AdS/CFT
suggests that the gravitational description has to be unitary too. Moreover, there
are concrete proposal on the resolution of the blackhole information paradox in the
framework of complementarity (introduced in [52]) [53{55], see also [56] for an op-
posite point of view. The state of art on the subject is reviewed in [57,58].

Even in the framework of general relativity, there is a remarkable similarity be-
tween black hole physics and thermodynamics [59, 60]. Under some assumptions,
namely that entropy associated to horizons is proportional to their area, one can de-
rive Einstein equations as a consequence of classical thermodynamics [61]. This idea
was evolved in the context of AdS/CFT, in order to relate the gravitational force
to quantum entanglement [62{65]. By construction Ryu - Takayanagi conjecture
reproduces area law and enables us to quantify the relation between quantum entan-
glement and gravity [66,67]. Finally, holographic entanglement entropy is related to
both con�nement [68] and renormalization group 
ow [69,70].

It is interesting to study these phenomena directly in the framework of �eld
theory. Quantum entanglement is a property of composite quantum system, which
has no classical analogue. It emerges when the constitutes of a system, which lies
in a pure state, cannot be associated to a speci�c states. Interestingly, quantum
entanglement played an important role in the early days of quantum mechanics; it
was used in order to question its validity. Measurements of entangled subsystems are
correlated, no matter how far apart these subsystems are. Einstein, thinking that this
behaviour is inconsistent with local causality, used this fact to attack on quantum
mechanics [71]. Nevertheless, it was experimentally veri�ed that no matter how
counter-intuitive it is, quantum entanglement describes nature. Nowadays, quantum
engagement is key for many technological applications, such as quantum information
and quantum computing.

Quantum entanglement can be quanti�ed in terms of entanglement entropy (when
the overall system lies in a pure state). Entanglement entropy is a related to many
physical applications, such as quantum information [72{75] and condensed matter
physics. In the latter case entanglement entropy can be used to study the critical
behaviour of systems, as well as the renormalization group 
ow [45,76{80]. Remark-
ably, entanglement entropy associated to the ground state of free scalar QFT obeys
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an area law [42{44, 81, 82], just like the entropy of black holes. In [1] we generalize
the approach of [42] in a method for the perturbative calculation of the spectrum of
the reduced density matrix and entanglement entropy as well. In [6,7] we study free
massive scalar QFT at �nite temperature. We show that it is the mutual information
that obeys an area law and that there is a natural way to separate the contribution
of classical and quantum correlations to the mutual information.
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Outline

This dissertation is divided into �ve parts.
In Part 1 we review ideas and concepts, which constitute the framework for the

research presented in this dissertation. We discuss ideas about the behaviour of in-
formation in quantum gravity, which preceded AdS/CFT and led to the formulation
of the Holographic Principle. Then, we give brief introductions to AdS/CFT cor-
respondence, as well as to Quantum Entanglement and Entanglement in Quantum
Field Theory. Finally, we discuss Holographic Entanglement Entropy.

Part 2 is devoted to Entanglement in Quantum Field Theory. We generalize the
methods of Srednicki by introducing a mass term for the scalar �eld, as well as �nite
temperature. We develop a perturbative approach which can be used to calculate the
spectrum of the reduced density matrix. We show that at �nite temperature mutual
information obeys an area law and propose a method to distinguish the classical and
quantum contributions to it.

The goal of Part 3 is to probe the relation of Entanglement Entropy and Inte-
grability. In order to gain intuition about the application of the dressing method
on static minimal surfaces in AdS4, which are Euclidean world-sheets, we turn to
the O(3) NLSM with Minkowski world-sheet. Initially, we construct string solutions,
whose Pohlmeyer counterpart is expressed as an elliptic function, via the inversion of
the Pohlmeyer reduction and present a parallel study of their properties and those of
the Pohlmeyer counterpart. We apply the dressing method on the NLSM solution, as
well as a B•acklundtransformation on the Pohlmeyer counterpart. We study in paral-
lel their properties, such as the existence of a special class of dressed elliptic strings,
which corresponds to the unstable modes of their elliptic precursors. Subsequently,
we show that this conclusion coincides with a conventional stability analysis. Then,
we apply the dressing method on static elliptic minimal surfaces in AdS4 and obtain
an addition formula for the surface element. Finally, we return to theO(3) NLSM
and show that one can solve the auxiliary system, which guaranties the integrability
of the theory, for an arbitrary seed solution.

In Part 4 we study Holographic Entanglement Entropy. Initially, we present a

ow equation which describes minimal surfaces as geometric 
ow with respect to the
holographic coordinate. Using this framework, we study the divergent terms of the
expansion of holographic entanglement entropy purely from a holographic point of
view. Finally, we discuss the equivalence of the �rst law of entanglement thermo-
dynamics to the linearized Einstein equations and construct the bulk to boundary
propagator in Fe�erman - Graham gauge, which is the link between the two equiva-
lent statements.

Part 5 consists of appendices.
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1 Introduction

This Part serves as an introduction to various concept that are necessary for the rest
of the dissertation.

Initially, we present Black Holes Thermodynamics, Entropy Bounds and the Holo-
graphic Principle. Research in the �rst two �elds essentially concerns how informa-
tion is stored in the framework of quantum gravity. Naturally, everything boils down
to the question about the minimal number of degrees of freedom required to describe
a region of space. The idea that bulk physics is in one to one correspondence with
boundary degrees of freedom constitutes the Holographic Principle.

Next, we give a brief introduction to AdS/CFT correspondence. We present
the arguments of Maldacena that motivate the correspondence. The dictionary of
AdS/CFT is discussed, as well as the holographic calculation of correlation functions.

Then, we switch to a completely di�erent topic and review Entanglement in Quan-
tum Mechanics and Quantum Field Theory. We present various measures which are
used to quantify entanglement. We discuss the calculation of entanglement entropy
in QFT based on path integrals, as well as on lattice discretization. In the latter
case we present both methods based on wavefunctions and on correlation functions.

Finally, we discuss Holographic Entanglement Entropy, i.e. entanglement in the
framework of AdS/CFT correspondence.

2 Black Holes Thermodynamics, Entropy Bounds
and the Holographic Principle

The mysterious relation between gravity and information was identi�ed decades be-
fore AdS/CFT. Actually, it is this kind of ideas that constitute the conceptual foun-
dations of Gauge/Gravity duality. In order to present these ideas, we review Black
Holes Thermodynamics [60], as well as the Entropy Bounds and the Holographic
Principle. We follow the review [84].

The concept of Black Holes Thermodynamics began with the area theorem of
Hawking [85], which states that the area of the horizon of a black hole never decreases
with time, i.e.

dA � 0: (2.1)

In particular, as two black holes merge, the area of the horizon of the black hole at
the �nal state exceeds that sum of the area of the horizon of the two black holes.
Assuming that the area of the horizon is proportional to the entropy, this inequality
resembles the second law of thermodynamics.
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The no-hair theorem [86{88] states that stationary black holes are characterized
by just three quantities their mass, angular momentum and charge. This implies
that the energy balance of a black hole is related to variations of these quantities.

The laws of Black Holes Thermodynamics are the following

ˆ Zeroth Law: The surface gravity� of a stationary black hole is constant over
the event horizon.

ˆ First Law: The entropy of a black hole is

SBH =
A

4Gd+1
; (2.2)

whereA is the area of the horizon. Bekenstein was the one to recognize that
SBH ' A [59, 89, 90], while Hawking derived the proportionality constant by
showing that the black holes emit radiation at temperatureTH = �

2� [91]. The
validity of Bekenstein-Hawking entropy formula is veri�ed in the context of
string theory [92], where the counting of microstates of a class of BPS black
holes was achieved.

ˆ Second Law: The entropy of Black Holes is non-decreasing, i.e.

dSBH � 0: (2.3)

It was generalized by Bekenstein [59,89,90] to include matter's contribution as

dSBH+Matter � 0: (2.4)

ˆ Third Law: It is impossible to reduce surface gravity� to zero by any procedure
using a �nite number of operations.

As indicated by the laws of Black Holes Thermodynamics one can associate en-
tropy to regions of space. Its natural to wonder how much information can be stored
in such regions. Since the concentration of matter in high density eventually leads
to the formation of a black hole, the existence of such a bound is expected.

This is also expected in view of the generalized second law. As matter is absorbed
in a black hole,SMatter decreases, nevertheless the total entropySBH+Matter has to be
non-decreasing. Since the area of the horizon depends on the added mass and not on
the added entropy, postulating the generalized second law implies the existence of a
universal upper bound on the entropy density of matter. Bekenstein [93] showed that
any matter system, on a weak gravitational background, which is in an asymptotically

at space, obeys the so called Bekenstein bound:

SMatter � 2�ER; (2.5)
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where E is the total mass and energy, which is enclosed in a sphere of radiusR.
Notice that R is the radius of thesmallest sphere that encloses the system. This is
the outcome of a purely classical analysis of the Geroch process, i.e. a system which
dropped in the black hole from the vicinity of the horizon.

One can obtain a di�erent bound by considering the Susskind process [19], i.e.
the conversion of a system to black hole. The so called spherical entropy bound reads

SMatter �
A

4Gd+1
: (2.6)

In 4 dimensions gravitational stability implies 2M � R, thus S � 2�MR � �R 2 =
A=4, whereG was set to unity, implying that the spherical entropy bound is weaker
than the Bekenstein bound when both bounds are applicable. In general number of
dimensions gravitational stability and the Bekenstein bound implyS � d� 2

8 A, thus
the situation is reversed. This may be due to unreliable speci�cation of the numerical
prefactor in the Bekenstein bound.

This kind of considerations led to the Holographic Principle [18,19]. The entropy
bounds indicate that the information stored inside a region of space is roughly 1
bit per Planck area. So the quest is to �nd a theory, whose boundary degrees of
freedom su�ce to describe the physics of the bulk. A concrete realization of this
idea is AdS/CFT correspondence.

3 An Introduction to AdS/CFT

In this section we will present a brief introduction to AdS/CFT correspondence.
There are dozen of reviews and lectures, such as [32,94,95], as well as books [96,97],
on the subject. We will mainly follow the TASI lectures by Polchinski.

Initially, let us sketch the original arguments, given by Maldacena, that motivate
AdS/CFT correspondence. The story begins with IIB superstring theory and a stack
of N D3-branes. String perturbation theory dictates that these branes come with
a factor of gsN , where gs = e� is the string coupling andN is due to the trace
of the Chan-Paton factors. Perturbation theory is valid forgsN � 1. The core of
AdS/CFT correspondence lies in the fact that the same Ramond-Ramond 
uxes,
which are sourced by the D-branes, can be sourced by black branes [98]. The black
3-brane forN units of 
ux is

ds2 = H � 1=2(r )� �� dx� dx� + H 1=2(r )dxmdxm ;

F5 = (1 + � ) dt ^ dx1 ^ dx2 ^ dx3 ^
�
dH � 1

�
; Q = gsN;

(3.1)

where�; � = 0; : : : ; 3; m; n = 4; : : : ; 9 and

H = 1 +
L4

r 4
; L4 = 4�g sN� 02; r 2 = xmxm : (3.2)
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The near horizon limit of this geometry is

ds2 !
r 2

L2
� �� dx� dx� +

L2

r 2
dr2 + L2d
 2

S5 ; (3.3)

which is the AdS5 metric in Poincar�e coordinates, withz = L2=r and and the metric
of S5. Both spaces have the same curvature radius. the 5-formF5 becomes

F5 = 4L2(1 + � )� (5) ; � (5) =
p

� g
L5

dx0 ^ dx1 ^ dx2 ^ dx3 ^ dr; (3.4)

where� (5) is the volume form, which integrates to 1 on AdS5. In this picture stringy
e�ects are suppressed forgN � 1 .

So, the same physical system admits two complementary descriptions. ForgN �
1 we have perturbations around 
at space, while forgN � 1 we have perturbations
around the black brane background. In the low energy limit of the D-brane descrip-
tion, the spectrum consists of the massless open strings, ending on the D3-branes
which are gauge �elds in the adjoint representation ofU(N ), where theU(1) factor
corresponds to the collective motion of the stack of branes, their fermionic partners,
as well as massless closed strings, which form the supergravity multiplet. The �elds
match precisely the multiplet ofN = 4 Super Yang Mills (SYM) in 1+3 dimensions.
Notice that the gauge �elds are interacting, since the gauge coupling is dimensionless
in 1+3 dimensions, while the closed strings are free. In black brane description, there
are again massless closed strings away of the brane, but in the near horizon limit the
massive strings remain in the spectrum since they have arbitrary small energy, due
to the fact that the wrap factor g00 vanishes. In both pictures there are massless
non-interacting closed strings away of the brane, i.e free IIB supergravity. In the
limit a0 ! 0, after appropriate rescaling of various factors, the massive states that
live near the horizon decouple. Thus, assuming that the adiabatic continuation ofg
and the low energy limit commute, we reach the conclusion that the gauge theory
on the brane is equivalent to free IIB supergravity on the AdS5 � S5.

Let us make the statement more precise. Gauge theory is characterized by the
coupling gYM and the rank of the gauge groupN . The gauge theory coupling is
related the to string coupling as

4�g s = g2
YM ; (3.5)

while the string length is related to� 0 as

`2
s = � 0: (3.6)

These relations imply that the ratio of the string length over the curvature radius of
AdS is

`s

L
= � � 1=4 (3.7)
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where� is the 't Hooft coupling de�ned as

� = g2
YM N: (3.8)

Similarly, the ratio of the Planck length to the curvature radius of AdS is

^̀
P;10

L
= 21=4� 5=8N � 1=4; (3.9)

where the Planck length^̀
P;10 is de�ned as

^̀8
P;10 =

1
2

(2� )7 g2
s`8

s; (3.10)

so that the coe�cient of the Ricci scalar in the action in D dimensions is 1=2^̀D � 2
P;D .

Equations (3.7) and (3.9) provide the identi�cation of the parameters of the dual
theory. These imply that our arguments are valid in the regimeN ! 1 and � ! 0.
Since we argued that string interactions should be suppressed, i.e.gs ! 0, on the
gauge theory sidegYM goes to zero, whileN goes to in�nity so that the 't Hooft
coupling goes to in�nity. Thus, we have motivated a duality between planar strongly
coupled N = 4 SYM with SU(N ) gauge group and perturbative IIB supergravity
on AdS5 � S5. Depending on our good faith, there are three possible versions of the
duality:

ˆ Weak Version: The duality is valid only between planar strongly coupledN = 4
SYM with SU(N ) gauge group and perturbative IIB supergravity on AdS5� S5.

ˆ Stronger Version: The duality is valid between planarN = 4 SYM with SU(N )
gauge group and classical IIB superstring theory on AdS5 � S5. This implies
that a0=L2 and 1=

p
� corrections agree, butgs and �=N 2 corrections disagree.

ˆ Strongest Version: The duality betweenN = 4 SYM with SU(N ) gauge group
and quantum IIB superstring theory on AdS5 � S5 is valid for any value of the
parameters.

3.1 Symmetries

In order for two theories to be dual, matching of symmetries is a necessary condition,
which can be veri�ed with a back of the envelop calculation. In the case of AdS/CFT
correspondence, the isometry group of AdS5, i.e. SO(2; 4), coincides with conformal
group in 1 + 3 dimensions, whereas the isometry group of S5, i.e. SO(6) ' SU(4)
coincides with the R-symmetry group ofN = 4 SYM. Supersymmetry extends the
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bosonic symmetry to the superconformal groupPSU(2; 2j4) on both sides of the
correspondence.

In addition both dual theories have aSL (2; Z) self S-duality symmetry. In the
gauge theory side this is the famous Montonen - Olive duality ofN = 4 SYM [99],
whereas in the gravitational side this is the S-duality of IIB supergravity / superstring
theory [100,101].

3.2 Anomalies

One can calculate the central charges� and c of 1 + 3 dimensional free theories, see
[102]. These values coincide with the central charges at the UV of any asymptotically
free gauge theory, since obviously the theory becomes free in the UV. For a free theory
with NS real scalars,NF Dirac fermions andNV gauge bosons one obtains

c =
1

120
(NS + 6NF + 12NV ) ; (3.11)

� =
1

360
(NS + 11NF + 62NV ) : (3.12)

Since theN = 4 multiplet consists of 6 real scalars, 4 Weyl fermions and a gauge
boson, each multiplet corresponds to� = c = 1=4. Taking into account the dimen-
sionality of the adjoint representation, it follows that the central charges ofN = 4
SYM with SU(N ) gauge group are

� UV = cUV =
N 2 � 1

4
: (3.13)

These values should match with the analogous computation in IIB supergravity on
AdS5 � S5. Indeed, the calculation of the Weyl anomaly [103{105] results in

� = c =
N 2

4
: (3.14)

Besides matching at leading order with (3.13), this relation implies that gravitational
theories on pure AdS backgrounds can be dual to CFTs, whose central charges satisfy
� � c = O(1).

3.3 The State/Operator Map

States of the dual theories must be in 1-1 correspondence. A �eld, which scales asz�

near the AdS boundary, maps to a gauge invariant operator of dimension �. Thus,
the CFT operators are related to the bulk �eld as

O(x) = CO lim
z! 0

z� � � (x; z) ; (3.15)
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whereCO is a normalization factor. In order to verify that the operator has dimension
�, let us study a scalar bulk �eld. Since the �eld is scalar rescaling the coordinates
by � , implies that � (x; z) ! � (�x; �z ), thus,

O(x) ! C O lim
z! 0

z� � � (�x; �z ) = � � CO lim
z! 0

z� � � (�x; z ) = � � O(�x ); (3.16)

which is precisely the scale transformation of an operator of dimension �.
Let us make the above statements more precise. In AdSd+1 the mass of the �eld

is related to its dimension as

m2L2 = � (� � d) ; (3.17)

so there are two possible dimensions for each given mass. These are related to the
boundary conditions of the bulk �eld at z ! 0 as

� (x; z) = z� +
� �� � + (x) + O

�
z2

��
+ z� �

� �� � � (x) + O
�
z2

��
; (3.18)

where
� � =

1
2

h
d �

p
d2 + 4m2L2

i
: (3.19)

The �eld � � � is a non-normalizable term and represent the coupling of external
sources to the gravitational theory, whereas� � + is a normalizable term and is related
to the expectation value of the operatorO. Notice that in AdS m2 may be negative
and still correspond to real dimensions � for a scalar, as long as

m2L2 � �
d2

4
: (3.20)

This is the famous Breitenlohner-Freedman bound [106,107].

3.4 Spectra

For the duality to be valid the spectra of the dual theories must coincide. Even though
N = 4 SYM is conformal, in general the conformal dimensions � of operators receive
quantum corrections. Thus, in general it is not possible to calculate the conformal
dimensions � of an arbitrary operator in the strongly coupling regime.

The states of the CFT consist of the primary operatorsO and their descendants,
which are constructed acting with the generators of the superconformal group. Since
N = 4 SYM has 16 supercharges, there are 216 primary operators. Some of them are
annihilated by a combinations of supercharges. These operators live in so called short
multiplets and are protected by supersymmetry2. Such operators are called chiral

2Actually this is true as long as representation theory prohibits short multiplets from recombining
into long ones.
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primary operators and preserve some amount of supersymmetry by themselves. The
conformal dimension � of chiral primary operators is uniquely determined by the
R-charges. Since the R-charges do not receive quantum corrections, the conformal
dimensions of chiral primary operators is protected by supersymmetry, implying that
it is possible to compare with the AdS/CFT prediction.

For this purpose one has to perform a Kaluza - Klein reduction of the 10� dimensional
�elds. For example, a scalar �eld is decomposed as

� (x; y) =
X

n

X

I n

� I n
(n)(x)Y I n

(n)(y); (3.21)

wherex are coordinates in AdS5 and y are coordinates in S5, while Y I n
(n)(y) are spher-

ical harmonics of S5 and I n an index denoting the representation of the symmetry
group. We remind the reader thatSO(6) has three Dynkin labels.

In the N = 4 SYM there are six families of chiral scalar representations3, which
read

ˆ On = Tr
�
� (I 1 : : : � I n )

�
of dimension � = n, corresponding tom2L2 = n(n � 4),

wheren � 2:

ˆ Q2On+2 = � �� f Q� ; [Q� ; On ]g = � �� Tr
�
� �A � �B � I 1 : : : � I n

�
of dimension � =

n + 3, corresponding tom2L2 = ( n + 3)( n � 1), wheren � 0:

ˆ Q4On+2 = Tr
�
F�� F �� : : : � I n

�
of dimension � = n + 4, corresponding to

m2L2 = n(n + 4), where n � 0:

ˆ Q2 �Q2On+4 = � �� � _� _� Tr
h
� �A 1 � �A 2 � B 1

_� � B 2
_�

� I 1 : : : � I n

i
of dimension � = n + 6,

corresponding tom2L2 = ( n + 2)( n + 6), where n � 0:

ˆ Q4 �Q2On+4 = � �� Tr
�
� �A � �B F�� F �� � I 1 : : : � I n

�
of dimension � = n + 7, corre-

sponding tom2L2 = ( n + 3)( n + 7), where n � 0:

ˆ Q4 �Q4On+4 = � �� Tr
�
F�� F �� F� 0� 0F � 0� 0

� I 1 : : : � I n
�

of dimension � = n + 8, cor-
responding tom2L2 = ( n + 4)( n + 8), where n � 0:

Indeed, Kaluza - Klein reduction results in �elds with appropriatem2 [108].

3.5 Scalar 2-point functions

Let us switch to Euclidean AdSd+1 , i.e. the hyperbolic spaceH d+1 . We de�ne the
object � as

� =
2zz0

z2 + z02 + j~x � ~x0j2
; (3.22)

3We denote the �elds asf � I ; � aA ; �� A
_a ; A � g.
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which will be helpful in the rest of the section. The geodesic distance between the
points x = ( ~x; z) and x0 = ( ~x0; z0) is

d(x; x0) = ln

 
1 +

p
1 � � 2

�

!

= arccosh
�
� � 1

�
: (3.23)

Let us de�ne the bulk to boundary propagator for the scalar �eld:

K B; � (~x; z; ~x0) = C�

�
z

z2 + j~x � ~x0j2

� �

; C� =
� (�)

� d=2�
�
� � d

2

� : (3.24)

Then, the bulk �eld that corresponds to the source�� � � reads

� � (~x; z) =
Z

d~x0K B; � + (~x; z; ~x0) �� � � (~x0) (3.25)

Notice that for z ! 0 the bulk to boundary propagator tends to a delta function, as

K B; � ! zd� � � (d) (~x � ~x0) : (3.26)

Thus, (3.25) is compatible with (3.18). The next to leading term of the expansion
around z = 0 implies

�� � + = C� +

Z
d~x0

�� � � (~x0)

j~x � ~x0j2� +
: (3.27)

Let us calculate the on-shell action

I =
1
2

Z
dd+1 x

p
g

�
@� �@� � + m2� 2

�
=

1
2

Z
dd+1 xz1� d

�
(@z� )2 + r � � r � +

m2

z2
� 2

�
:

(3.28)
It would be convenient de�ne the �eld �

� (~x; z) = z� � � (~x; z): (3.29)

It terms of the latter the action reads

I =
1
2

Z
dd+1 xzd+1 � 2� +

�
(@z� )2 + r � � r �

�
; (3.30)

which converges for 1 +d=2 > � + . If � + � 1 + d=2 one needs to subtract the
boundary divergences in a more complicated way. Integrating by parts we obtain

I = �
1
2

lim
z! 0

zd+1 � 2� +

Z
dd~x�@z�: (3.31)

The expansion of� near the boundaryz = 0 implies that � can be replaced by�� � �

and @z� by (2� + � d) z2� + � d� 1 �� � + so that

I = �
�

� + �
d
2

�
� (� + )

� d=2�
�
� + � d

2

�
Z

d~x
Z

d~x0
�� � � (~x) �� � � (~x0)

j~x � ~x0j2� +
: (3.32)
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We postulate that the on-shell gravitational action coincides with the action of
�eld theory and that �� � � is the source that corresponds to the dual operatorO.
Then, the generating functional of the correlators of single trace operatorsO� + on
the gauge theory side reads

exp
�
� �

� �� � �

��
= exp

�
�

Z
d~x �� � � O� +

�
(3.33)

This implies that the expectation value of the operatorO� + is



O� + (x)

�
= �

�
� �� � � (x)

exp
� Z

dx �� � � O� +

�
= (2� + � d) �� � + (x); (3.34)

while the 2-point function reads



O� + (x)O� + (x0)

�
= �

(2� + � d)C� +

j~x � ~x0j2� +
: (3.35)

As promised equation (3.34) relates�� � + to the expectation value of the dual oper-
ator O� + . Similarly equation (3.35) has the structure of a CFT 2-point function of
operators of dimension �+ .

Actually, one can do a little better and prove that (3.34) is true in not only at
linear order at source, but at full non-linear order [109]. For this purpose we need
the bulk to bulk propagator [110], which reads

G� (x; x0) = G� (� ) =
C�

2� � d

�
�
2

� �

F
�

�
2

;
� + 1

2
; � �

d
2

+ 1; � 2

�
; (3.36)

implying that as the source, which is located atx0, reaches the boundary of AdS the
propagator behaves as

G� (x; x0) !
z0�

2� � d
K B; � : (3.37)

Assuming a correlation function of the bulk �eld with n external sources, then as the
bulk �eld approaches the boundary we will obtain

z� + �� � + (x) =
z� +

2� + � d



O� + (x)

�
: (3.38)

What about the operator O� � ? Well, it is evident that the role of �� � + and �� � �

is interchanged. At the level of the generating function this amounts to a Legendre
transform, which interchanges the role of the source and the corresponding operator.

The construction can be generalized to other �elds and of course the result can
be compared to �eld theory calculations, when a strong coupling extrapolation is
possible, see [32]. A more systematic method of calculation involves holographic
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renormalization [103, 111, 112]. That is, de�ning rigorously the graviational varia-
tional problem at z = � by introducing a Gibbons - Hawking - York term [113,114]
and subsequently introducing appropriate counterterms that cancel all the divergent
terms in the � ! 0 limit.

3.6 Finite Temperature

The discussion regarded gravity on a pure AdS geometry. This geometry corresponds
to the vacuum state of the dual CFT. The insertion of CFT operators back-reacts to
the AdS geometry. In a remarkable paper [115] derived the prescription that should
be followed in order to introduce �nite temperate in AdS/CFT.

Field theory on �nite temperature is periodic in Euclidean time, i.e. � � � + �;
where� = 1=T. This is the famous KMS periodicity [116,117]. In the gravitational
side the periodicity of Euclidean time is introduced in order to smooth out conical
singularities of the near horizon geometry of black holes. Let us consider the AdS-
Schwarzschild black hole

ds2 = �
�

r 2

L2
+ 1 �

wdM
r d� 2

�
dt2 +

1
r 2

L 2 + 1 � wd M
r d� 2

dr2 + r 2d
 2
d� 1; (3.39)

where
wd =

16�G d+1

(d � 1)
 d� 1
; (3.40)

where 
 d� 1 is the volume of the unit sphere ind � 1 dimensions. The outer horizon
r+ of the black hole is the largest root of the equation

r 2

L2
+ 1 �

wdM
r d� 2

= 0: (3.41)

It is trivial to show that dr+ =dM > 0. De�ning r = r+ + �r the near horizon
geometry of the Euclidean black hole is

ds2 =
�

d � 2 + d
r 2

+

L2

�
�r
r+

d� 2 +
1

�
d � 2 + d

r 2
+

L 2

�
�r
r +

(d�r )2 + r 2
+ d
 2

d� 1: (3.42)

de�ning ~r = 2
p

r+ �r and ~� = 1
2

�
d� 2
r +

+ dr +

L 2

�
imposing that ~� is 2� -periodic implies

that the temperature of the black hole is

T =
1

4�

�
d � 2

r+
+ d

r+

L2

�
: (3.43)

Its minimal value equals

Tmin =
d

2�
r+

L
; r+ = L

r
d � 2

d
: (3.44)
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The topology of the boundary of the metric (3.39) isS � Sd� 1. In order to obtain
a boundary with topology isS � Rd� 1 we perform the rescaling

r =
�

wdM
Ld� 2

� 1=d

�; � =
�

wdL
Rd� 2

� � 1=d

tE ; dxi =
�

wdM
Ld� 2

� � 1=d

d
 i : (3.45)

In the limit M ! 1 the metric becomes

ds2 =
� 2

L2

�
1 �

Ld

� d

�
dt2

E +
1

� 2

L 2

�
1 � L d

� d

� d� 2 + � 2
d� 1X

i =1

dx2
i ; (3.46)

which has the desired boundary topology. The temperature corresponding to this
metric is

T =
d

4�L
: (3.47)

In order to derive the temperature of the boundary we use

ds2
� !1 = � 2

 
dt2

E

L2
+

d� 1X

i =1

dx2
i

!

; (3.48)

which implies that N = 4 SYM is at temperature T = d
4� . With the change of

variables
� =

z0

z
L; t E =

L
z0

~tE ; x i =
1
z0

yi ; (3.49)

we obtain the planar AdS black hole metric

ds2 =
L2

z2

�
f (z)d~t2

E + jd~yj2 +
dz2

f (z)

�
; f (z) = 1 �

zd

zd
0
: (3.50)

3.6.1 The Hawking-Page Phase Transition

In order to gain intuition about the strongly coupled CFT at �nite temperature, le
us study the thermodynamics of AdS-Schwarzschild black hole. As we have shown
M (r+ ) is an increasing function. As there is a minimum temperature, implying
that T(r+ ) is decreasing, reaching its minimum value and increasing,C = @M=@T
can be either positive or negative. Thus, contrary to 
at space in AdS there are
thermodynamically stable black holes. Solving (3.43) forr+ we obtain

r+

L
=

2�
d

"

TL �

r

(TL)2 �
d(d � 2)

4� 2

#

: (3.51)

Solution with the + sign are called large black holes, whereas solutions with the
� sign are called small black holes. It turns out that small black holes are always
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unstable, since the corresponding on-shell action is larger for the small black holes.
Nevertheless, there is a remaining question. Is there any stable geometry, whenever
the large black holes unstable? Such a geometry is the so called thermal AdS, namelly
Euclidean AdS in global coordinates with periodic time, i.e.

ds2 = f (r )d� 2 +
1

f (r )
dr2 + r 2d
 d� 1; f (r ) = 1 +

r 2

L2
; � � � + �: (3.52)

Since AdS is maximally symmetric space, the Ricci scalar is given byR = � d(d+1)
2L 2

and the on-shell action reads

I =
d

8�G d+1

Z
dxd+1 p

g (3.53)

The volume of the both the AdS-Schwarzschild and the thermal AdS, whose metrics
are given by (3.39) and (3.53) respectively, are divergent. Thus, introducing a radial
cuto� R, the volumes read

V1 =
Z � 0

0
dt

Z R

0
dr

Z

Sd� 1
d
 r d� 1 (3.54)

V2 =
Z � 0

0
dt

Z R

r +

dr
Z

Sd� 1
d
 r d� 1; (3.55)

whereV1 is the volume of thermal AdS, thus radial integration reaches the center of
AdS, and V2 is the volume of AdS-Schwarzschild, thus the radial integration stops
at the horizon of the black hole. In order to make both spaces to have the same
geometry on the hyperspacer = R we should pick

� 0 = � 0

s

1 �
�

r 2
+ + L2

R2 + L2

�
r d� 2

+

Rd� 2
(3.56)

where according to (3.43)� 0 is given by

� 0 =
4�L 2r+

dr2
+ + ( d � 2)L2

: (3.57)

Thus, the action di�erence reads

I =
d

8�G d+1
lim

R!1
[V2 � V1] =

1
4Gd+1

L2r d� 1
+

dr2
+ + ( d � 2)L2

�
L2 � r 2

+

�
(3.58)

This formula provides the generalization of the Hawking-Page phase transition [118]
for any number of dimensions. Ifr+ > L AdS-Schwarzschild is the dominant saddle of
the path integral, whereas isr+ < L the dominant saddle is thermal AdS. The seminal
result of Witten is that on the �eld theory side this the con�nement - decon�nement
phase transition [115]. It is straightforward to show that the Hawking-Page phase
transition occurs at temperature

THP =
d � 1
2�L

: (3.59)
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4 Entanglement in Quantum Mechanics

This section serves as a very short introduction to Quantum Information. The pre-
sentation is far from being exhaustive. There are numerous resources on the subject.
These include books [119{121], reviews [122] and lectures notes, as the ones by
Preskill [123] and Witten [124]. We will discuss general properties of quantum sys-
tems and various measures relevant to this dissertation, which are used to quantify
the behaviour of such systems .

Let A be a subsystem of the overall system andAc its complement, i.e. all
other degrees of freedom that do not belong to subsystemA. Assume that the
corresponding overall Hilbert spaceH factorizes asH = H A 
 H A c . Suppose that
both subsystems are described by some statesj	 A i and j	 A c i . Then, the overall
system is described by the state

j	 i = j	 A i 
 j 	 A c i : (4.1)

Such states are calledseparable. Whenever the overall system lies in a separable state,
the outcomes of measurements on its subsystems are independent / uncorrelated. In
the general case, the state of the overall system is a sum of separable states

j	 i =
X

i

X

j

cij jni i 
 j mj i ; (4.2)

where jni i and jmj i are bases inH A and H A c , respectively. States which can not
be factorized as (4.1) are calledentangled. Of course, the overall system may lie in
a mixed state, being described by a density matrix� [125]. If the overall density
matrix is a sum of the form

� =
X

k

pk � A;k 
 � A c ;k ;
X

k

pk = 1; (4.3)

where � A;k and � A c ;k are density matrices of the subsystemsA and Ac, respectively,
then the system lies in aseparable mixed state[126]. Otherwise, it lies in anentangled
mixed stated.

Specifying whether a system is separable or not, is a very important problem in
quantum information theory. The identi�cation of e�cient separability criteria is an
active area of research. When the overall system lies in a pure state, implementing
Schmidt decomposition, the state can be expressed as

j	 i =
nX

i =1

ci jni i 
 j mi i ;
nX

i =1

jci j2 = 1; n = min( dimH A ; dimH A c ); (4.4)

where jni i and jmi i are suitable bases. Clearly, a state is separable if and only if
only one of the Schmidt coe�cientsci is non-vanishing. For multipartite systems at
pure state the corresponding separability criterion is presented in [127].
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In the case of systems at mixed state, the problem is much more di�cult4. Gen-
erally, there exist necessary and su�cient criteria, which are di�cult to implement
in practice, or criteria which are easy to implement, yet they are only necesary. For
low-dimensional cases (2� 2 or 2� 3) one can employ the Peres-Horodecki or PPT
criterion [130{132], which is necessary and su�cient. Unfortunately, this criterion
ceases being su�cient in higher-dimensional cases. In general, one has to employ a
so-calledentanglement witness. Entanglement witnesses are functionals of the den-
sity matrix which distinguish entangled from separable ones. It is interesting that
when this functional is linear, it can we interpreted as an observable [133]. For a
review on the subject see [134].

In a more formal basis, a measure of entanglement should satisfy the following
postulates [135{137] :

ˆ A bipartite entanglement measureE(� ) maps the density matrix to a positive
real number.

ˆ The entanglement measureE(� ) vanishes if the density matrix is separable.

ˆ The entanglement measureE(� ) does not increase under LOCC (Local Oper-
ations - Classical Communication).

ˆ The entanglement measureE(� ) reduces to entanglement entropy for pure
states.

Let us consider a system, which is described by a density matrix� . The reduced
density matrix, which corresponds to a subsystemA is de�ned by tracing over the
degrees of freedom that do not belong toA, i.e.

� A = Tr
A c

[� ] : (4.5)

Physically, the reduced density matrix describes the degrees of freedom of the sub-
system A when we ignore all the degrees of freedom that do not belong to this
subsystem. That said, the outcome of measurements concerning the subsystemA
are determined exclusively by� A . Nevertheless, there is a catch in the last statement,
since the time evolution of� A depends on the overall system in a complicated way.

Entanglement entropyis the Von Neumann entropy of the reduced density matrix,
i.e.

SA = � Tr [ � A ln � A ] : (4.6)

Notice that entanglement entropy is a measure of quantum entanglement only when
the overall system lies in a pure state. In this case it also follows that

SA = SA c : (4.7)
4In the bipartite case the problem is NP hard [128,129].
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Conditional entropy is de�ned as

SAjB = SA[ B � SB : (4.8)

Unlike classical conditional entropy, quantum conditional entropy can be negative
[138,139].

The mutual information is de�ned as

I (A : B) = SA + SB � SA[ B : (4.9)

It is a measure of both classical and quantum correlations. An important property
of entanglement entropy is that it obeys the following inequality

I (A : B) � 0: (4.10)

This property is calledsubadditivity. Interestingly, enough the entanglement entropy
of A [ B obeys the so called, Araki-Lieb inequality [140]

jSA � SB j � SA[ B � SA + SB : (4.11)

Additionally, entanglement entropy obeys strong subadditivity [141], which is the
following inequality

SA[ B [ C + SB � SA[ B + SB [ C ; (4.12)

or, in terms of mutual information

I (A : B) � I (A : B [ C): (4.13)

Negativity is de�ned as the opposite of the sum of the negative eigenvalues of the
partially transposed density matrix � TA [142]. Denoting the eigenvalues of� TA as � i ,
then the negativity N is equal to

N =
X

i

1
2

(j� i j � � i ): (4.14)

Although a non-vanishing negativity implies the presence of quantum entanglement,
the opposite does not hold, when the subsystems have su�ciently high-dimensional
Hilbert spaces.

Another interesting measure isrelative entropy [143], which is a measure of dis-
tinguishability of two quantum states. The relative entropy of the density matrix�
with respect to � is de�ned as

S� jj � = Tr [ � ln � ] � Tr [ � ln � ] : (4.15)
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It is customary to useR�enyi entropies in order to calculate entanglement entropy,
which are de�ned as

Sn =
1

1 � n
ln Tr [ � n ] : (4.16)

Assuming that Sn is analytic function of n, one can analytically continuaten to real
numbers and obtain entanglement entropy as

S = lim
n! 1

Sn = � Tr [ � A ln � A ] : (4.17)

As we will see, this approach is e�cient in the case of �eld theory, since it is di�cult
to calculate directly the eigenvalues of the reduced density matrix.

In the following we will also refer, to themodular Hamiltonian H [144] which is
de�ned as

� = e� H : (4.18)

As we will explain modular Hamiltonian is very important ingredient for the equiv-
alence of the �rst law of entanglement thermodynamics to the linearized Einstein
equations.

Up to this point sometimes we assumed that the we have access to the overall
system and we were studying its subsystem. There is a very interesting questions,
which is related to the converse process. Given a reduced density matrix� A , which
is state of the overall system that could correspond to� A . This process goes by
the name puri�cation . One has to keep in mind that there is in�nite number of
puri�cations. A typical example is a system in a thermal state

� A =
1
Z

X

i

e� �E i jE i ihE i j: (4.19)

This reduced density matrix can be obtain by theThermo�eld Double state:

j	 i =
1
Z

X

i

e� �E i jE i i 
 j E i i ; (4.20)

which is constructed by simple considering two copies of the same system.

5 Entanglement in Field Theory

Regarding Entanglement, the transition from Quantum Mechanics to Quantum Field
Theory is also highly non-trivial. In QFT the subsystems correspond to a particular
spatial region. The boundary of each region is called the entangling surface (or curve
in the case of 2 spatial dimensions). So far the discussion about entanglementwas
built around the fact that the overall Hilbert space can factorize asH = H A 
 H A c .
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That is, one can assign a Hilbert space to each of the subsystems, but these Hilbert
spaces have to be orthogonal to each other. In interacting �eld theory this is not
necessarily the case. Consider for example a gauge theory. Since the Gauss law
holds for arbitrary regions, there is no way separate the Hilbert space of the overall
system to Hilbert spaces of the subsystems, since there are no independent states of
the subsystems. In such cases, one has to work with the algebra of observables, see
for example [145,146].

We restrict ourselves to free Field Theories, where things are much more under
control. One pretty obvious question is whether there is anything interesting in
free QFT. Well, QFT is free in momentum space, meaning that modes of the �elds,
which correspond to di�erent momenta, do not interact. This statement under no
circumstances means that position space 2-point functions vanish identically. As
the reduced density matrix corresponding to systemA is de�ned by tracing out the
region, which corresponds to systemAc, this process is non-trivial due to the non-
vanishing 2-point functions. In fact, even the entanglement of the vacuum state of
free QFT is a very interesting quantity, while its calculation is a formidable task.

It is unclear how the distinction between free and interacting QFT is visible in
terms of entanglement. Thus, the study of free QFTs, which is much simpler than
the study of interacting QFTs, may shed light on features which are common to all
QFTs. In d+1 dimensions the entanglement entropy of any local QFT should have
an expansion of the form

S(V) = gd� 1[@V] � � (d� 1) + ::: + g1[@V] � � 1 + g0[@V] log(� ) + S0(V) ; (5.1)

where S0(V) is a �nite part, � is a cuto�, and the gi are local functions of the
boundary @V, which are homogeneous of degreei . The coe�cient of the leading
divergence, i.e.gd� 1[@V] is proportional to the area of the entangling surface. The
area law is a consequence of locality and the fact that entanglement is dominated by
adjacent degrees of freedom, which are separated by the entangling surface.

In a nutshell, there are two approaches in dealing with entanglement in QFT. In
the �rst one, one works directly with the continuous theory [46, 79, 147], using the
so called replica trick [43,44], whereas in the second approach, which is used in Part
2, one approximates the continous theory with a lattice system [82,148,149]. In the
rest of the section, we will discuss scalar �eld theory, mainly following [46].

5.1 Continuous Methods

In this approach the fundamental object is the wave-functional. Let us consider
a scalar �eld �̂ (t; ~x), and work in the basis formed by the eigenstates of this �eld
operator at time t = 0, i.e. �̂ (0; ~x) j� i = � (~x) j� i , where � is any well-behaved real
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function on the space. The vacuum wave-functional reads

�( � ) = h0j� i = N � 1=2
Z � (0;~x)= � (~x)

� (�1 ;~x)=0
D� e � SE (� ) ; (5.2)

whereSE (� ) is the Euclidean action andN � 1=2 is a normalization factor. In this basis
the vacuum density matrix is by de�nition � (�; � 0) = �( � )� �( � 0) = h� j0i h0j� 0i . The
path integral is performed in the Euclidean theory on the lower half-space. In order
to trace out the degrees of freedom inV c, which is the complement ofV , one considers
functions � = � � � V and � 0 = � � � 0

V that coincide on V c, and integrate over all
possible functions� . Thus, the wave-functional (5.2) suggests that the construction
of the reduced density matrix amounts to taking two copies of the half space, glue
them on V c, and integrate over all possible �eld con�gurations subject to these
boundary conditions [43,44],

� V (� V ; � 0
V ) =

Z
D� �( � � � V )� �( � � � 0

V ) = N � 1
Z � (0+ ;~x)= � V (~x); x2 V

� (0� ;~x)= � 0
V (~x); x2 V

D� e � SE (� ) :

(5.3)
It is evident that the reduced density matrix is a function of the boundary conditions
of the path integral on both sides of the cut.

The calculation of the traces Tr [� n
V ], which is needed in order to specify the R�enyi

entropies, is performed using the so called replica trick. One takesn copies of the
Euclidean plane cut alongV, and sews them together the upper side of the cut in
the k-th copy with the lower one of the (k + 1)-th copy, for k = 1; :::; n, where the
(n +1)-th copy coincides with the �rst one [43{45]. At the end of the day, one has to
perform the functional integration on an-sheetedd+ 1 dimensional Euclidean space
where conical singularities of angle 2�n have been introduced at the boundary@V.
Thus, Tr [ � n

V ] and consequently the R�enyi entropies read

tr � n
V =

Z(n)
Z (1)n

; (5.4)

Sn (V) =
logZ(n) � n logZ(1)

1 � n
; (5.5)

where Z(n) is the functional integral on the n-sheeted manifold andZ(1) is the
normalization factor, introduced so that Tr [� V ] = 1. As already mentioned, the
entanglement entropy is obtained by the analytic continuation ofn and the limit
n ! 1, see (4.17).

Calculating Z(n) explicitly is a very di�cult task since the manifold resulting
from the replica trick is highly non-trivial. In the case of free �elds, the situation
is simpler, since one can map then-sheeted calculation to a calculation involvingn

55



multivalued decoupled free �elds [150]. Let us introduce a vector �eld~�, which is
de�ned on a single-sheetedd+ 1 dimensional space, whose components are the �elds
in the di�erent copies, i.e.

~� =

0

B
@

� 1(x)
...

� n (x)

1

C
A ; (5.6)

where � k is the �eld on the k-th copy. This trick maps the singularities at @Vto
the fact that ~� is multivalued. Nevertheless, this is not a problem, since crossingV
from above or from below, implies that �eld is multiplied by a permutation matrix
T or T � 1 respectively, where

T =

0

B
B
B
B
B
@

0 1
0 1

.. . . . .
0 1

1 0

1

C
C
C
C
C
A

: (5.7)

The eigenvalues of this matrix are then-th roots of unity, namely ei k
n 2� , where

k = 0 ; :::; (n � 1). Using a unitary transformation, we switch to the basis where
T is diagonal. This way the problem is reduced ton �elds ~� k living on a single
d + 1 dimensional space. Since the theory is free, the theory in this basis is also
free, implying that the complexity of the computation is reduced. One should keep
in mind that the �elds ~� k are complex, which is not a problem. Since a complex
�eld is equivalent to two real �elds, one needs to simply divide the �nal result by a
factor of two. The �elds ~� k , which diagonalizeT, are de�ned on the Euclideand+ 1
dimensional space and since they are multivalued one needs to impose the boundary
conditions

~� k(0+ ; ~x) = ei 2�k
n ~� k(0� ; ~x) ~x 2 V : (5.8)

Thus, one obtains

Sn (V) =
1

1 � n

n� 1X

k=0

logZ [ei 2�k=n ]; (5.9)

where Z [ei 2�a ] is the partition function of a scalar �eld, which gets a phaseei 2�a

when x crossesV, divided by Z(1). Notice that the partition function is further
constraint, by the fact that the �elds have a speci�c asymptotic behaviour in near
the singularity, so that the action is �nite.

So far we have seen that the calculation of entanglement entropy at the ground
state of free scalar �eld theory boils down to the calculation of a partition function. In
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the case of quadratic actions, such calculations can be performed using the heat kernel
method. The free energy of a scalar �eld is expressed as a functional determinant as

W = � log(Z ) =
1
2

log det(m2 � r 2) =
1
2

tr log(m2 � r 2) : (5.10)

The heat kernel is de�ned asK (x; y; t) = hxj et r 2
jyi , and its trace reads

� (t) = tr et r 2
=

Z
dx K (x; x; t ) : (5.11)

Thus, the free energyW can be expressed in terms of the function� as

W = �
1
2

Z 1

�
dt e� m2 t 1

t
� (t) ; (5.12)

where � is a cuto�. This way the free energy is related to a function of the trace of
an operator, which satis�es the heat equation

@K
@t

= r 2K ; K (x; y; 0) = � (x � y): (5.13)

In order to obtain calculate the divergent terms of entanglement entropy the smallt
expansion is needed. The advantage of the heat kernel approach, is that it is possible
to obtain a systematic expansion of the form (see [151] for a review )

� (t) =
X

k� 0

t (k� D )=2ak ; (5.14)

where D = d + 1 is the manifold dimension. In general, the coe�cientsak are
integrals of local quantities depending on the di�erent tensors.

Nevertheless, the application of the heat kernel method in practice is di�cult
for two reasons. Firstly, the smallt expansion is divergent, and the �nite part of
entanglement entropy is an in�nite sum. This �nite part is related to the coe�cients
ak with k � d+ 1. The term k = d+ 1 gives a logarithmically divergent contribution
to the entanglement entropy. This term is universal, i.e. scheme independent, and is
proportional to the central charge of the theory.

Secondly, the manifold has conical singularities along its boundary@V, thus the
standard expansions are inapplicable. One can tackle this problem in the limit of
small de�cit angle, provided smooth part of the boundary@Vhas vanishing extrin-
sic curvature [152{156]. This kind of calculations can be used in order to obtain
logarithmic corrections to the entropy of black holes. In the case of 4 dimensions,
the contribution of extrinsic curvature was obtained in [157] and was used to calcu-
late the universal logarithmic terms of entanglement entropy of CFT on 
at space

57



that correspond to smooth@V. Nevertheless, the contributions from a non smooth
entangling surface become intractable with the heat kernel method.

An alternative approach to calculate the partition function, involves obtaining
the associated Green functionG = ( �r 2 + m2)� 1 on the manifold. Given the Green
function G, Z can be calculated via the identity

d
dm2

logZ = �
1
2

tr G: (5.15)

Notice that there is no general method for the calculation of the Green functionG
for manifolds with a co-dimension one cut on a �nite region, which implies that one
has to deal with this problem on a case by case basis, see [158].

The case of 1+1 dimensions is special, since more techniques are available [79,
159]. For example, the bosonization can be used to evaluateZ(n) of the Dirac
�eld. The fermionic current can be expressed in terms of a dual scalar �eld� as
j �

k ! 1p
� � �� @� � . One ends up with a dual scalar theory, which is described by

the Sine-Gordon equation, andZ(n) is expressed as a sum of correlators of local
operators [150]. Actually, this is a particular case of generela fact, which is that
Z (n) is related to correlator of twist operators [160]. The twist �elds are non local
functions of the ordinary �elds, which e�ectively impose the boundary conditions.

5.2 Discreet Methods

In this approach one works with a lattice model, which corresponds to a QFT at the
continuum limit. Keeping the time coordinate real, one constructs the reduced den-
sity matrix of the theory, which corresponds to the state of the theory. Historically,
the �rst calculations of entanglement entropy have been performed this way [42,81].
This approach is well suited for numerical calculations and even though it is not
exploited as extensively as the continuum methods, it advantageous in certain ways.
The greatest advantage is that one obtains the spectrum of the reduced density ma-
trix, thus has direct access to much more information. In the continuum approach,
one obtains all R�enyi entropies, which in principle is equivalent to the spectrum of the
reduced density matrix, nevertheless in practise its is extremely di�cult to actually
calculate it. Moreover, one can work with multipartite systems, which is extremely
di�cult, if not impossible, to be done in the continuum approach. Its easier to study
interactions, at least in perturbation theory [161, 162], see also [163]. One can also
study more general states than the vacuum, see [164{166]. In Part 2 we generalize
the approach of [42], to the case of massive �eld and develop a perturbative expan-
sion, which can be used for analytic calculations5. Then, we study go on to include

5Even though this work is not included in the thesis, in 1+1 dimensions it can be shown that in
the continuum limit of the massless case one recovers the results of [43].
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�nite temperature.
Here we will �rst present the straightforward approach of [42, 81] and then we

will discuss the approach of Peschel [167], which is based on correlation functions.

5.2.1 Entanglement Entropy of Coupled Oscillators in Terms of Wave-
functions

Assume a system ofN coupled harmonic oscillators described by the quadratic Hamil-
tonian

H =
1
2

NX

i =1

p2
i +

1
2

NX

i;j =1

x i K ij x j ; (5.16)

where the matrix K is symmetric and has positive eigenvalues, as required for the
vacuum stability. SinceK has been positively de�ned, its square root 
 :=

p
K can

be appropriately de�ned, so that it also has positive eigenvalues.
In the following, without loss of generality, the subsystemA is considered to

comprise ofN � n oscillators, those described by coordinatesx i with i > n . It
follows that its complementary subsystemAC comprises of then oscillators described
by coordinatesx i with i � n. We may write the matrix 
 in block form as


 =
�

A B
B T C

�
; (5.17)

whereA is an n � n, C is an (N � n) � (N � n) and B is an n � (N � n) matrix.
We de�ne the (N � n) � (N � n) matrices � and 
 as,

� :=
1
2

B T A � 1B; (5.18)


 := C �
1
2

B T A � 1B = C � �: (5.19)

Let � i , where i = n + 1; : : : ; N , be the eigenvalues of the matrix
 � 1� . Then, the
spectrum of the reduced density matrix� A is given by

pnn +1 ;:::;n N =
NY

i = n+1

(1 � � i ) � n i
i ; ni 2 Z; (5.20)

where

� i =
� i

1 +
p

1 � � 2
i

: (5.21)

It follows that the entanglement entropy is given by

SEE (N; n) =
NX

j = n+1

�
� ln (1 � � j ) �

� j

1 � � j
ln � j

�
: (5.22)
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5.2.2 Entanglement Entropy of Coupled Oscillators in Terms of Corre-
lation Functions

In this section, we present an alternative method based on correlation functions,
which gives equivalent results. By de�nition, the reduced density matrix� V corre-
sponding to the regionV, is the operator acting on the local algebra of operators in
V, which have the same expectation values as the vacuum state of the overall system,

hOV i = tr( � V OV ) ; (5.23)

for any operator OV , which is localized inside aV. According to the Wightman
theorem [168, 169], which states that a QFT can be de�ned in terms of correlation
functions, this equation implies that knowing all the correlation functionV su�ces
for the calculation of reduced density matrix� V . In the case of free QFT this implies
that this boils down to 2-point functions, a result of the Wick's theorem. This
approaches was introduced by Peschel [167].

Let us introduce local Hermitian variablesx i and pj , which obey the canonical
commutation relations

[x i ; pj ] = i� ij ; [x i ; x j ] = [ pi ; pj ] = 0 : (5.24)

The 2-point function in V are de�ned as

hx i x j i = X ij ; hpi pj i = Pij ; (5.25)

hx i pj i = hpj x i i
� =

i
2

� ij : (5.26)

One can generalize the last equation so thathx i pj i + hpj x i i 6= 0, but since we are deal-
ing with the vacuum state his is not be necessary. The equations in (5.25) imply the
matricesX and P are symmetric and positive. Sinceh(� l + i� lk pk)( � m � i� �

msps)i �
0 for arbitrary constants � lk , one obtains

XP �
1
4

; (5.27)

in the sense that the eigenvalues ofXP are greater than 1=4.
Let us introduce creation and annihilation operatorsal , ay

l , such that [ai ; ay
j ] = � ij ,

which are linear combinations of thex i and pj as

x i = � �
ij ay

j + � ij aj ; (5.28)

pi = � i� �
ij ay

j + i� ij aj : (5.29)

Imposing the canonical commutation relations implies that

� � � T + �� y = � 1; �� y =
�
�� y

� T
; �� y =

�
�� y

� T
: (5.30)
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We solve the last two equations by� = � RU and � = � RV, where � R and � R are
real matrices andU and V are unitary matrices. Substituting in the �rst equation
results in U = V and � R � T

R + � R � T
R = � 1, which implies that � R = � 1

2

�
� T

R

� � 1
. The

unitary matrix U can be absorbed by a rede�nition of the operatorsai . Thus, we
may selectU = I and �; � real.

We use the following ansatz for the reduced density matrix [167]

� V = Ke �H = K e � � � l a
y
l al ; (5.31)

whereK = � l (1 � e� � l ) is the normalization factor, so that Tr [� V ] = 1. Using this
ansatz for � V we postulate Tr [� V x i x j ] = X ij and Tr [� V � i � j ] = Pij . This implies

� (2n + I ) � T = X; (5.32)

� (2n + I ) � T = P; (5.33)

where n is the diagonal matrix, whose elements are the expectation values of the
occupation number

nij =
D

ay
i aj

E
= ( e� i � 1)� 1� ij : (5.34)

Therefore, it is straightforward to obtain

�
�

n +
1
2

I
� 2

� � 1 = XP: (5.35)

This equation enables us to obtain the spectrum of the reduced density matrix� V

in terms of the spectrum ofXP as

1
2

coth
� � k

2

�
= � k ; (5.36)

where� k are the eigenvalues ofC =
p

XP .
One may invert equations relations (5.28) and (5.29) and replace in (5.31) in

order to express the reduced density matrix as

� V = K e �
P

V (M ij x i x j + N ij pi pj ) ; (5.37)

where

M =
1
4

� � 1 T �� � 1 = P
1

2C
log

�
C+ 1

2

C � 1
2

�
; (5.38)

N = ��� T =
1

2C
log

�
C+ 1

2

C � 1
2

�
X ; (5.39)
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where� is the diagonal matrix with elements� k . The entanglement entropy is given
by

S =
X

l

�
� log(1 � e� � l ) +

� l e� � l

1 � e� � l

�

= Tr [( C+ 1=2) log(C+ 1=2) � (C � 1=2) log(C � 1=2)] ;

(5.40)

which is positive thanks toC > 1=2, see equation (5.27).
For a Hamiltonian of the form (5.16), the vacuum correlation functions are given

by

X ij = hx i x j i =
1
2

(
 � 1) ij ; (5.41)

Pij = hpi pj i =
1
2

(
) ij ; (5.42)

whereK = 
 2. Notice that the matrix P is a block of inverse of the matrix 
, which
is de�ned in the overall system, and not inverse of the blockX .

5.2.3 The Equivalence of the 2 Approaches

The formalisms of sections 5.2.1 and 5.2.2 are equivalent for Gaussian states, i.e.
states which give rise to correlation functions that are expressed in terms of 2-point
functions. Naively, the �rst approach, involves matrix elements of both the system
and its complement, whereas in the second approach it is manifest that the calcula-
tion is restricted in the system under study. Whenever the correlation functions are
known, is more e�cient to follow this approach. Nevertheless the obtaining analytic
expressions for 
 and 
 � 1 is a formidable task. The perturbative approach of Part
2 deals with this problem.

Similarly to (5.17) we de�ne the blocks of the inverse matrix


 � 1 =
�

A0 B 0

D 0 C0

�
: (5.43)

As 

 � 1 = I the blocks of these matrices obey the following relations

AA 0+ BD 0 = 1 (5.44)

AB 0+ BC 0 = 0 (5.45)

B T A0+ CD0 = 0 (5.46)

B T B 0+ CC0 = 1 (5.47)

The �rst equation implies that

A � 1 = A0(I � BD 0)� 1; (5.48)
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while the third one
D 0 = � C � 1B T A0: (5.49)

Similarly, one obtains

C � 1 = C0(I � B T B 0)� 1; (5.50)

B 0 = � A � 1BC 0: (5.51)

Implementing the Neumann series, the inverse of the blocksA and C is

A � 1 = A0
1X

k=0

(� 1)k
�
BC � 1B T A0

� k
; (5.52)

C � 1 = C0
1X

k=0

(� 1)k
�
B T A � 1BC 0

� k
; (5.53)

thus, the matrix � , de�ned in (5.18), is given by

� =
1
2

B T A0B
�
I + C � 1B T A0B

� � 1
= �

1
2

CD0B (I � D 0B)� 1 ; (5.54)

where we used (5.49) in the second step. Since
 � 1� = ( I � C � 1� )� 1 � I we conclude


 � 1� = �
D 0B

2I � D 0B
: (5.55)

Using C0C + D 0B = I , which follows from 
 � 1
 = I , one obtains a more symmetric
form of this equation, namely


 � 1� =
C0C � I
C0C + I

: (5.56)

Thus, the eigenvalues� i of 
 � 1� satisfy the relation

� i =
4� 2

i � 1
4� 2

i + 1
; (5.57)

where� i are the eigenvalues ofC. This implies that � i , which is de�ned in (5.21), is
given by

� i =
2� i � 1
2� i + 1

: (5.58)

Finally it is straightforward to show that equation (5.22) assumes the form

SEE (N; n) =
NX

j = n+1

��
� i +

1
2

�
ln

�
� i +

1
2

�
�

�
� i �

1
2

�
ln

�
� i �

1
2

��
; (5.59)

which is equation (5.40).
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5.3 Vacuum density matrix for a half space

Using the path integral formalism of section 5.1 we will derive the density matrix
of half-space in the ground state of any Lorentz invariant QFT. Starting from the
expression (5.3), and denoting the regionx1 > 0 by V, we have

� V (� V ; � 0
V ) =

1
Z

Z � (0+ )= � V (~x)

� (0� )= � 0
V (~x)

D� e � SE (� ) : (5.60)

Next, consider the change of variables to polar coordinates in the�; x 1 plane, � =
r sin(� ) and x1 = r cos(� ). This gives

� V (� V ; � 0
V ) =

1
Z

Z � (� =0)= � V (~x)

� (� =2 � )= � 0
V (~x)

D� e � SE (� ) : (5.61)

Upon identifying � with the Euclidean time, this path integral describes a thermal
state at � = 2� . Thus, the path integral (5.60) de�nes the density matrix

� =
1
Z

e� 2�H � ; (5.62)

whereH � is the Hamiltonian, which corresponds to the \Rindler time"� = i� . The
associated metric is

ds2 = dr2 � r 2d� 2; (5.63)

which describes the Rindler wedge of the original Minkowski space. Sincex > 0 the
change of variables ist = r sinh(� ) and x = r cosh(� ). The hamiltonian H � is the
related to the boost generator as

H � =
Z

x1> 0
dd� 1x

�
x1T00

	
(5.64)

This result is the famous Bisognano-Wichmann theorem [170, 171]. As� can be
identi�ed as the time coordinate for a family of accelerated observers, this result is
in line with the Unruh e�ect [172], i.e. the fact that accelerated observers, who can
perform measurements only inside the Rindler wedge, observe thermal radiation.

Notice that one can put (5.64) in a covariant form

H � =
Z

�
� � T�� � � ; (5.65)

where � is any space-like surface in the Rindler wedge with boundaryf t = 0; x1 = 0g,
and � � is the volume element de�ned as

� � = � �
� 2 ��� � d dx� 2 ^ � � � ^ dx� d : (5.66)
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Of course there is the complementary Rindler wedge, i.e. the regionx1 < 0. Obvi-
ously the density matrix of this region is also thermal with respect to the Hamiltonian
H � 0, which generates boosts in the complementary wedge. Thus, the overall ground
state j
 i is precisely the thermo�eld double state

j
 i =
X

i

e� �E i =2jE i i 
 j E 0
i i ; (5.67)

wherejE i i and jE 0
i i are energy eigenstates of the HamiltoniansH � and H � 0.

In free �eld theory one can construct explicitly the modes corresponding to each
wedge. In the ground state (5.67) each mode is entangled with the corresponding
mode of the complementary Rindler wedge. Had we removed entanglement by con-
sidering a separable state, the energy momentum tensor would be singular. Thus,
entanglement is necessary to have a well behaved state.

5.4 The Modular Flow

There is another method to obtain the reduced density matrix of the half-space. This
method is based on the modular 
ow. The reader interested a more abstract/formal
point of view is refered to [55] for a review of Tomita-Takesaki modular theory, as
well as its application in the construction of bulk operators inside the horizons of
black holes.

As mentioned in the previous section, the modular Hamiltonian de�nes a sym-
metry of the system. One can construct the unitary operatorsU (s) = e� iHs , which
act as

Tr ( �U (s) OU (� s)) = Tr ( �O ) : (5.68)

One can de�ne the operatorO (s) = U (s) OU (� s). It is extremely important that
even if the operatorO is local, the operatorO (s) is non-local, unless the modular
Hamiltonian is a local operator. So, the locality of modular 
ow and corresponding
locality of the modular Hamiltonian is a very special characteristic.

Interestingly enough it is straightforward to show that all the correlation function
obey the KMS periodicity [116,117] in imaginary time

Tr ( �O 1 (i ) O2) = Tr ( �U (i ) O1U (� i ) O2) = Tr
�
�� � 1O1�O 2

�
= Tr ( �O 2O1) ; (5.69)

where we usedU(� i ) = � � 1: It follows that the density matrix describes a ther-
mal state with respect to the evolution generated byU(s) and the corresponding
temperature isT = 1.

In the case of Minkowski space, the modular 
ow has a particularly simple action
in the Rindler wedge, which is

X � (s) = X � e� 2�s ; X i (s) = X i ; (5.70)
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whereX � = X 1 � X 0 and the i = 2; : : : d � 1. Introducing the Rindler coordinates
X � = ze� �=R , the metric reads

ds2 = �
z2

R2
d� 2 + dz2 + dX i dX i ; (5.71)

which corresponds to a thermal state with temperatureT = 1=2�R . Thus, the
density matrix is

� R =
e� 2�RH �

Tr e� 2�RH �
(5.72)

and the corresponding modular Hamiltonian reads

HR = 2�RH � + log Tr e� 2�RH � : (5.73)

Notice that the modular 
ow (5.70) generates time translations

� ! � + 2�Rs: (5.74)

5.5 Density matrix for a ball-shaped region in a CFT

Interestingly enough, the Rindler wedge can be mapped to the domain of dependence
of a ball-shaped region of the Minkowski space. The vacuum of the CFT is invariant
under a conformal transformation, thus the density matrix of a ball-shaped region is
the transformed density matrix of the Rindler wedge (5.62), i.e.

� B = U� Rindler Uy =
1
Z

e� 2�UH � Uy
�

1
Z

e� H � ; (5.75)

where the factor of 2� is absorbed in the de�nition of H � .
In the case of a ballB of radius R, which is centered at the origin of the space,

the transformation is generated by

� =
�
R

�
(R2 � t2 � j ~xj2)@t � 2tx i @i

	
; (5.76)

which is a conformal Killing vector. Let us go through the calculation
We consider the conformal transformation

x � =
X � � X � X � C �

1 � 2X � C � + X � X � C� C �
+

C �

2C� C �
; (5.77)

with

C � =
�

0;
1

2R
; 0; : : : ; 0

�
: (5.78)

Notice that the inverse transformation is

X � =
x � + 2x � x � C �

1
4 + x � C � + x � x � C� C �

�
C �

C� C �
; (5.79)
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while the conformal factor reads


 = 1 � 2X � C � + X � X � C� C � (5.80)

=
�

1
4

+ x � C � + x � x � C� C �

� � 1

: (5.81)

De�ning r =
q

(x1)2 + : : : + ( xd� 1)2 and t = x0, one can see that the conformal
transformation maps the half-spaceX 1 � 0 to the disk D, r � R, and the Rindler
wedgeX � � 0 to the causal development of the diskD, x � � R, wherex � = r � t.
One can show that the modular 
ow of the new coordinates is

x � (s) = R
(R + x � ) � (R � x � ) e� 2�s

(R + x � ) + ( R � x � ) e� 2�s
: (5.82)

It is straightforward to obtain

@r(s)
@s

�
�
�
�
s=0

= � 2�
rt
R

; (5.83)

@t(s)
@s

�
�
�
�
s=0

= �
R2 � r 2 � t2

R
: (5.84)

Considering the time slicet = 0, one obtains the modular Hamiltonian for a disk of
radius R [173], which reads

HD = 2�
Z

dd� 1x
R2 � r 2

2R
T00: (5.85)

6 Entanglement in AdS/CFT

In this section we present the basic aspects of Entanglement in the framework of
AdS/CFT correspondence. Reviews on the subject include [174{177]. We present
the Ryu-Takayanagi prescription for the calculation of Holographic Entanglement
Entropy, we discuss basic properties and implications. We also sketch the proof of
this prescription. Then, we present implication of holographic entanglement entropy
to our understanding of quantum gravity. We will mainly follow [175].

6.1 Motivation of Ruy-Takayanagi

As discussed in (3.6) the AdS Schwarzschild black hole corresponds to a high energy
thermal state of the CFT on a sphere. Naturally, the entropy of the CFT equals
the area of the black hole horizon. It would be interesting to identify the parts of
the black hole spacetime that can be studied using the CFT. Of course this is a
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very complicated question, which is subject of ongoing research. Maldacena [178]
suggested that the maximally extended spacetime, is associated with a thermo�eld
double state (4.20) of a two-CFT system and not with the thermal state of a single
CFT. An intuitive way to understand it, is that as the geometry has two asymptotic
regions and each region has its own boundary, as well as black hole horizon.

The interesting part is that while each term in the superposition (4.20) is a prod-
uct of states of non interacting CFTs, corresponding to separate geometries, the
superposition of all these states gives rise to a common geometry. Both asymp-
totic regions are connected a wormhole. Interestingly enough, this construction indi-
cates that entanglement among the degrees of freedom corresponding to two separate
spacetimes in a sense merges the corresponding geometries [62,63].

Let us consider this construction in terms of entropy. In the thermo�eld double
state the black hole entropy is associated to a single CFT, which is the entanglement
entropy measuring the entanglement between the subsystems. In the dual picture,
the presence of the horizon divides the geometry into two parts. Each of these parts
contains a boundary sphere, which is the unique surface extremizing the action.
Considering the CFTs as complementary subsystems, the entanglement entropy of
subsystemA corresponds to the area of the extremal surface which divides the ge-
ometry into two parts with boundaries A and Ac. Generalizing the above statement
to arbitrary regions and arbitrary states gives the Ruy-Takayanagi formula for the
calculation of holographic entanglement entropy.

6.2 The Ryu-Takayanagi formula

In the previous section be argued that in the context of AdS/CFT, the Bekenstein-
Hawking formula associates the entropy of a CFT in a thermal state with the area
of the horizon of the black hole in the dual spacetime. The Ryu and Takayanagi
prescription [37, 38], as well as its covariant generalization [39], provides a way to
calculate entanglement entropy of any spatial subsystem, for any CFT state dual to
classical spacetime.

Let SA be the entropy associated to the subsystemA, which is the entanglement
entropy that measures the entanglement of �elds inA with the the rest of the system.
This entropy equals the area of a certain co-dimension 2 surface~A, i.e.

S(A) =
1

4GN
Area( ~A): (6.1)

The surface ~A is has the following properties:

ˆ The surface ~A has the same boundary asA.

ˆ The surface ~A is homologous toA.
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ˆ The surface ~A minimizes the area functional. In the case of multiple such
surfaces, ~A is the one which corresponds to the minimal area.

Considering static geometries, the time direction is irrelevant and the entangle-
ment entropy for a regionA equals the area of the minimal surface, which extends
in the bulk and has the same boundary asA. In more general cases, the covari-
ant generalization is equivalent to �nding the minimal area on a spatial slice � and
maximizing this area over all possible slices � [179].

As discussed in section 5 entanglement in �eld theory is divergent. It is expected
for holographic entanglement entropy to be divergent too. The origin of the di-
vergences is the fact that AdS metric diverges near the boundary. So, one needs to
implement the usual prescription of AdS/CFT and regularize the area of the minimal
surfaces by introducing a cuto� and restrictingz > � . The divergent terms are in-
teresting in an e�ective �eld theory point of view, but one can also de�ne quantities,
which are �nite. Indicative examples include

1. Mutual Information: As the divergences are localSA + SB � SA[ B , see equation
(4.9), is free of divergences, as long asA and B are not adjacent. In Part 2 we
study mutual information for adjacent system.

2. Entropy Di�erence: Since the divergences are local, the modes near the en-
tangling surface are insensitive to the global state of the system. If two states
correspond to gravitational dual with the same asymptotic behaviour, for ex-
ample for spaces are asymptotically AdS, the divergences will cancel.

3. Speci�c terms of entanglement entropy. These may be isolated by di�erentiat-
ing with respect to parameters of the system, such as the length of the system
in 1+1 dimensions.

In all these cases, we obtain �nite results that are regularization scheme independent.

6.2.1 Indicative Examples

Let us calculate the entanglement entropy for a ball shaped region for the vacuum
state of a CFT on R1;d� 1. The dual geometry is AdS in Poincar�e coordinates

ds2 =
L2

z2
(� dt2 + jd~xj2 + dz2): (6.2)

The ball shaped region is re�ned byt = 0 and j~xj2 � R2, thus one needs to specify
the (d � 1)� dimensional minimal surface, whose boundary isj~xj2 = R2. The naive
approach is to parametrize the surface with embedding functionsX � (� ) and minimize
the area functional

A =
Z

dd� 1�
p

det 
 ab; (6.3)
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where
 ab is the induced metric, which is de�ned as


 ab = G�� (X (� ))
@X�

@�a
@X�

@�b
: (6.4)

In the special case ofd = 3, i.e. for AdS4 one can use the Polyakov form of the
action, accompanied with the Virasoro constraints and take advantage to integra-
bility. Aspects of this approach are discussed in Part 3. For the case at hand one
can introduce an explicit parametrization by identifying x and � so that the only
unknown function isZ (x i ). Its trivial to calculate the induced metric and show that
the area functional equals

Area =
Z

dd� 1x
�

L
Z

� d� 1
r

1 +
@Z
@xi

@Z
@xi

(6.5)

It is straightforward verify that the minimal surface, whose boundary isj~xj2 = R2,
is the hemispheres6

j~xj2 + z2 = R2: (6.6)

Let us restrict ourselves in thed = 2 case. In this case we have to calculate the
regularized length of the minimal curve. The corresponding entanglement entropy
equals

S =
A

4GN
=

1
4GN

Z

z>�

L
z

p
dx2 + dz2 =

L
2GN

ln
�

`
�

�
(6.7)

where we have de�ned̀ = 2R length of the system. The coe�cient of the logarithm
is related to the central charge of the dual CFT as (see [105,180])

c =
3
2

L
GN

; (6.8)

which implies that (6.3) assumes the form

S =
c
3

ln
�

`
�

�
: (6.9)

This formula matches precisely the CFT calculation [45]. It is interesting that this
formula gives the entanglement entropy, corresponding to an interval of length̀,for
the ground state of any CFT. As the structure of this formula is the same for all
CFT, the holographic calculation \accidentally" reproduces the correct result for all
CFT and not for the holographic ones. Considering more general cases, such as the

6An alternative way to obtain this result is to consider two subsystems separated by the line
x1 = 0. Obviously corresponding the minimal surface is bulk surfacex1 = 0. Then an bulk
conformal transformation maps this minimal surface to the hemisphere.
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A � R
2

R
2 B

Figure 1: Minimal curves for the calculation of mutual information between two
disjoint intervals in 2-dimensional holographic CFTs. For largeR, the minimal
curve corresponding toA [ B is the union of the disconnected black curves, thus the
mutual information vanishes at leading order inN . For small R, the minimal curve
corresponding toA [ B is the union of the red curves, thus the mutual information
is non-vanishing.

union of disjoint intervals, one obtains result that are applicable only for certain
CFTs [181,182].

Let us turn on temperature. The dual geometry is the planar BTZ black hole

ds2 = �
r 2 � r 2

+

L2
dt2 +

dr2

r 2 � r 2
+

+
r 2

L2
dx2; (6.10)

where according to the analysis of section 3.6 the temperature isT = r +

2�L 2 . For a
interval of length ` the corresponding entanglement entropy is

S =
c
3

ln
�

�
��

sinh
�

�`
�

��
; (6.11)

which again matches the CFT calculation [45]. As in the ground state case the result
depends only on the central charge of the CFT.

Let us calculate some �nite quantities, using (6.9).

1. Suppose we have two systemsA and B, both of length ` and de�ne the distance
between themr . Trivially (6.9) implies that

SA = SB =
c
3

ln
�

`
�

�
: (6.12)

On the other hand, there are two competitive minimal surfaces for the entan-
glement entropy of the overall system, thus

SA[ B =

(
c
3 ln

�
r +2 `

�

�
+ c

3 ln
�

r
�

�
r < (

p
2 � 1)`

2c
3 ln

�
`
�

�
r > (

p
2 � 1)`

: (6.13)
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Depending on the ratior=` minimum overall length corresponds either to the
curves whose boundary are the edges of same subsystem or curves whose bound-
ary are the edges of di�erent subsystem subsystem, see �gure 1. Finally, the
mutual information is

I (A : B) =

8
<

:

c
3 ln

�
r (r +2 `)

`2

�
r < (

p
2 � 1)`

0 r > (
p

2 � 1)`
; (6.14)

which is �nite. Interestingly enough, it exhibits a �rst order phase transition
with order parameter the ratio of the separation over length.

2. Considering the di�erence of entanglement entropy of a thermal state versus
the ground state, we obtain

S� � Svacuum =
c
3

ln
�

�
�`

sinh
�

�`
�

��
; (6.15)

which, as expected, is �nite.

3. Finally, we can isolate the central charge as

dS
dln `

=
c
3

: (6.16)

In higher dimensions one can de�ne analogous quantities [183{185].

There is a very interesting story in the case had we considered the global BTZ
black hole

ds2 = �
r 2 � r 2

+

L2
dt2 +

dr2

r 2 � r 2
+

+ r 2d� 2; (6.17)

In this case, depending on the angular opening of the system, there is phase transition
from a connected minimal surface to a disconnected one, which includes the horizon
of the black hole [186], see �gure 2. This is required in order for the Araki-Lieb
inequality (4.11) to hold. Assuming the system under consideration is de�ned by
� � A � � � � A , the entanglement entropy is

S =

8
<

:

c
3 ln

�
�
�� sinh

�
2�L� A

�

��
; � A < ~�

c
3 � 2�L

� + c
3 ln

�
�
�� sinh

�
2�L (� � � A )

�

��
; � A > ~�;

(6.18)

where � = L2=L1 and L1 is the cuto� of variable r . The critical angle ~� is de�ned
by the equation

~� =
�

2�L
arccoth

�
2 coth

�
2� 2L

�

�
� 1

�
: (6.19)
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Interesting, enough in this case, ifA is smaller thanAc, it follows that

SA c = SA + Sthermal ; (6.20)

which implies that the Araki-Lieb inequality is saturated. This property is known
as holographic entanglement plateaux.

Figure 2: Minimal surfaces in the background of BTZ black hole. We use the tortoise
coordinate arctan(r ) in the radial directions, in order to bring the boundary in a
�nite distance. In this plot, the radius of the horizon, which is depicted with the
green curve, isr+ = 0:14, while the critical angle is ~� ' 1:91. In the left panel
� A = 3�= 7, so the minimal curve corresponding to subsystemA is the blue one,
while the red curve corresponds toAc. In the right panel � A = �= 3, so the minimal
curve corresponding toAc is the union of the blue curve and the green one.

Besides the discussed minimal surfaces, the knowledge of the explicit form of
minimal surfaces is very limited. The other known minimal surfaces correspond to
strip regions in pure AdS (see section 6.1 of [177]) or on AdS-Schwarzschild back-
grounds (see section 5.1 of [187]). The case of static minimal surfaces in AdS4 is an
exception. In this case the co-dimension two minimal surfaces are two dimensional
euclidean world-sheets, thus are described by a Non Linear Sigma Model. In this
case the general solution is known, but its not very handy for calculations since it in-
volved hyperelliptic functions [188,189]. A speci�c class of those, the elliptic minimal
surfaces is studied in [190].

6.3 Evidence for Ryu-Takayanagi

So far we have seen that the prescription of Ryu-Takayanagi for the calculation of
holographic entanglement entropy in certain cases for 2-dimensional CFTs. One can
a few more explicit examples, such as the case of multiple intervals in the ground
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state of 2-dimensional CFTs [181,182]7, for ball-shaped regions in the ground state
of higher dimensional CFTs [173], as well as in some other cases [191,192].

Since it is di�cult to calculate entanglement entropy in strongly coupled CFTs,
one can not argue on the validity of Ryu-Takayanagi prescription solely on the basis
of direct comparison of results. Nevertheless, AdS/CFT provides a dictionary be-
tween CFT and gravitational quantities. In particular, the partition functions are
equivalent. Let us consider the gravitational calculation of R�enyi entropies, which
we presented in section 5 in the context of QFT. In the classical limit, the parti-
tion function is dominated by the classical gravitational solution, whose boundary
is the multi-sheeted space associated to the replica trick. Of course, a direct com-
putation of the R�enyi entropies is out of question, but Lewkowycz and Maldacena
argued that for static spacetimes the outcome of this calculation is equivalent the
the calculation of minimal surfaces in the original background [40]. Earlier, such a
proof was attampted in [193], but as argued in [194] the gravitational solution used
in this work had a conical singulaity in the bulk. The arguments of Lewkowycz
and Maldacena argument have been extended in [41] for time-dependent geometries.
Intrestingly enough, the Ryu-Takayanagi prescription has been related to Quantum
Error Correction [195].

In the following we discuss how holographic entanglement entropy obeys basic
properties of entanglement entropy.

Complementary subsystems

Considering complementary subsystems in a pure state of the overall system, it is
expected that entanglement entropy is symmetric, i.e.SA = SA c . In the case of holo-
graphic entanglement entropy this property is realized by the fact that one needs to
take into account the surface which minimizes the area functional globally. So, given
any entangling surface the globally minimal surface is well de�ned, even though
its di�cult to compute in practise. This statement has an underlying assumption,
which is the fact that the globally minimal surface is homologous to the correspond-
ing subsystem. As long as the bulk geometry is smooth and does not contain any
singularities / horizons, this constraint is indeed satis�ed. On the other hand, as we
saw in the case of BTZ black hole in global coordinates the presence of the black
hole makes the complementary regions correspond to distinct minimal surfaces, so
that SA 6= SA c . For example, in 2, the blue and red curves are topologically inequiv-
alent, due to the presence of the black hole. Of course this behaviour is expected for
systems in a mixed state. As we argue in Part 2 the origin of the asymmetry is the
existence of classical correlations.

7Essentially, these works prove the Ruy-Takayanagi prescription for Ads3.
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Entanglement Inequalities

The mutual information of quantum system is non-negative, which is known as sub-
additivity, see equation (4.10). In the case of disjoint systems, the subadditivity of
holographic entanglement entropy follows trivially. Given the disjoint extremal sur-
faces corresponding to systemsA and B, are of the minimal surface corresponding
to A [ B is by de�nition less or equal to the sum of the areas of the disjoint minimal
surfaces. Thus, holographic mutual information is trivially non-negative. See �gure
1 for a depiction of the competitive minimal surfaces in the case of 2-dimensional
CFTs. In a similar manner, simple arguments su�ce to show that strong subad-
ditivity, see equation (4.12), is obeyed automatically by holographic entanglement
entropy [196].

6.4 Generalizations

As discussed extensively in the introduction of this Part 1, conceptually, the Ryu-
Takayanagi prescription is valid when the gravitational theory is classical gravity.
The precise form of (6.1) assumes that the dynamics of gravity is governed by
Einstein-Hilbert action. As entanglement entropy in QFT is de�ned for any the-
ory, it is expected that the prescription of Ruy and Takayanagi generalizes in order
to deal with all holographic CFTs.

The entropy of black holes in classical gravitational theories with more general
Lagrangians is calculated using the Wald's functional [197]. Given the Lagrangian,
there is a precise prescription to calculate the Wald's functional. Nevertheless, it
turns out that this functional does not reproduce the correct holographic entangle-
ment entropy in the case of Lovelock gravity [198, 199]. In this case the correct
functional to be used, is the one introduced by Jacobson and Myers [200]. Based
on the derivation of Lewkowycz and Maldacena, formulas for more general theories
have been obtained in [201,202].

Another possible extension is the introduction of 1=N corrections, i.e. taking into
account quantum corrections in the bulk theory. In order to do so, one must calculate
the quantum 
uctuations of the bulk �elds. The order G0

N correction to holographic
entanglement entropy is given the entanglement entropy of the bulk �elds separated
by the minimal surface [203], i.e.

SCF T
A =

1
4GN

Area( ~A) + Sbulk
~A : (6.21)

In [204] an exact formula for entanglement entropy was proposed:

S = min X

�
extX

�
Area(X )

4GN
+ Ssemi-cl(� X )

��
; (6.22)
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whereX is a co-dimension two surface, �X is a region bounded byX and Ssemi-cl(� X )

is the von Neumann entropy of the quantum �elds on �X . One needs to �nd the
minimal surface corresponding to a given Cauchy slice and then maximize among all
Cauchy slices. The minima of this functional, are calledQuantum Extremal Surfaces.

There are fundamental di�erences between (6.21) and (6.22). First of all, the
particular form of (6.21) is valid for static minimal surfaces, but this is a serious
di�erence, as we already mentioned that there is a covariant generalization. The
fundamental di�erence is that in (6.21), the surface minimizes the area, and the
second contibution is calculated using this speci�c minimal surface, while in (6.22),
the surface minimizesboth terms. It is expected that di�erence of these formulas is
of order GN , see section 3.1 of [204].

6.4.1 Bulk Reconstructing

The prescription of Ryu and Takayanagi implies that bulk geometry is encoded in
the entanglement of the dual CFT. Assume that one could calculate entanglement
entropy for any spatial region of the CFT, then in principle one could obtain the
dual geometry by postulating that the area of the minimal surfaces matches the
entanglement entropy. This problem is overconstrainted, since entanglement entropy
is a functional, de�ned on the set of all possible regions of the dual CFT, while
bulk geometry depends on a few functions. This indicates that not all states have a
gravitational dual, which captures the entanglement of the state.

Even for the special class of states with geometric duals, there are limitations. For
example, no minimal surface can extend behind the horizon of a black hole. Regions
who are inaccessible by minimal surfaces are known asentanglement shadow, see
[205]. Nevertheless, one could obtain information about such regions by considering
more general types of entanglement, see e.g. [206, 207]. For an extended review on
Bulk Reconstruction see [208].

Nevertheless, one should keep in mind that this discussion concerns the Ryu-
Takayanagi prescription, which captures the leading order e�ect. Exact prescrip-
tions [204] indicate that as black holes evaporate, part of the radiation's entropy
receives contributions from so-called entanglement islands [209, 210]. The islands
correspond to wormhole solutions, which contribute to the gravitational path inte-
gral of the replica trick [211]. Thus, quantum e�ects allow us to peek behind black
holes horizons.

6.5 Gravitation from Entanglement

Building on the subject of bulk reconstruction, which was discussed in the previous
section, it is interesting to wonder how much information about the dynamics of the
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gravitational theory can be understood from the entanglement of the dual CFT.
The Ruy-Takayanagi provides the link between the gravitational and the �eld

theory prescription. As discussed, imposing consistency conditions enables us obtain
information about the states which admit geometry dual. In this section we will see
that this is also true about gravitational dynamics.

6.5.1 First Law of Entanglement Thermodynamics

The key concept in the quest to relate gravitational dynamics and entanglement is
the �rst law of entanglement thermodynamics. Consider a state depending on some
parameters. Then the �rst order variation of entanglement entropy reads

�S A = � Tr (log � A �� A ) � Tr ( �� A ) : (6.23)

As the density matrix is normalized, so that its trace is unity, the last term vanishes.
Moreover, in terms of the modular Hamiltonian we obtain [212]

�S A = Tr ( HA �� A ) = � hHA i : (6.24)

It is extremely important that the modular Hamiltonian HA is de�ned in terms of the
unperturbed density matrix, thus, the variation acts only on� A . As this equation re-
semblesdE = TdS, it is known asFirst Law of Entanglement Thermodynamics. One
should notice that the implementation of the First Law of Entanglement Thermody-
namics in practice is limited by the lack of knowledge of the modular Hamiltonian.
Unfortunately the cases where one knows both the modular Hamiltonian and a holo-
graphic description are limited. In the case of spherical entangling surfaces, taking
into account (5.85), equation (6.24) reads [212]

�S B =
�
R

Z

B
dd� 1x(R2 � j ~xj2)� hT00(x)i : (6.25)

Calculating the variation of entanglement entropy using the Ryu - Takayanagi pre-
scription will allow us to draw important conclusions. We have already calculated the
corresponding minimal surfaces; they are given by (6.6). Nevertheless, one should
keep in mind that these surfaces are the analogous of planes in AdS, since all their
extrinsic curvatures vanish. Thus, one is not able to test if extrinsic curvature con-
tributions a�ect the conclusions. It would be interesting to have some non-trivial
example at hand. As in the special case of AdS4 non-trivial minimal surfaces are
known, the bottleneck for such a calculation is solely the lack of knowledge of the
modular Hamiltonian for the corresponding regions. In the second half of Part 4 we
explore a strategy to make all possible progress under this limitation.

Lets see how to implement the First Law of Entanglement Thermodynamics in
practise. The change of the CFT state, corresponds to a change of the dual geometry.
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As the ground state corresponds to pure AdS, we assume that the dual geometry is
asymptotically AdS. This is expected as the variation should be small and conformal
invariance should remain unbroken. Thus, introducing a small perturbation on the
vacuum state, the geometry is described by a metric of the form

ds2 =
1
z2

�
dz2 + dx� dx� + zdH �� dx� dx�

�
; (6.26)

which is the usual Fe�erman - Graham expansion of Asymptotically AdS manifolds
[213]. We also setL = 1. In order for the boundary geometry to remain intactH ��

must be regular asz ! 0. SinceH �� is related to the holographic energy momentum
tensor as [103,111,112]

T�� =
d

16�G N
H �� (z = 0; x) : (6.27)

it is the link between the CFT and the gravitational description. As a result, the First
Law of Entanglement Thermodynamics imposes constraints onH �� . Remarkably, as
we will show,H �� has to obey the linearized Einstein equations [66,67]. Notice that
the conservation and the tracelessness of the energy momentum tensor imply

H �
� jz=0 = 0; @� H �

� jz=0 = 0 (6.28)

6.6 First Law of Entanglement Thermodynamics for Spher-
ical Entangling Surfaces

Now let us apply the the First Law of Entanglement Thermodynamics in the case
of spherical entangling surfaces [66, 67]. Taking into account (6.27) and the Ryu-
Takayanagi prescription, we obtain

� Area =
d

4R

Z

B
dd� 1x(R2 � j ~xj2)H00(x; z = 0) (6.29)

The variation of the area can be calculated using the area functional (6.3). It is im-
portant that the original surface, i.e. the hemisphere, extremizes the area functional
for the unperturbed geometry. The area is a functional depending on both the metric
G and the embedding functionsX , thus its �rst order variation reads

� Area =
� Area

�G
�G +

� Area
�X

�X
�G

�G : (6.30)

As the surface described by the embedding functionsX extremizes the area, its �rst
order variation vanishes. Therefore, we simply have to calculate the variation of
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the area of the original surface induced by the variation of the metric. Taking into
account the relation

�
p

det 
 ab =
1
2

p
det 
 ab
 cd�
 cd; (6.31)

where 
 ab is the induced metric (6.4), and parametrizing the minimal serface as
Z(x) =

p
R2 � j ~xj2 we obtain

� Area =
1
2

Z

~B

p
det 
 ab
 cd�
 cd =

1
2R

Z

~B
dd� 1x(R2H ii � x i x j H ij ): (6.32)

In this equation ~B denotes the integration on the minimal surface. Finally, the First
Law of Entanglement Thermodynamics reads

Z

~B
dd� 1x(R2H ii � x i x j H ij ) =

d
2

Z

B
dd� 1x(R2 � j ~xj2)H ii (x; z = 0) : (6.33)

In the following, we will refer to the left-hand-side and right-hand-side of this equa-
tion as �S grav

B and �E grav
B respectively.

Equation (6.33) relates the metric perturbations on a surface embedded in the
interior of the bulk to their asymptotic values. This is a non-trivial equation, satis�ed
be a speci�c class of metric perturbations. As isometries allow us to e�ectively impose
an in�nite number of such constraints by varying the center and the radius of the
sphere. If all these constraints are to hold simultaneously they have to be equivalent
to a local equation.

6.6.1 Local Gravitational Dynamics from Entanglement

In order to obtain a local equation forH from (6.33), we will use Stokes theorem, in
the same manner that it is used to obtain the di�erential form of MAxwell's equations
from the integral one. We need to �nd a di�erential form � B , which depends of the
entangling surface, postulating that:

Z

B
� = �E grav

B ; (6.34)
Z

~B
� = �S grav

B : (6.35)

It turns out that such a � exists and it also obeys

d� = 2� 0
B (x)�E 00(x)vol� : (6.36)

In these equation� 0
B , is the zeroth component of the� B , which reads

� B =
�
R

�
(R2 � t2 � j ~xj2 � z2)@t � 2t

�
x i @i + z@z

�	
(6.37)
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and is the bulk counterpart of the conformal Killing vector� , de�ned (5.76). It is
crucial that � 0

B (x) is strictly positive in the region � between B and ~B. Moreover,
vol� represents the volume form on this region, and

�E 00(x) / zd

�
@2

z H i
i +

d + 1
z

@zH i
i + @j @j H i

i � @i @j H ij

�
(6.38)

is the time-time component of the linearized Einstein equations in AdS.
Using this formalism it is trivial to convert the First Law of Entanglement Ther-

modynamics into a local equation

�E grav
B = �S grav

B ,
Z

B
� =

Z

~B
� ,

Z

@�
� = 0 ,

Z

�
d� = 0; (6.39)

where the explicit form of the last equation is
Z

�
� 0

B (x)�E 00(x)vol� = 0: (6.40)

As � 0
B (x) is positive in �, the only way that this equation is true for any �, i.e. any

spherical entangling surface, is
�E 00(x) = 0 : (6.41)

Thus, the First Law of Entanglement Thermodynamics for spherical entangling sur-
faces in slices of constantt is equivalent to the 00 component of the linearized Einstein
equations in the bulk. Since this must be true in all frame of references is follows
that all �� components of the Einstein equations must be satis�ed. namely

�E �� = 0: (6.42)

Moreover equations (6.28) imply that the�z and zz components are also true, since
this equations are constrained. This is the unexpected outcome of [66,67], building
on [212].

Of course one may wonder what is the explicit form of� and how does one guess
its form. Well, for a spherical entangling surface of radiusR, which is centered at
~x0, its follows that � is given by

� j � =
zd

16�G N

�
� t

z

��
2�z
R

+
d
z

� t + � t@z

�
H i

i

�
+

+ � t
i

" �
2� (x i � x i

0)
R

+ � t@i

�
H j

j �

 
2� (x j � x j

0)
R

+ � t@j

!

H i
j

#) (6.43)

where � t = �
R (R2 � z2 � j ~x � ~x0j2) and � ab =

p
� g�abc1 ��� cd� 2 dxc1 ^ � � � ^ dxcd� 2 . The

existence of this form is another manifestation of the very close relation between
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entanglement and black holes thermodynamics. According to the work of Iyer and
Wald [214] perturbations satisfying the linearized Einstein equations about a black
hole background with a bifurcate Killing horizon the change of area of the black hole
horizon equals the change of an energy, which is de�ned based on the asymptotic
metric. In the case at hand, this energy turns out to be exactly equal to�E grav

B .
In a sense the First Law of entanglement thermodynamics is the converse of this
theorem. The applicability of the Iyer-Wald formalism in the this case relies on the
fact that the Rindler wedge of pure AdS is equivalent to a topological black hole
with a non-compact hyperbolic horizon [173].
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Entanglement in Field Theory





7 Introduction

Quantum entanglement is the physical phenomenon that appears when a composite
quantum system lies in a state such that no description of the state of its subsystems is
available. In the presence of quantum entanglement, measurements in the entangled
subsystems are correlated. The most well known example of an entangled system,
the so called EPR paradox [71], requires just two spinors; it was initially conceived
as contradictory to causality, and, thus, as an adequate theoretical experiment to
question the completeness of the quantum description of nature. However, later on,
the corresponding correlations were veri�ed experimentally.

A quantum subsystemA entangled to its environmentAC cannot be described by
a state; it is rather described by the reduced density matrix� A , calculable by tracing
out the degrees of freedom of the subsystemAC from the overall density matrix �

� A = Tr A c �: (7.1)

In the absence of entanglement, there is a state description for the subsystemA, and,
thus, this reduced density matrix� A corresponds to a pure state; on the contrary, in
the case entanglement is present, the reduced density matrix corresponds to a mixed
state. The above indicate that the entanglement is encoded in the spectrum of the
reduced density matrix � A . It follows that a natural choice for a measure of entan-
glement is Shannon entropy applied to the spectrum of� A , known as Entanglement
Entropy, SEE ,

SEE := � Tr ( � A ln � A ) : (7.2)

Entanglement is a property that depends on the speci�c separation of the com-
posite system to the pair of complementary subsystemsA and AC . Naturally, one
would postulate that a measure of entanglement obeys the property

SA = SA C ; (7.3)

which can indeed be shown to hold, when the composite system lies in a pure state.
However, the entanglement entropy is a good measure for entanglement, or more
generally of correlations between the subsystems, only when the composite system
lies in a pure state. If this is not the case, the entanglement entropy will inherit
contributions that originate from the classical entropy of the composite system, and,
thus, they do not characterize the entanglement between the two subsystems. In
general, when the composite system lies in a mixed state,

SA 6= SA C : (7.4)

In �eld theory, the above argument implies that when the composite system lies in
a thermal state, the entanglement entropy will have contributions originating from
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the thermal entropy of the composite system, and, thus, will be proportional to the
volume of the subsystem.

Entanglement entropy has found a large variety of applications to many physics
sectors including quantum computing [215{222], condensed matter systems [45, 77,
78, 147, 223], as well as quantum gravity and the holographic duality [37, 38, 62, 63,
174,224{227].

In a seminal paper [42], Srednicki performed a numerical calculation of entangle-
ment entropy for a real free massless scalar �eld theory at its ground state, considering
as subsystemA the degrees of freedom inside a sphere of radiusR. The surprising at
the time result shows that entanglement entropy is not proportional to the volume of
the sphere, but rather to its area. In retrospect, this property is somehow expected
from the physics of entanglement: As already mentioned, entanglement characterizes
the separation of the composite system to two subsystems and not the subsystems
themselves. Thus, the entanglement entropy cannot depend on the properties of any
of the two subsystems (such as the volume of subsystemA), but on those of their
only common feature, i.e. their boundary. This profound similarity to the black hole
entropy [50, 59, 60], discussed even before Srednicki's calculation [81], became even
more intriguing after the development of the holographic dualities [20{22] and the
Ryu-Takayanagi conjecture [37, 38], which interrelates entanglement entropy in the
boundary conformal �eld theory to the geometry of the bulk. The latter may allow
the perspective of understanding the black hole entropy as entanglement entropy,
and the gravitational interactions as an entropic force associated with quantum en-
tanglement statistics [66,67,228,229].

In this context, the further investigation of the similarities between gravitational
and quantum entanglement physics and the development of appropriate tools for their
study presents a certain interest. In this Part, we extend the original entanglement
entropy calculation presented in [42] to massive free scalar �eld theory and develop
a perturbative method for the calculation of entanglement entropy in such systems.

The majority of entanglement entropy calculations in �eld theory are based on
the replica trick [43{46,183,185,230]. This technique is based on the calculation of
the entanglement R�enyi entropiesSn for an arbitrary positive integer index n > 1,
see (4.16). Although the entanglement R�enyi entropiesSn in principle contain the
whole information of the reduced density matrix spectrum, the process of deriving
the latter from the former is complicated. Relevant calculations are usually restricted
to the speci�cation of the largest eigenvalue and its degeneracy. The same holds for
holographic calculations. The original prescription by Ryu and Takayanagi [37, 38]
provides only the entanglement entropy. In the case of spherical entangling surfaces,
the reduced density matrix can be considered thermal, allowing the holographic cal-
culation of the R�enyi entropies as the black hole entropy of topological black holes
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with hyperbolic horizons [173, 231]. A more general framework for the holographic
calculation of R�enyi entropies has been provided by Lewkowycz and Maldacena in [40]
towards a derivation of the Ryu-Takayanagi formula. An important feature of Sred-
nicki's calculation is the fact that it is not limited to the calculation of entanglement
entropy; on the contrary the full spectrum of� A is an intermediate result. As we
discussed above, quantum entanglement is encoded into the spectrum of� A ; the en-
tanglement entropy is just one piece of information. Therefore, although they are
old, the methods of [42] present a certain advantage.

Entanglement in �eld theory at �nite temperature has been studied mainly in
the context of two-dimensional conformal �eld theory [45, 232{234] with the use
of the replica trick [43, 44]. Much fewer works focus on gapped systems [235] or to
higher dimensional theories [164{166]. In more recent years, entanglement at thermal
states has also been studied through the holographic duality. The issue has been
posted in the original works that established the Ryu-Takayanagi conjecture [37,38].
When thermal states are considered, the non-symmetry of the entanglement entropy
corresponds to the existence of more than one minimal surfaces, due to the presence
of the black hole, which are homologous to complementary boundary regions. This
study has been extended in several works (see e.g. [236]). Most of these focus on the
geometry of the BTZ black hole [186, 187, 237, 238], which is also relevant to two-
dimensional CFTs, as this is the only black hole geometry where minimal surfaces
can be expressed analytically. Entanglement in harmonic lattice systems at �nite
temperature has been studied in [239]. However, there is not much attention to
the study of entanglement in �eld theory at �nite temperature via the techniques
originally used in [42].

When the composite system lies in a mixed state, a better measure of the corre-
lation between the two subsystems is the mutual information,

I
�
A; A C

�
:= SA + SA C � SA[ A C ; (7.5)

which has the symmetric property by construction. It follows that the mutual infor-
mation should characterize the separation of the composite system to two subsystems
and, thus, in �eld theory it should depend only on the properties of the entangling
surface, even at mixed, e.g. thermal, states. It has been shown that in lattice spin
systems the mutual information obeys an area law bound [240].

This Part of the dissertation is based on the publications [1,6,7]. Its structure is
as follows: in section 8, we review the derivation of entanglement entropy in systems
of coupled harmonic oscillators lying at their ground state and extend the calculation
in free scalar �eld theory including a mass term, closely following [42]. In section
9, we show that the inverse of the scalar �eld mass can be used as an expansion
parameter allowing a perturbative calculation of entanglement entropy and develop
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the basic formulae of this perturbation theory. In section 10, we perform the per-
turbative calculation for massive free scalar �eld theory in 1 + 1, 2 + 1 and 3 + 1
dimensions and show that the leading contribution to the entanglement entropy for
large entangling sphere radii obeys an area law; we specify the relevant coe�cients
and the �rst subleading corrections and we compare with numerical calculations. In
section 11, we study the system of two harmonically coupled oscillators at �nite tem-
perature. In section 12 we generalize to a coupled harmonic system with an arbitrary
number of degrees of freedom at a thermal state. In section 13 we develop the hop-
ping expansion for chains of coupled oscillators, i.e. systems where only neighbouring
oscillators are coupled. In section 14 we use the results of the previous sections, in
order to study the entanglement entropy and the mutual information in free scalar
�eld theory in 3+1 dimensions. In section 15 we discuss multipartite systems. In
section 16, we discuss our results. There are also appendices. A contains the details
of Srednicki's regularization scheme. B contains the details of the perturbative calcu-
lation of entanglement entropy at second and third order. C contains the code used
for the numerical calculations of entanglement entropy. D contains the calculation
of the mutual information of classical harmonic oscillators. In E the entanglement
negativity of a system of oscillators is discussed. F and G present the high and
low temperature expansions for a system of coupled harmonic oscillators. In H the
hooping expansion in a chain of oscillators is analyzed. Finally, I contains the low
temperature expansion in a chain of oscillators.

8 Entanglement Entropy in Free Scalar QFT

8.1 Entanglement Entropy in Free Scalar Field Theory

In the approach of [42], the degrees of freedom of the scalar �eld theory are discretized
via the introduction of a lattice of spherical shells, and, thus, the introduction of a UV
cuto�. Furthermore, an IR cuto� is imposed, putting the system in a spherical box.
This inhomogeneous discretization may appear disadvantageous, as it breaks some
of the symmetries of the theory; although it preserves rotations, it breaks boosts
and translations. However, the consideration of the stationary entangling sphere,
which separates the degrees of freedom to two subsystems, has already broken these
symmetries. This approach reduces the problem of the calculation of entanglement
entropy in �eld theory to a similar quantum mechanics problem with �nite degrees of
freedom. Since we are studying free scalar �eld theory, the latter quantum mechanical
system is simply a system of coupled oscillators with a quadratic Hamiltonian at its
ground state. More details on this discretization scheme are provided in A.
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3 + 1 Dimensions

Let us consider a free real scalar �eld theory in 3 + 1 dimensions. The Hamiltonian
equals

H =
1
2

Z
d3x

�
� 2 (~x) +

�
�
� ~r ' (~x)

�
�
�
2

+ � 2' 2(~x)
�
: (8.1)

Decomposing the �eld to real spherical harmonicsY`m , we �nd that the corresponding
components' `m (r ) obey canonical commutation relations of the form

[' `m (r ) ; � `0m0 (r 0)] = i� (r � r 0) � `` 0� mm 0; (8.2)

wherer = j~xj is the radial coordinate.
The only continuous variable left is the radial coordinater . We regularize the

theory introducing a lattice of N spherical shells with radiir i = ia with i 2 N and
1 � i � N . The radial distance between consequent spherical shells introduces a UV
cuto� 1 =a, while the overall size of the lattice imposes an IR cuto� 1=(Na). The
introduction of the spherical lattice sets the number of degrees of freedom for each
pair (`; m) �nite. The discretized Hamiltonian reads

H =
1
2a

X

`;m

NX

j =1

"

� 2
`m;j +

�
j +

1
2

� 2�
' `m;j +1

j + 1
�

' `m;j

j

� 2

+
�

` (` + 1)
j 2

+ � 2a2

�
' 2

`m;j

#

:

(8.3)
Di�erent ` and m indices do not mix and furthermore the indexm does not

appear explicitly in the Hamiltonian. It follows that the problem can be split to
in�nite independent sectors, identi�ed by the index`, each containing 2̀+1 identical
subsectors. We consider an entangling sphere of radiusR = ( n + 1=2) a. Then, the
entanglement entropy at the ground state is given by

SEE (N; n) =
1X

`=0

(2` + 1) S` (N; n); (8.4)

whereS` (N; n) is the entanglement entropy corresponding to the ground state of the
Hamiltonian

H ` =
1
2a

NX

j =1

"

� 2
`;j +

�
j +

1
2

� 2�
' `;j +1

j + 1
�

' `;j

j

� 2

+
�

` (` + 1)
j 2

+ � 2a2

�
' 2

`;j

#

: (8.5)

The quadratic Hamiltonian (8.5) describesN harmonically coupled oscillators, and,
thus, the problem of the calculation ofS` (N; n) has been reduced to the class of
problems solved in section 5.2.1.

For large `, the Hamiltonian H ` becomes almost diagonal. Therefore, for large
`, the degrees of freedom are almost decoupled, and, thus, the system (8.5) at its
ground state is almost disentangled. It can be shown thatS` (N; n) decreases with̀
fast enough so that the series (8.4) is converging [42,241].
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2 + 1 Dimensions

In a similar manner, we may study free scalar �eld theory in 2 + 1 dimensions. The
Hamiltonian reads

H =
1
2

Z
d2x

�
� 2 (~x) +

�
�
� ~r ' (~x)

�
�
�
2

+ � 2' 2(~x)
�
: (8.6)

We expand the �eld to real circular harmonics and then we introduce a lattice of
circular shells to �nd the discretized Hamiltonian

H =
1
2a

X

`

NX

j =1

"

� 2
`;j +

�
j +

1
2

��
' `;j +1p
j + 1

�
' `;jp

j

� 2

+
�

`2

j 2
+ � 2a2

�
' 2

`;j

#

: (8.7)

Di�erent ` indices do not mix. Therefore, in a similar manner to the problem at
3 + 1 dimensions, the problem can be split to in�nite independent sectors, identi�ed
by the index `. The entanglement entropy at the ground state is given by

SEE (N; n) =
1X

`= �1

S` (N; n); (8.8)

whereS` (N; n) is the entanglement entropy corresponding to the ground state of the
Hamiltonian

H ` =
1
2a

NX

j =1

"

� 2
`;j +

�
j +

1
2

��
' `;j +1p
j + 1

�
' `;jp

j

� 2

+
�

`2

j 2
+ � 2a2

�
' 2

`;j

#

: (8.9)

The calculation of the latter lies within the class of problems solved in section 5.2.1.

1 + 1 Dimensions

Finally, we consider a free real scalar �eld theory in 1 + 1 dimensions. The Hamilto-
nian reads

H =
1
2

Z
dx

"

� 2 (x) +

�
�
�
�

@
@x

' (x)

�
�
�
�

2

+ � 2' 2(x)

#

: (8.10)

We may directly apply the same discretization scheme to obtain

H =
1
2a

NX

j =1

�
� 2

`;j + ( ' `;j +1 � ' j )
2 + � 2a2' 2

j

�
: (8.11)
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9 An Inverse Mass Expansion for Entanglement
Entropy

In section 5.2.1 we presented a method for the calculation of the entanglement entropy
of a system of coupled harmonic oscillators at the ground state. The ground state of a
system of coupled harmonic oscillators is a highly entangled state. The speci�cation
of entanglement entropy at the ground state requires a non-trivial, non-perturbative
calculation. However, there is a small window allowing a perturbative approach. By
de�nition, the matrix B does not contain any of the diagonal elements of the matrix

 =

p
K . Therefore, the matrix � , and, thus, the eigenvalues of
 � 1� , as well as

the entanglement entropy, can be perturbatively calculated, in the case the diagonal
elements of the matrixK are much larger than its non-diagonal elements. As the
non-diagonal elements ofK describe the couplings between the harmonic oscillators,
in such an expansion, the zero-th order result is the entanglement entropy in a system
of decoupled oscillators at their ground state, i.e. vanishing entanglement entropy.

The entanglement entropy is a valuable measure of entanglement, however, it
does not contain the whole information. The latter is contained in the full spectrum
of the reduced density matrix� A . An important advantage of the approach we follow
is that it allows the direct calculation of the latter through equation (5.20), as an
intermediate step towards the calculation of entanglement entropy.

The discretized Hamiltonians (8.5), (8.9) and (8.11) are describing a system ofN
coupled harmonic oscillators that falls within the class of systems studied in section
5.2.1. We may thus proceed to calculate the entanglement entropy following the
scheme of this section.

9.1 An Inverse Mass Expansion

As an indicative example, in 3 + 1 dimensions, theK matrix describing the interac-
tions between the harmonic oscillators can be directly read from equation (8.5),

K ij =

 �
i + 1

2

i

� 2

+
�

i � 1
2

i

� 2

+
l (l + 1)

i 2
+ � 2a2

!

� ij

�

�
i + 1

2

� 2

i (i + 1)
� i +1 ;j �

�
j + 1

2

� 2

j (j + 1)
� i;j +1 ; (9.1)

where i; j = 1; 2; : : : ; N . As we have commented in section 5.2.1, a perturbation
theory can be applied when the diagonal elements of the matrixK are much larger
than the non-diagonal ones. This criterion clearly is satis�ed at the limit of a very
large mass� . A similar approach is followed in [241] focusing in the behaviour of

91



entanglemment entropy for largè . It has to be pointed out that the actual expansion
parameter is neitherm nor `, but the diagonal elements ofK themselves.

In all numbers of dimensions under study, the matrixK is of the form

K ij = K i � ij + ( L i � i +1 ;j + L j � i;j +1 ) : (9.2)

We de�ne the quantities ki and l i so that

K i :=
k2

i

"2
; (9.3)

L i := l i (ki + ki +1 ) : (9.4)

The parameter" is the expansion parameter of the perturbation theory that we are
about to develop, which is obviously of order 1=� . The expansion in" is also a
semiclassical expansion; recovering the fundamental constants in the dimensionless
expansion parameter" , the latter assumes the form~=(�ac ). This is in line with
the fact that the zeroth order entanglement entropy in this perturbative approach
vanishes.

In order to calculate the desired entanglement entropy, we need to calculate the
square root 
 of the matrix K , then the matrices� , 
 and �nally the eigenvalues of

 � 1� , perturbatively in " . There is one important detail that has to be taken into
account in these perturbative calculations. Since the lowest order elements ofK are
the diagonal ones, this is also going to be the case for its square root 
. However,
the matrix B , being an o�-diagonal block of the matrix 
, does not contain such
elements. The lowest order elements ofB are the �rst subleading elements that
appear in 
. As a result, preserving a certain order in perturbation theory requires
the calculation of the square root ofK at one order higher than the desired order. In
the following, we will present the calculation at �rst non-vanishing order, therefore
we will keep two non-vanishing terms in the expansion of 
.

The square root of the matrixK , with two non-vanishing terms equals


 ij = ki � ij " � 1 + l i (� i +1 ;j + � i;j +1 ) " + O
�
"3

�
: (9.5)

The blocksA, B and C of the matrix 
 obviously equal

A ij = ki � ij " � 1 + l i (� i +1 ;j + � i;j +1 ) " + O
�
"3

�
; (9.6)

B ij = ln � i;n � j; 1" + O
�
"3

�
; (9.7)

Cij = ki + n � ij " � 1 + l i + n (� i +1 ;j + � i;j +1 ) " + O
�
"3

�
: (9.8)

It is noteworthy that the above formulae contain only odd powers of" . Furthermore,
the matrix B contains only order" terms to this order, as it does not contain any

92



diagonal elements of 
. Had we desired to calculate the eigenvalues of the reduced
density matrix with two non-vanishing terms in the " expansion, we should have
calculated 
 at "5 order.

From now on, we need to keep only one non-vanishing term in our expressions.
The matricesA � 1 and C � 1 equal

�
A � 1

�
ij

=
1
ki

� ij " + O
�
"3

�
; (9.9)

�
C � 1

�
ij

=
1

ki + n
� ij " + O

�
"3

�
: (9.10)

The matrix 
 � 1 is identical to the matrix C � 1 at this order. The matrix � has a
single non-vanishing element at this order, namely,

� ij =
l2
n

2kn
� i; 1� j; 1"3 + O

�
"5

�
: (9.11)

Finally,
�

 � 1�

�
ij

=
l2
n

2knkn+1
� i; 1� j; 1"4 + O

�
"6

�
: (9.12)

Obviously, the matrix 
 � 1� has only one non-vanishing eigenvalue at this order,
being equal to its sole non-vanishing element,

� 1 =
l2
n

2knkn+1
"4 + O

�
"8

�
; (9.13)

� i = O
�
"8

�
; i > 1: (9.14)

Thus, the entanglement entropy at �rst non-vanishing order equals

SEE` =
l2
n

4knkn+1

�
1 � ln

l2
n"4

4knkn+1

�
"4 + O

�
"8

�
: (9.15)

9.2 The Expansion at Higher Orders

Continuing the expansion at higher orders, several patterns appear in the form of
the expansions of the related matrices. More speci�cally, as long as the matrix 
 is
considered:

ˆ Only odd powers of" appear in the expansion of 
.

ˆ The leading term in any element in thek-diagonal is of order"2k� 1. Therefore,
the matrix 
 calculated with n non-vanishing terms in the perturbation theory
contains non-vanishing elements up to the (n � 1)-diagonal.
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ˆ Any subleading term in the elements of the matrix 
 is four orders higher than
the previous one. Thus, an element in thek-diagonal is written as a series of
the form


 i;i + k = 
 i + k;i =
1X

n=0

! k(2k� 1+4 n)
i "2k� 1+4 n ; i = 1; : : : ; N � k: (9.16)

We use the above notation with three indices for the coe�cients of the expansion.
The subscript denotes the line number if the element lies on the top triangle of the
matrix or the column number if it lies in the bottom triangle, the superscript denotes
the number of the diagonal, whereas the superscript in parentheses is the order of
the term in the " expansion. The matricesA � 1 and C � 1 follow the same pattern
with an overall increase by 2 to all orders. Namely,

�
A � 1

�
i;i + k

=
�
A � 1

�
i + k;i

=
1X

n=0

ak(2k+1+4 n)
i "2k+1+4 n ; i = 1; : : : ; n � k; (9.17)

�
C � 1

�
i;i + k

=
�
C � 1

�
i + k;i

=
1X

n=0

ck(2k+1+4 n)
i "2k+1+4 n ; i = 1; : : : ; N � n � k: (9.18)

The matrix 
 is de�ned as
 = C � � . The expansion for
 � 1� can be obtained
using the formula


 � 1� =
1X

n=1

�
C � 1�

� n
: (9.19)

The form of the expansions of 
,A � 1 and C � 1 imply that the expansion of the matrix

 � 1� , whose eigenvalues de�ne the spectrum of the reduced density matrix, follows
a similar pattern. In this case, the leading order element is the (1; 1) element, which
is of order "4. Every o�set by a column or a row increases the order of the leading
term by 2. Again subleading terms in any element are four orders higher than the
previous one,

�

 � 1�

�
ij

=
1X

n=0

� (2i +2 j +4 n)
ij "2i +2 j +4 n : (9.20)

A direct consequence of the above is the fact that the eigenvalues of
 � 1� are naively
expected to have a given hierarchy. The largest eigenvalue is of order"4, the second
largest is of order"8 and so on.

The calculation at the next to the leading order is analytically presented in B.
It turns out that the second largest eigenvalue vanishes at this order, whereas the
largest eigenvalue receives corrections at order"8. At third order the calculation
is straightforward but more messy. The result is presented in the appendix only
in the appropriate limit for the speci�cation of the \area law" contribution to the
entanglement entropy that we will discuss in next section. At this order, the largest
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eigenvalue receives another correction at order"12, while one more non-vanishing
eigenvalue emerges, with a leading contribution at the same order. As a general
rule, a new non-vanishing eigenvalue emerges every second order in the perturbation
theory. The corrections to the largest eigenvalue at a given order in the expansion
have a more important e�ect to the entanglement entropy than the emergence of
new eigenvalues at the same order.

10 Area and Entanglement in the Inverse Mass
Expansion

10.1 The Leading \Area Law" Term

In section 9 we managed to acquire an expansive formula for entanglement entropy. In
order to study the dependence of entanglement entropy on the size of the entangling
sphere, we need to expand our results for large entangling sphere radii. We assume
that the entangling sphere lies exactly in the middle between then-th and (n + 1)-th
site of the spherical lattice. We de�ne

nR := n +
1
2

; (10.1)

so that R = nRa is the radius of the entangling sphere. In the following, we will
study the expansion of entanglement entropy for largenR .

3 + 1 Dimensions

In 3+1 dimensions, the entanglement entropy equals the sum of entanglement entropy
from all ` sectors, as shown in equation (8.4). The summation of this series cannot
be performed analytically. For this reason, we will use the Euler-Maclaurin formula

bX

n= a

f (n) =
Z b

a
dxf (x)+

f (a) + f (b)
2

+
1X

k=1

B2k

(2k)!

"
d2k� 1f (x)

dx2k� 1

�
�
�
�
x= b

�
d2k� 1f (x)

dx2k� 1

�
�
�
�
x= a

#

;

(10.2)
to approximate the series by the integral

SEE =
1X

`=0

(2` + 1) S` (N; n) '
Z 1

0
d` (2` + 1) S` (N; n; ` (` + 1)) : (10.3)

The coe�cients Bk are the Bernoulli numbers de�ned so thatB1 = 1=2.
We would like to expand the above integral for largeR. This cannot be done

directly, since nR appears inS` in the form of the fraction ` (` + 1) =n2
R and ` be-

comes arbitrarily large within the integration range. This problem may be bypassed
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performing the change of variables̀ (` + 1) =n2
R = y to �nd

SEE ' n2
R

Z 1

0
dyS̀

�
N; nR � 1=2; yn2

R

�
: (10.4)

Now we may expand the integrand for largenR . It is also simple to show that
the n2

R term of entanglement entropy receives contributions only from the integral
term of formula (10.2). Therefore, the largeR behaviour of entanglement entropy is
completely determined by equation (10.4).

The matrix elements ofK in 3 + 1 dimensions are given by

ki

"
=

r

2 +
` (` + 1) + 1 =2

i 2
+ � 2a2; (10.5)

l i = �
(i + 1=2)2

i (i + 1)
1

ki + ki +1
: (10.6)

The integral (10.4) can be performed explicitly. At third order in the inverse mass
expansion (B.28), we �nd

SEE =

 
3 + 2 ln [4 (� 2a2 + 2)]

16 (� 2a2 + 2)
+

167 + 492 ln [4 (� 2a2 + 2)]

4608(� 2a2 + 2) 3

+
� 11 + 2940 ln [4 (� 2a2 + 2)]

15360(� 2a2 + 2) 5 + O
�
� � 14

�
!

R2

a2
+ O

�
R0

�
: (10.7)

The leading contribution to entanglement entropy for large entangling sphere radii is
proportional to the area of the entangling sphere. This is the celebrated \area law"
term calculated at third order in the inverse mass expansion. Using expansive tech-
niques, we managed to acquire an analytic expression for the coe�cient connecting
the entangling sphere area to entanglement entropy. It is noteworthy to mention that
the expansions in the inverse mass and in the size of the entangling sphere are not
coinciding; the leading term in the latter expansion, i.e. the area law term, receives
corrections at all orders in the inverse mass expansion.

In order to verify the validity of our expansion, we compare the perturbative
results in the form of formula (10.7) to the numerical calculation of entanglement
entropy presented in [42], for various values of the mass parameter andN = 60. The
numerical calculation is performed with the use of Wolfram's Mathematica; the code
is provided in C. It is shown in �gure 3 that the formula (10.7) is more accurate
for large values of the mass parameter, as expected. Furthermore, the entanglement
entropy is a decreasing function of the scalar �eld mass [241].

The divergence of the numerical results from the expansive formula for entangling
sphere radii close toNa is an e�ect induced by the IR cuto� that has been imposed
since the theory has been de�ned in a �nite size spherical box.
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Figure 3: Comparison of the numerical calculation of entanglement entropy for 3+1
�eld theory to the perturbative formulae for the area law at �rst, second and third
order in the inverse mass expansion. The vertical axes have the same scale for all
values of the mass parameter.

The numerical calculation requires the introduction of a cuto� in the values of
`. The convergence of the series (8.4) gets slower as the mass parameter increases.
Thus, the perturbative expansion has an additional virtue; it provides a result for
entanglement entropy in cases that the numerical calculation is more di�cult.

The parameter of expansion in our approach is the ration between the o�-diagonal
and diagonal elements of the couplings matrixK . This is not exactly the inverse of
the mass, but rather it is equal to

" �
1

p
� 2a2 + 2

: (10.8)

It follows that the perturbative method can be applied even in the massless limit.
Of course in such a case, the perturbation series converges much more slowly, never-
theless, it turns out that it does converge to the numerical results, as shown in �gure
3.

In 3 + 1 dimensions, the coe�cient connectingR2=a2 to entanglement entropy
in massless scalar �eld theory has been calculated numerically in [42] and improved
in [242], found approximately equal to 0.295. Setting� = 0 to the area law derived
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above, we �nd

SEE '
�

3 + 2 ln 8
32

+
167 + 492 ln 8

36864
�

11� 2940 ln 8
491520

�
R2

a2

' (0:224 + 0:032 + 0:012)
R2

a2
' 0:268

R2

a2
; (10.9)

which is a good approximation to the numerical result and can be further improved
continuing the perturbative expansion at higher orders.

2 + 1 Dimensions

In 2 + 1 dimensions, the entanglement entropy equals the sum of all` sectors, as
shown by equation (8.8). With the use of Euler-Maclaurin formula (10.2), it may be
approximated by the integral

SEE =
1X

`= �1

S`
�
N; n; ` 2

�
'

Z 1

�1
d`S`

�
N; n; ` 2

�
: (10.10)

As in 3 + 1 dimensions, in order to �nd the asymptotic behaviour of this integral
for large entangling circles, we perform the change of variables` = ynR ,

SEE ' nR

Z 1

�1
dyS̀

�
N; nR � 1=2; n2

Ry2
�
: (10.11)

Now we may expand the integrand for largenR . In 2 + 1 dimensions, the matrix
elements ofK are given by

ki =

r

2 +
`2

i 2
+ � 2a2; (10.12)

l i = �
i + 1=2

p
i (i + 1)

1
ki + ki +1

: (10.13)

At third order in the inverse mass expansion, using formula (B.28) we obtain

SEE =

 
� 1 + 2 ln [16 (� 2a2 + 2)]

32 (� 2a2 + 2) 3=2
+

� 3019 + 2460 ln [16 (� 2a2 + 2)]

24576 (� 2a2 + 2) 7=2

+ 7
� 6593 + 4410 ln [16 (� 2a2 + 2)]

131072 (� 2a2 + 2) 11=2
+ O

�
� � 15

�
!

�R
a

+ O
�
R� 1

�
: (10.14)

Figure 4 compares the perturbative formula (10.14) to the numerical calculation of
entanglement entropy with N = 60 for various values of the mass parameter. As
expected, the perturbative results are more accurate for larger values of the mass
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parameter. In general the perturbative series converges more slowly than in 3 + 1
dimensions.

In the massless case, we yield

SEE '
�

� 1 + 2 ln 32

64
p

2
+

� 3019 + 2460 ln 32

196608
p

2
+ 7

� 6593 + 4410 ln 32

4194304
p

2

�
�R
a

' (0:206 + 0:062 + 0:032)
R
a

' 0:300
R
a

:

(10.15)

As in 3 + 1 dimensions, the perturbation series converges to the numerical results
even in the massless case.

1 + 1 Dimensions

In 1 + 1 dimensions, the matrix elements ofK are given by

ki =
p

2 + � 2a2; (10.16)

l i = �
1

ki + ki +1
: (10.17)

At third order in the inverse mass expansion, we obtain

SEE =
�

1 + 2 ln [4(2 + � 2a2)]

16(2 + � 2a2)2 +
1 + 164 ln [4(2 + � 2a2)]

512(2 + � 2a2)4

+
� 599 + 2940 ln [4(2 +� 2a2)]

3072(2 +� 2a2)6 + O
�
� � 16

�
�

n0
R + O

�
n� 2

R

�
: (10.18)

In �gure 5, the comparison of the perturbative formulae to the numerical calculation
of the entanglement entropy is depicted. The series converges more slowly than in
higher dimensions. Especially in the massless case, the perturbative formulae fail
completely to capture the logarithmic behaviour of entanglement entropy (�gure 5
top-left). Technically, this happens due to the structure of the couplings matrixK .
In all cases this matrix is diagonally dominant, i.e. the sum of the absolute value of
all non-diagonal elements does not exceed the diagonal one, in all rows and columns.
As a result, the perturbative calculation of its square root and its inverse converges.
Only in 1 + 1 dimensions and only in the massless case, the matrix saturates the
diagonally dominant criterion. Not unexpectedly, the saturating case, lying between
convergence and divergence, leads to a logarithmic dependence on the cuto� scale.
However, this logarithmic dependence cannot be evident in a �nite number of terms
of the perturbation series. We will return to this kind of behaviour in the section
10.2 on the subleading contributions to entanglement entropy.

The area law is the leading contribution to the entanglement entropy for large
entangling sphere radii in all number of dimensions. The reason for this fact can be
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Figure 4: Comparison of the numerical calculation of entanglement entropy for 2+1
�eld theoryto the perturbative area law formulae at �rst, second and third order in
the inverse mass expansion. The vertical axes have the same scale for all values of
the mass parameter.

attributed to the locality of the underlying �eld theory [82, 239, 243]. The locality
is depicted to the fact that the matrix K contains interaction elements only in the
subdiagonal and superdiagonal. As a result, no matter what is the size of the en-
tangling sphere (the value ofn), there is only one element ofK connecting a degree
of freedom of subsystemA to a degree of freedom of subsystemAC . This property
is inherited to the leading corrections in matrixB , and, thus, to the eigenvalues of
the reduced density matrix. Had the theory been non-local, the number of leading
contributions to entanglement entropy, would be a complicated function of the en-
tangling sphere radius in general, leading to large divergences from the area law. In
a more geometric phrasing, the area law emerges from locality, since the pairs of
strongly correlated degrees of freedom (i.e. neighbours) that have been separated by
the entangling surface, are proportional to its area.

10.2 Beyond the Area Law

The \area law" term of entanglement entropy is the leading contribution to the
entanglement entropy for large radii of the entangling sphere. Beyond that, there
are subleading terms, which can also be calculated in the inverse mass expansion
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Figure 5: Comparison of the numerical results for entanglement entropy for 1+1 �eld
theory to the �rst, second and third order inverse mass expansion. The vertical axes
do not have the same scale, entanglement entropy is a decreasing function of the
mass parameter, as in higher dimensions.

that we developed in section 9.
In 2 + 1 and 1 + 1 dimensions, the subleading terms vanish asa ! 0. We will

not extend our analysis to these cases. In the case of 3 + 1 dimensions, the �rst
subleading term is a constant. There are two contributions to this term. The �rst
one originates from the integral term (10.4) and can be acquired by appropriate
expansion of the integrand. The second contribution comes from the discrete sum of
the Euler-Maclaurin formula (10.2). Taking into account that entanglement entropy
converges, and, thus, lim

` !1
(2` + 1) SEE` = 0, equation (10.2) reads

SEE =
Z 1

0
d` (2` + 1) S` +

S0

2
�

1X

k=1

B2k

(2k)!
d2k� 1 (2` + 1) S`

d`2k� 1

�
�
�
�
`=0

: (10.19)

Since the parameter̀ appears inS` only in the form of the fraction ` (` + 1) =n2
R ,

any action of the derivative operator onS` results in a term two orders smaller in
the nR expansion. This implies that apart from theS0=2 term, we have only one
more contribution at n0

R order, namely thek = 1 term, and speci�cally the part of
latter where the derivative acts on the factor 2̀+ 1 and not on S` . Bearing in mind
that B2 = 1=6, the contribution to the constant term by the discrete part of the
Euler-Maclaurin formula is S0=3.
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Performing the expansion of the integrand of equation (10.4) using theS` acquired
at second order in the inverse mass expansion (B.28) and taking into account the
extra S0=3 contribution to the constant term, we �nd

SEE = S(2)
EE

R2

a2
�

 
1

48 (2 + � 2a2)
+

1 + 2 ln (4 (2 + � 2a2))

96(2 + � 2a2)2

+
127� 90 ln (4 (2 + � 2a2))

9600(2 +� 2a2)3 +
1 + 164 ln (4 (2 + � 2a2))

3072(2 +� 2a2)4 + O
�
� 10

�
!

+ O
�
R� 2

�
:

(10.20)

In order to compare the constant subleading term found above to the numerical
calculation of entanglement entropy, we performed a linear �t to the outcome of the
numerical calculation of the formSEE = c2n2

R + c0, for various values of the parameter
� 2a2. The perturbative formulae indeed approximate the numerical results well, as
shown in �gure 6, apart from the massless limit.

� 2a2
S(0)

EE

-0.04

-0.02

2 4 6 8

1st order
2nd order
numerical

Figure 6: The subleading constant term of entanglement entropy in scalar �eld theory
in 3 + 1 dimensions, as function of the mass parameter

At �nite order in the inverse mass expansion, the �rst subleading term is a con-
stant, even in the massless case. The usual treatment of entanglement entropy in
3 + 1 dimensions in either conformal �eld theory or in theories with holographic du-
als through the Ryu-Takayanagi conjecture predicts an expansion for entanglement
entropy of the form

SEE = c2
R2

a2
+ c0 + cln

a
R

+ O
�
a� 2

�
: (10.21)

So, how is the absence of the logarithmic term in our expansion explained? In the
case of massive scalar �eld theory, the answer is the existence of a fundamental scale
in the theory, that of the mass, which naturally cuto�s the logarithmic term. As far
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as the massless limit in 3+1 dimensions is concerned, the reason is more complicated
and related to the failure to capture the leading entanglement entropy contribution
in the same limit in 1+1 dimensions. In a similar manner our perturbation theory is
unable to capture the constant term in massless 2 + 1 �eld theory. From a technical
point of view, we understand this failure of our perturbation theory as follows:

The formulae used in our perturbation theory for the square root of matrixK , as
well as the formulae for the inverse of matricesA and C, present some \edge e�ects"
due to the fact that the matrices used in the inverse mass expansion are of �nite size.
This can be seen in the form of the factors 1� � i 1 and 1� � i;N � 1 in formula (B.5) or
the factor 1� � in in formula (B.14). Such \edge e�ects" can be treated analytically
for arbitrary N and n in our expansion, as long as the order of the expansion is kept
lower than the dimension of the matrices. If this is not the case, these \edge e�ects"
will propagate through the matrix and eventually will get re
ected at the opposite
ends of the matrices that generate them, resulting in spreading all over the matrix
elements. This qualitative behaviour implies the following:

ˆ The re
ections of these \edge e�ects" will lead to matrices 
, A � 1, etc, that
depend on all the elements of the matrixK . Therefore, at high orders in
the perturbation theory, such re
ections introduce contributions to the en-
tanglement entropy that depend on the global characteristics of the entan-
gling surface. Such \universal" terms cannot be captured at any �nite or-
der in our perturbation series. They are rather non-perturbative e�ects in
this expansion. The logarithmic term in even number of spacetime dimen-
sions [37,38,69,70,157,173,244], as well as the constant term in odd number of
dimensions [69, 70] are known to be exactly this kind of universal terms, and,
thus, our inability to capture them in the inverse mass expansion should not
be considered surprising. Of course such e�ects are visible in the numerical
calculations.

ˆ The terms we capture in our perturbation series cannot sense the global prop-
erties of the region de�ned by the entangling surface. They have the property
to depend on the local characteristics of the entangling surface. In a more tech-
nical language, this is depicted to the fact that the perturbative expressions for
the elements of the matrices 
,A � 1 and C � 1 depend on a �nite number of the
elements of matrixK . This is the reason our method is appropriate to capture
the \area law", as well as subleading terms that scale with smaller powers of
the entangling sphere radius. Therefore, our method is appropriate to study
the dependence of such terms on geometric characteristics of the entangling
surface, such as curvature [157], for more general entangling surfaces.
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ˆ The introduction of the �eld mass exponentially dumps the propagation of the
\edge e�ects" through the matrix elements [245]. As a result, our expansive
calculations accurately converge to the numerical results in this case.

In a similar manner, when one considers massive �eld theories, either using the
replica trick [183,230,246,247] or holographically with the use of probe branes [184,
248{251], more universal terms arise. As an indicative example, in 3 + 1 dimensions
there are universal terms of the formR2� 2 ln (�a ). Such terms are de�ned through
the dependence of the area law coe�cient on the mass for small masses (see i.e. [246]).
Our approach is a large mass expansion, and consequently it cannot capture such
terms and any �nite order. Additionally, even if we could sum the whole series in
order to capture such terms, their exact coe�cient would also be disturbed by our
peculiar regularization, which does not deal with the radial and angular directions
on equal footing.

10.3 Dependence on the Regularization Scheme

Finally, we would like to comment on the dependence of the area law term, as well
as the subleading terms of entanglement entropy on the regularization scheme. In
our analysis, we have applied a peculiar, inhomogeneous regularization. Namely, we
have imposed a cuto� in the radial direction, but not in the angular directions. Thus,
the measurables that we have calculated, are those measured by a peculiar observer
who has access to radial excitations of the theory up to an energy scale 1=a and to
arbitrary high energy azimuthal excitations.

We could have applied a di�erent more homogeneous regularization imposing an
azimuthal cuto� by constraining the summation series iǹ to a maximum value equal
to `max . Such a prescription would make our approach more similar to a traditional
square lattice regularization. Notice however, that even in the square lattice case,
the imposed cuto� is a cuto� to each of the momentum components and not strictly
an energy cuto� that would allow direct comparison with formulae like (10.21).

As we discussed above, locality enforces the area law term to depend on the char-
acteristics of the underlying theory in the region of the entangling surface. Therefore,
a natural selection for an azimuthal cuto� `max , when considering ad-dimensional
entangling surface should have the following property: the total number of harmon-
ics with ` � `max should equal the area of the entangling surface divided byad. In
3 + 1 dimensions this argument implies that a natural selection for the azimuthal
cuto� is `max = 2

p
�R=a , whereas in 2 + 1 dimensions it implies̀max = �R=a . In all

number of dimensions such a cuto� is of the form̀max = cR=a, wherec is a constant.
It is not di�cult to repeat our analysis including this azimuthal cuto�. The only
extra necessary steps are the introduction of a �nite upper bound in the de�nite
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integral (10.4) and similarly the inclusion of the terms calculated atx = `max in the
Euler-Maclaurin formula (10.2).

As an indicative example, in 3 + 1 dimensions, the area law term calculated at
second order in the inverse mass expansion assumes the form

SEE =
�

3 + 2 ln [4 (� 2a2 + 2)]
(� 2a2 + 2)

�
3 + 2 ln [4 (� 2a2 + 2 + c2)]

(� 2a2 + 2 + c2)

+
167 + 492 ln [4 (� 2a2 + 2)]

4608(� 2a2 + 2) 3 �
167 + 492 ln [4 (� 2a2 + 2 + c2)]

4608(� 2a2 + 2 + c2)3 + O
�
� � 10

�
�

R2

a2
:

(10.22)

This equation implies that the coe�cient of the area law term depends on the reg-
ularization scheme. The coe�cients calculated in section 10.1, which correspond to
the selectionc ! 1 , serve as an upper bound for the area law coe�cient.

In order to investigate whether the inverse mass expansion is still a good ap-
proximation when an azimuthal cuto� of the form `max = cR=a is introduced, the
entanglement entropy in 3 + 1 dimensions for�a = 1 and various values ofc is nu-
merically computed and compared to the perturbative formulae (10.22) in �gure 7.

R2

SEE

Na=2 Na

1st order
2nd order
3rd order
numerical
c =

p
�

c = 2
p

�
c = 4

p
�

Figure 7: The entanglement entropy in scalar �eld theory in 3 + 1 dimensions with
an azimuthal cuto� of the form `max = cR=a for ma = 1 and various values of the
constant c

We may conclude the following:

ˆ An azimuthal cuto� of the form `max = cR=a preserves the dominance of the
area law term in entanglement entropy. This is not the case when a more
general azimuthal cuto� is chosen (e.g.̀ max = c). The inverse mass expansion
is still a good approximation when such a regularization scheme is chosen.
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ˆ The area law term, as well as the subleading terms, are strongly a�ected by the
selection of the dependence of the azimuthal cuto�̀max on the radial cuto�
a. This is the expected behaviour comparing with calculations in CFT or
holographic calculations via the Ryu-Takayanagi conjecture. The only terms
that do not depend on the regularization scheme are the universal terms, which
cannot be captured by our perturbation theory.

ˆ The introduction of an azimuthal cuto� would also set the perturbative cal-
culation of the entanglement entropy �nite at higher number of dimensions,
where the respective integral term diverges as`max ! 1 .

ˆ Srednicki's calculation, which is equivalent to the speci�c choicec ! 1 , is an
upper bound for the area law coe�cient. The fact that the integral terms in
more than 3 + 1 dimensions diverge, implies that such an upper bound exists
only in 2 + 1 and 3 + 1 dimensions.

11 A Pair of Coupled Harmonic Oscillators at Fi-
nite Temperature

In order to study entanglement entropy and mutual information in free scalar �eld
theory at �nite temperature, we �rst study systems of coupled harmonic oscillators
with a �nite number of degrees of freedom. The simplest such system, which is
the subject of this section, is a system of two coupled harmonic oscillators at �nite
temperature. The analysis closely follows the original treatment presented in [42],
in the sense that it is performed in coordinate representation and presents several
technical similarities.

11.1 A Single Harmonic Oscillator at Finite Temperature

First, we would like to recall some formulae related to the problem of a single har-
monic oscillator at �nite temperature in coordinate representation [252], which will
be useful in the following. Without loss of generality, we consider the mass of the
harmonic oscillator to be equal to one, i.e. the Hamiltonian of the system is

H =
1
2

p2 +
1
2

! 2x2: (11.1)

In coordinate representation, the energy eigenstates and the corresponding eigenval-
ues of the harmonic oscillator are

 n (x) =
1

p
2nn!

4

r
!
�

e� !x 2

2 Hn
� p

!x
�

; En = !
�

n +
1
2

�
; (11.2)
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whereHn is the Hermite polynomial of ordern. The equation (11.2) trivially implies
that the density matrix describing a quantum harmonic oscillator at �nite tempera-
ture T is given by

� (x; x0) =
1X

n=0

2 sinh
!
2T

e� !
T (n+ 1

2 ) 1
2nn!

r
!
�

e�
! (x 2+ x 02)

2 Hn
� p

!x
�

Hn
� p

!x 0
�
: (11.3)

As a consequence of Mehler's formula,

1X

n=0

Hn (x) Hn (y)
n!

� w
2

� n
=

1
p

1 � w2
e

2xyw � (x 2+ y 2)w 2

1� w 2 ; (11.4)

the density matrix (11.3) can be written in a simpler form, namely

� (x; x0) =

r
a + b

�
e�

a(x 2+ x 02)
2 e� bxx0

; (11.5)

where we de�ned the quantitiesa and b as

a � ! coth
!
T

; b � � ! csch
!
T

: (11.6)

Finally, it is a matter of simple algebra to show that the thermal entropy of the
single quantum harmonic oscillator at temperatureT equals

Sth = � ln
�
1 � e� !

T
�

+
!
T

1
e

!
T � 1

: (11.7)

Expanding the above equation at high temperatures yields

Sth = ln
T
!

+ 1 +
! 2

24
1

T2
�

! 4

960
1

T4
+ O

�
1

T6

�
; (11.8)

whereas expanding it at low temperature yields

Sth '
� !

T
+ 1

�
e� !

T + : : : (11.9)

11.2 Two Coupled Harmonic Oscillators

Now, let us consider a system of two coupled oscillators at �nite temperature. The
oscillator described by coordinatex and canonical momentump is constituting the
subsystemA, whereas the other oscillator, which obviously coincides with subsystem
AC , is described by coordinatexC and canonical momentumpC . All oscillator masses
are taken equal to one. The Hamiltonian of the system is

H =
1
2

h
p2 +

�
pC

� 2
+ k0

�
x2 +

�
xC

� 2
�

+ k1
�
xC � x

� 2
i

: (11.10)
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When the Hamiltonian is written in terms of the canonical coordinates,

x � �
xC � x

p
2

; p� �
pC � p

p
2

; (11.11)

it assumes the form

H =
1
2

�
p2

+ + p2
� + ! +

2x2
+ + ! �

2x2
�

�
; (11.12)

where ! � are the eigenfrequencies of the normal modes, namely,! + =
p

k0 and
! � =

p
k0 + 2k1.

The Hamiltonian (11.12) describes two decoupled oscillators, corresponding to the
two normal modes of the system. It follows that the density matrix that describes
the composite system at �nite temperature can be trivially written as the tensor
product of two thermal density matrices of the form of (11.5), one for each of the
two normal modes,

� (x+ ; x+
0; x � ; x �

0) = � (x+ ; x+
0) 
 � (x � ; x �

0)

=

p
(a+ + b+ ) (a� + b� )

�
e�

a+ (x +
2+ x +

02)+ a� (x �
2+ x �

02)
2 e� b+ x+ x+

0
e� b� x � x �

0
; (11.13)

where
a� � ! � coth

! �

T
; b� � � ! � csch

! �

T
: (11.14)

In order to �nd the reduced density matrix of the subsystemA, this density matrix
has to be expressed in terms of the original coordinatesx and xC prior to tracing
out the AC degrees of freedom,

�
�

x; x0; xC ; xC 0
�

=

p
(a+ + b+ ) (a� + b� )

�

� e�
a+

�

(x + x C )2
+ (x 0+ x C 0)2 �

+ a �

�

(x C � x)2
+ (x C 0

� x 0)2 �

4

� e�
b+ (x + x C )( x 0+ x C 0)

2 e�
b� (x C � x)( x C 0

� x 0)
2 : (11.15)

We proceed to trace out the degree of freedom of the subsystemAC , integrating
out xC . After some simple algebra we �nd

� (x; x0) =
Z

dxC �
�
x; x0; xC ; xC

�
=

r

 � �

�
e�

(x 2+ x 02) 


2 exx 0� ; (11.16)

where


 � � = 2
(a+ + b+ ) (a� + b� )
a+ + a� + b+ + b�

; 
 + � =
1
2

(a+ + a� � b+ � b� ) : (11.17)
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Similarly to the ground state case analysis [42], one can show that the functions

f n (x) = Hn
� p

�x
�

e� �x 2

2 ; (11.18)

where

� �
p


 2 � � 2 =

s
(a+ + b+ ) (a� + b� ) (a+ + a� � b+ � b� )

a+ + a� + b+ + b�
; (11.19)

are the eigenfunctions of the reduced density matrix. The respective eigenvalues are

pn =
�

1 �
�


 + �

� �
�


 + �

� n

� (1 � � ) � n ; (11.20)

where

� �
�


 + �
=

q

 + �

 � � � 1

q

 + �

 � � + 1

: (11.21)

This can be expressed in terms of the physical quantities of the problem, i.e. the
eigenfrequancies of the normal modes and the temperature,

� =
1
2

�
1

! +
coth ! +

2T + 1
! �

coth ! �

2T

� 1
2 �

! + coth ! +

2T + ! � coth ! �

2T

� 1
2 � 1

1
2

�
1

! +
coth ! +

2T + 1
! �

coth ! �

2T

� 1
2 �

! + coth ! +

2T + ! � coth ! �

2T

� 1
2 + 1

: (11.22)

Then, it is straightforward to calculate the entanglement entropy, which equals

SA = � ln (1 � � ) �
�

1 � �
ln �: (11.23)

In the introduction, we argued that the entanglement entropy is not a very good
measure for the quantum entanglement when the overall system lies at a mixed state,
like the scenario under consideration. In general, it contains contributions originating
from the thermal entropy of the overall system. Indeed, the entanglement entropy
does not vanish at the limit k1 ! 0 as one would expect from a good measure of
quantum entanglement. It rather tends to the thermal entropy of a single oscillator
with eigenfrequency

p
k0 at temperatureT. In the case of the two coupled oscillators

that we study here, it holds that SA C = SA , due to the symmetry of the system.
Therefore, the mutual information is given by,

I
�
A : AC

�
= 2SA � Sth ; (11.24)

whereSA is given by (11.23) andSth is obviously given by the sum of two versions
of equation (11.7), one for each normal mode.
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11.3 Similarity to a Single Harmonic Oscillator

One may observe that the reduced density matrix (11.16) is identical to the ther-
mal density matrix of a single harmonic oscillator (11.5), after some appropriate
identi�cations. There is no experiment that can be performed to the one of the
two coupled oscillators at �nite temperatureT that can distinguish it from a single
e�ective harmonic oscillator with eigenfrequency equal to

! e� = � (11.25)

at an e�ective temperature equal to

Te� = �
�

ln �
: (11.26)

The latter is always higher than the physical temperatureT.
This identi�cation obeys some obvious consistency checks. For example, at the

limit k1 ! 0, the two oscillators become decoupled, each having eigenfrequency equal
to

p
k0. It follows that at this limit, the system is separable, i.e. � = � 1 
 � 2, and,

thus, the reduced density matrix should be identical to� 1, i.e. the thermal density
matrix of a single harmonic oscillator with eigenfrequency

p
k0 at temperature T.

Indeed, expanding! e� and Te� around k1 = 0 yields

! e� =
p

k0 +
1

2
p

k0
k1 �
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0

+
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�
; (11.27)
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k0T + T2 sinh
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�
k3
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�
: (11.28)

Similarly, at the limit T ! 0, one �nds the following

! e� = ! 0
e�

�
1 +

! � � ! +

! � + ! +

�
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! +
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(11.30)

where

! 0
e� =

p
! + ! � ; T0

e� = �
! 0

e�

ln � 0
; � 0 =

� p
! � �

p
! +

p
! � +

p
! +

� 2

: (11.31)

Therefore, we recover correctly the ground state result [42]. At low temperatures
the corrections to the zero-temperature values of! e� and Te� are exponentially sup-
pressed and tend to reduce the eigenfrequency of the e�ective oscillator, whereas
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they tend to increase its temperature. This expansion is an asymptotic expansion,
but it is not a usual Taylor series. This is due to the fact that the involved functions
are not analytic at T = 0. The results are expressed at �rst order in the exponentials
e�

! �
T , but one has to be careful with this kind of expansion; for example, depending

on the values of! � , the second order term in the exponential of! + may be a more
signi�cant contribution that the �rst order term in the exponential of ! � .

In a similar manner at high temperatures we �nd

! e� =

s
2! 2

+ ! 2
�

! 2
+ + ! 2
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1 +
1
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! 2
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; (11.32)

Te� = T
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1
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� 2
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+ O
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1
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: (11.33)

This implies that at high temperatures, the eigenfrequency of the e�ective oscillator
tends to a �nite given value,

! 1
e� =

s
2! 2

+ ! 2
�

! 2
+ + ! 2

�
; (11.34)

whereas the e�ective temperature is dominated by the physical temperature of the
composite system.

A very interesting question that can be posted is whether the fact that the sub-
system A can be described by an e�ective thermal reduced density matrix can be
attributed to the eigenstate thermalization hypothesis [253]. Naturally, this should
not be expected, since the system under consideration is integrable.

When we consider either a thermal state or the ground state for the overall
system, its density matrix is time independent. This implies that the same holds for
the reduced density matrix of the considered subsystem. However, the subsystem is
an open system, and, thus, a time-independent state, has to be a state that describes
a system in equilibrium with its environment (not necessarily thermal).

This behaviour becomes clearer in the case of many harmonic oscillators that we
are about to study in next section. There, we will analyse a system ofN coupled
oscillators, considering as subsystemA an arbitrary subset comprising ofn oscillators.
Although we are not going to discuss on the similarity of the reduced density matrix
to the density matrix of a harmonic system ofn oscillators at an appropriate state,
the entanglement entropy is identical to the sum of the thermal entropies ofn e�ective
oscillators, each lying at a di�erent temperature. This is consistent with the picture
of a harmonic system withn degrees of freedom, where each normal mode has been
heated to a di�erent temperature. Since, the normal modes of a harmonic system
do not interact, this is an equilibrium, time-independent state, which nevertheless is
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not thermal. It follows that the reduced system is not thermalized; actually, it is as
far as possible from a thermalized state, as imposed by its integrability.

In the case of the two coupled oscillators, the considered subsystem contains
a single degree of freedom, and thus, such a state is a thermal one. Thus, the
fact that the reduced density matrix appears to be thermal is not a consequence of
thermalization, but rather a technical coincidence due to the speci�c selection of the
state of the overall system and the number of the degrees of freedom.

11.4 High and Low Temperature Expansions

At temperatures much higher than the system eigenfrequencies, the entanglement
entropy and mutual information have asymptotic expansions of the form

SA =
1
2

ln
(k0 + k1) T2

k0 (k0 + 2k1)
+ 1 +

k0 + k1

24T2

+
3k4

0 + 12k3
0k1 + 20k2

0k2
1 + 16k0k3

1 + 9k4
1

2880(k0 + k1)2T4
+ O

�
1

T6

�
(11.35)

and

I
�
A : AC

�
=

1
2

ln
(k0 + k1)2

k0 (k0 + 2k1)
+

k2
1 (k0 � k1) (k0 + 3k1)

1440(k0 + k1)2T4
+ O

�
1

T6

�
; (11.36)

respectively. Notice that the coe�cients of the high temperature expansion of the
mutual information do vanish when the oscillators are decoupled, i.e. whenk1 ! 0,
as expected. Furthermore, the coe�cient of the 1=T2 term in the mutual information
vanishes, which is a more general feature, as we will show in next section.

Finally, it is evident that the mutual information does not vanish at in�nite
temperature, but rather it tends to the value

I 1 =
1
2

ln
(k0 + k1)2

k0 (k0 + 2k1)
= 2 ln

! 0
e�

! 1
e�

: (11.37)

It is well known that in qubit systems, the mutual information vanishes at in�nite
temperature. It is natural to wonder what is the underlying reason for this di�erence
between qubits and oscillators. The answer to this seeming inconsistency is related
to the dimensionality of the Hilbert space of our problem. In any qubit system, the
related Hilbert spaces are �nite dimensional. Trivially, at the in�nite temperature
limit, the density matrix of the composite system tends to

lim
T !1

� =
1

dim H A[ A C
I dim H A [ A C : (11.38)
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This is a separable density matrix, implying trivially that

lim
T !1

� A =
1

dim H A
I dim H A ; lim

T !1
� A C =

1
dim H A C

I dim H A C : (11.39)

It follows that the entanglement entropies tend to

lim
T !1

SA = ln dim H A ; lim
T !1

SA C = ln dim H A C ; (11.40)

whereas the thermal entropy tends to

lim
T !1

SA[ A C = ln dim H A[ A C : (11.41)

The above imply that the mutual information at in�nite temperature vanishes,

lim
T !1

I
�
A : AC

�
= 0: (11.42)

However, in our case the corresponding Hilbert spaces are in�nite dimensional and
the above arguments cannot be applied equally well. Both entanglement entropiesSA

and SA C diverge at in�nite temperature as lnT. This divergence is cancelled in the
mutual information, via the same mechanism that enforces the mutual information
to vanish in qubit systems; however, there is a �nite remnant.

In general, the mutual information measures both classical and quantum correla-
tions. So, a natural question concerns the origin of this mutual information remnant
at in�nite temperature. The mutual information I 1 coincides with the mutual infor-
mation that one calculates via a classical analysis, as shown in the Appendix D (see
also [239]). Therefore, this in�nite temperature remnant should be attributed solely
to classical correlations. As intuitively expected, at in�nite temperature the classical

uctuations completely dominate and yield the quantum 
uctuations irrelevant.

Discerning the classical and quantum contributions to the mutual information
requires the introduction of other entanglement measures. A widely used one is the
quantum discordQ [254{256]. In this approach, the mutual information is written
as

I
�
A : AC

�
= C + Q (11.43)

whereC is the di�erence between the entropy of the subsystemA, SA to the condi-
tional entropy S

�
AjAC

�
, maximized over all possible measurement bases ofAC . This

is a natural de�nition since C at the classical limit tends to the mutual information.
The calculation of the quantum discord is a highly complicated task (it is actu-

ally an NP-complete problem), due to the problem of the speci�cation of the basis
that maximizes C. Typically, these measures are applied to qubit systems, which
do not have a classical equivalent system. Unlike these systems, in our case, the
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classical equivalent is well-de�ned and the equivalent classical thermal state is also
well-de�ned. As we commented above, the mutual information of the classical system
does not depend on the temperature. Therefore, a natural de�nition for the classical
and quantum parts of the mutual information for the coupled harmonic oscillators is

C = I 1 ; Q = I � I 1 : (11.44)

The above are directly extendable to systems of an arbitrary number of coupled har-
monic oscillators and free �eld theory, which we are going to study in next sections.

Attributing the in�nite temperature remnant of the mutual information to clas-
sical correlations solely is also in line to the fact that another measure of quantum
entanglement, the entanglement negativity, also vanishes at in�nite temperature.
Actually, the negativity vanishes above a �nite critical temperature, as shown in
Appendix E, a phenomenon widely known as sudden death of entanglement. How-
ever, this does not necessarily imply that there is really such a �nite temperature
phase transition in the system of coupled oscillators. The absence of negativity is
not a proof of lack of entanglement in in�nite dimensional Hilbert spaces, as in �nite
dimensional ones [130,132]. This issue requires further investigation.

At low temperatures, the entanglement entropy tends to the zero temperature
result, plus exponentially suppressed corrections

SA = S0
A +

! � + ! +

4T0
e�

�
e�

! �
T + e�

! +
T

�
+ : : : : (11.45)

Similarly, the mutual information is equal to

I
�
A : AC

�
= 2S0

A +
�

! � + ! +

2T0
e�

�
! �

T
� 1

�
e�

! �
T

+
�

! � + ! +

2T0
e�

�
! +

T
� 1

�
e�

! +
T + : : : : (11.46)

As shown in �gure 8, where the mutual information is plotted as a function
of the temperature, the mutual information may be a monotonous function of the
temperature or not. This depends on the relevant magnitude of the couplingsk0

and k1, which determines the sign of the coe�cient of the 1=T4 term in the high
temperature expansion of the mutual information.

In view of the discussion above, this dependence of the mutual information on the
temperature is the equivalent to the quantum \freezing" of the degrees of freedom
in the context of entanglement.
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k1 < k 0 k1 > k 0I
�
A : AC

�
I

�
A : AC

�

T T

2S0
A

2S0
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I 1

I 1

p
k0

p
k0

Figure 8: The mutual information as function of the temperature. The continuous
blue line is the analytic result as given by the equation (11.24). The dashed lines
are the high and low temperature expansions of the mutual information, given by
equations (11.36) and (11.46), respectively. The dotted lines are the asymptotic
values forT ! 0 and T ! 1 .

12 System of Harmonic Oscillators at Finite Tem-
perature

12.1 Entanglement Entropy and Mutual Information

Building on the results of section 11, we proceed to study a system ofN coupled
harmonic oscillators. In this analysis, the subsystemAC coincides with any subset
of n oscillators. Without loss of generality, all oscillators are considered having unit
mass. The Hamiltonian is given by

H =
1
2

NX

i =1

pi
2 +

1
2

NX

i;j =1

x i K ij x j : (12.1)

The matrix K is symmetric and all its eigenvalues are positive, since the above Hamil-
tonian should describe an oscillatory system around a stable equilibrium. Writing
down the Hamiltonian in terms of the normal coordinatesyi , which are related to
the initial coordinates x i via an orthogonal transformationO, yields

H =
1
2

NX

i =1

qi
2 +

1
2

NX

i =1

! i
2yi

2; (12.2)

where ! i are the frequencies of the normal modes. In other words, the orthogonal
transformation O diagonalizes the matrixK , or

K = OT K D O; (12.3)
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where (K D ) ij = ! 2
i � ij .

We de�ne the matrices

a =
p

K coth

p
K

T
; b= �

p
K csch

p
K

T
: (12.4)

These matrices are related to the eigenfrequencies of the system as

a = OT aD O; b= OT bD O; (12.5)

where

(aD ) ij = ! i coth
! i

T
� ij � ai � ij ; (bD ) ij = � ! i csch

! i

T
� ij � bi � ij : (12.6)

Since the normal modes are decoupled, the density matrix of the overall system
can be written as the tensor product of the thermal density matrices corresponding
to each of the normal modes,

� (y ; y0) =
NO

i =1

� (yi ; y1
0)

=
NY

i =1

r
ai + bi

�
e� a i

2 (y2
i + yi

02)� bi yi yi
0

=

r
det (aD + bD )

� N
e� y T aD y + y 0T aD y 0

2 e� y T bD y 0
:

(12.7)

We express the density matrix in terms of the originalx coordinates, using the
orthogonal transformationO,

� (x; x0) =

r
det (a + b)

� N
e� x T ax + x 0T ax 0

2 e� x T bx 0
: (12.8)

In the following, we use the block form notation

x =
�

xC

x

�
; where xC =

0

B
@

x1
...

xn

1

C
A ; x =

0

B
@

xn+1
...

xN

1

C
A : (12.9)

We will also write any symmetric matrix M in block form, using the notation

M =
�

MA MB

M T
B MC

�
; (12.10)
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whereMA is ann� n matrix, MC is an (N � n)� (N � n) matrix and �nally MB is an
n � (N � n) matrix. The indices A, B and C will always indicate the corresponding
blocks of such matrices. Then, the density matrix� (x; x0) can be expressed as,

� (x; x0) =

r
det (a + b)

� N
e� x C T

aA x C +2 x C T
aB x + x T aC x + x C 0T aA x C 0

+2 x C 0T aB x 0+ x 0T aC x 0

2

� e� (xC T bA xC 0+ xC T bB x0+ xC 0T bB x+ xT bC x0): (12.11)

We proceed to trace out the �rstn degrees of freedom to �nd the reduced density
matrix for the remaining N � n ones. Simple algebra with Gaussian integrals yields

� (x; x0) =
Z

dxC �
��

x; xC
	

;
�

x0; xC
	�

=

r
det (a + b)

� N

Z  
nY

i =1

dxi

!

e� xC T (aA + bA )xC + xC T (aB + bB )( x+ x0)e� x T aC x + x 0T aC x 0+2 x T bC x 0

2

=

r
det (
 � � )

� N � n
e� x T 
x + x 0T 
x 0

2 exT �x 0
;

(12.12)

where


 = aC �
1
2

�
aT

B + bT
B

�
(aA + bA )� 1 (aB + bB ) ; (12.13)

� = � bC +
1
2

�
aT

B + bT
B

�
(aA + bA )� 1 (aB + bB ) : (12.14)

Similarly to the ground state case [42], one may �nd the spectrum of the reduced
density matrix, via the explicit construction of its eigenfunctions. It reads

pnn +1 ;:::;n N =
NY

i = n+1

(1 � � i ) � n i
i ; ni 2 Z; (12.15)

where the quantities� i are given by

� i =
� Di

1 +
p

1 � � 2
Di

(12.16)

and � Di are the eigenvalues of the matrix
 � 1� . It follows that the entanglement
entropy is given by

S =
NX

j = n+1

�
� ln (1 � � j ) �

� j

1 � � j
ln � j

�
: (12.17)
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Notice that this formula is identical to the formula that would provide the thermal
entropy of n independent oscillators, each with eigenfrequency

p
1 � � 2

Di and at
temperature �

p
1 � � 2

Di =ln � i .
As a consistency check, let us consider the special case where the two subsystems

are decoupled, i.e.K B = 0. It holds that

a =

 p
K A coth

p
K A
T 0

0
p

K C coth
p

K C
T

!

; (12.18)

b= �

 p
K A csch

p
K A
T 0

0
p

K C csch
p

K C
T

!

: (12.19)

In this case, it is straightforward that


 = aC =
p

K C coth

p
K C

T
; (12.20)

� = � bC =
p

K Ccsch

p
K C

T
; (12.21)


 � 1� = sech

p
K C

T
: (12.22)

Therefore the eigenvalues� Di of the matrix 
 � 1� can be expressed in terms of the
eigenvalues of the matrixK C , i.e. the eigenfrequencies! i of the decoupled subsystem
A. Notice that the eigenfrequencies, as well as the thermal entropy of the subsys-
tem A are well de�ned in this limit, since the two subsystems are decoupled. The
eigenvalues� Di read

� Di = sech
! i

T
: (12.23)

It follows that

� i =
sech! i

T

1 +
q

1 � sech2 ! i
T

= e� ! i
T : (12.24)

Comparing equations (11.7) and (12.17), we conclude that whenK B = 0, the entan-
glement entropy is simply equal to the thermal entropy of the subsystemA. This is
expected, since at this limit, the composite system density matrix is separable. This
also implies that the mutual information vanishes at this limit.

12.2 High and Low Temperature Expansions

A high temperature expansion of the above result can be performed. The details are
included in the Appendix F. The high temperature expansions of the entanglement
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entropy and the mutual information are

SA = �
1
2

ln det
K C � K T

B (K A )� 1K B

T2
+ N � n +

1
24T2

Tr K C

�
1

2880T4

n
3Tr

�
K 2

�
C

+ 4Tr
h�

K T
B (K A )� 1K B

� 2
i

� Tr
�
K T

B K B
� o

+ O
�

1
T6

�

(12.25)

and

I
�
A : AC

�
= �

1
2

ln det
�
I � (K A )� 1K B (K C )� 1K T

B

�
+

0
T2

�
1

720T4

�
Tr

h�
K T

B (K A )� 1K B
� 2

i
+ Tr

h�
K B (K C )� 1K T

B

� 2
i

�
1
2

Tr
�
K T

B K B
�
�

+ O
�

1
T6

�
; (12.26)

respectively. Interestingly,the coe�cient of 1=T2 in the high temperature expansion
of the mutual information vanishes for any system. It is trivial to show that in the
case of the two oscillators, where the matrices of the above formula are simply num-
bers, namely,K A = K C = k0 + k1 and K B = � k1, the above formulae reproduce the
expansions (11.35) and (11.36). Furthermore, in the case where the two subsystems
are decoupled, i.e. the matrixK B vanishes, the above formula implies that the �rst
terms in the expansion of the mutual information are vanishing, as expected.

At low temperatures, the situation is a little less transparent. As in the case of
the two oscillators, the involved functions are not analytical atT = 0. Nevertheless,
we may obtain an asymptotic expansion, approximating the hyperbolic functions
with exponentials. It turns out that the matrix 
 � 1� , whose eigenvalues determine
the entanglement entropy is given in this expansion by

�

 � 1�

�
=

�

 � 1�

� (0)
+

�
1 �

�

 � 1�

� (0)
� �

~
 C � ~
 T
B 
 � 1

A 
 B

� �
1 +

�

 � 1�

� (0)
�

+
�

 � 1

� (0)
�


 ~

�

C

�
1 �

�

 � 1�

� (0)
�

+ : : : ; (12.27)

where (
 � 1� )(0) is the matrix (
 � 1� ) at zero temperature and

~
 = Exp ( � 
 =T) ; 
 =
p

K: (12.28)

The details of this calculation are included in the Appendix G. It is not possible to
obtain a generic expression for the low temperature expansion of the entanglement
entropy or the mutual information in this limit. However, the equation (12.27)
implies that at low temperatures the corrections to the zero temperature result are
exponentially suppressed as exp (� ! i =T), where ! i are the eigenfrequencies of the
overall system. In the case of the two oscillators, it can be shown that the above
formula correctly reproduces the results (11.45) and (11.46).
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13 Chains of Oscillators

In this section, we consider systems of coupled oscillators, with the speci�c property
that only adjacent degrees of freedom are coupled. In other words, we consider a
couplings matrix K of the form

K ij = ki � ij + ( l i � i;j +1 + l j � i +1 ;j ): (13.1)

In the following, we will refer to such systems as \chains of oscillators". Apart from
their own interest, this class of harmonic systems will be essential in the study of the
free scalar quantum �eld theory in next section.

13.1 A Hopping Expansion

Assuming that the diagonal elements of the matrixK are much larger than the o�-
diagonal ones, one may follow the approach of a hopping expansion, in the spirit of
9.1, in order to calculate the entanglement entropy and the mutual information for
this class of systems perturbatively. We de�ne

K ij �
1
"

K (0)
ij + K (1)

ij ; (13.2)

where
K (0)

ij = "k i � ij ; K (1)
ij = l i � i;j +1 + l j � i +1 ;j (13.3)

and then, we perform an expansion in" (or equivalently in l=k).
In the following, we adopt a particular notation for the elements of all the in-

volved matrices. The subscript denotes the line of the element, when it lies on top
of the main diagonal, whereas it denotes its column, when it lies below the main
diagonal. The superscript denotes the diagonal (i.e. the superscript 0 implies that
the element lies in the main diagonal, the superscript 1 implies that it lies in the
�rst superdiagonal, the superscript � 1 implies that it lies in the �rst subdiagonal
and so on). In other wordsM i;j � M j � i

min( i;j ) . Obviously for symmetric matricesM it

holds that M j
i = M � j

i and we will not post the results for both. Finally, the second
superscript, which will appear into parentheses, denotes the order of the term in the
" expansion.

Furthermore, for simplicity we de�ne the functions

f 1 (x) :=
p

x coth
p

x; (13.4)

f 2 (x) := �
p

x csch
p

x; (13.5)

f 3 (x) := f 1 (x) + f 2 (x) =
p

x tanh
� p

x=2
�

; (13.6)

f 4 (x) := � f 2 (x) =f1 (x) = sech
p

x; (13.7)
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which will appear throughout the calculations of this section.
Expanding the matrix 
 � 1� in " ,


 � 1� =
�

 � 1�

� (0)
+ "

�

 � 1�

� (1)
+ "2

�

 � 1�

� (2)
+ O

�
"3

�
; (13.8)

one can show that the zeroth and �rst order terms are given by

�

 � 1�

� 0(0)

i
= f 4

�
kn+ i

T2

�
(13.9)

and
�

 � 1�

� � 1(1)

i
=

ln+ i

kn+ i � kn+ i +1

�
f 4

�
kn+ i

T2

�
� f 4

�
kn+ i +1

T2

��
; (13.10)

whereas all other matrix elements are vanishing. The second order result is given by
a little more complicated expressions. We provide here only its diagonal part, which
is crucial for the following

�

 � 1�

� 0(2)

i
=

l2
n+ i � 1

kn+ i � 1 � kn+ i

0

@
f 4

�
kn + i � 1

T 2

�
� f 4

�
kn + i

T 2

�

kn+ i � 1 � kn+ i
+

1
2T2

f 4

�
kn + i

T 2

�

f 1

�
kn + i

T 2

�

1

A

� (1 � � i;N � n )
l2
n+ i

kn+ i � kn+ i +1

0

@
f 4

�
kn + i

T 2

�
� f 4

�
kn + i +1

T 2

�

kn+ i � kn+ i +1
+

1
2T2

f 4

�
kn + i

T 2

�

f 1

�
kn + i

T 2

�

1

A

+ � i 1
l2
n

(kn � kn+1 )2

2

6
4

f 1

�
kn +1

T 2

�
� f 2

�
kn +1

T 2

�

2f 2
1

�
kn +1

T 2

�

�
f 3

�
kn
T 2

�
� f 3

�
kn +1

T 2

�� 2

f 3
�

kn
T 2

�

+
f 2

�
kn +1

T 2

�

f 1

�
kn +1

T 2

�

�
f 1

�
kn
T 2

�
� f 1

�
kn +1

T 2

�� 2

f 1
�

kn
T 2

�
f 1

�
kn +1

T 2

� �

�
f 1

�
kn
T 2

�
� f 1

�
kn +1

T 2

�� �
f 2

�
kn
T 2

�
� f 2

�
kn +1

T 2

��

f 1
�

kn
T 2

�
f 1

�
kn +1

T 2

�

3

7
5 :

(13.11)

There is a special contribution in the very �rst element, which originates from the�
aT

B + bT
B

�
(aA + bA )� 1 (aB + bB ) term of the de�nitions of the 
 and � matrices

(12.13) and (12.14). This is going to play an important role in what follows. More
details are provided in the Appendix H.1.

The eigenvalues of the matrix
 � 1� have to be perturbatively calculated in the
" expansion. The problem is more di�cult than the zero temperature problem of
section 9.1; In that case, the elements of the matrix
 � 1� obey an hierarchy in both
its directions, i.e. the leading contribution to the element (
 � 1� ) ij is of order i + j .
This hierarchy is inherited to the eigenvalues, setting their perturbative calculation
a simple task. However, in the case of �nite temperature, the thermal contributions
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have changed this structure; The leading contribution to the element (
 � 1� ) ij is of
order ji � j j. It follows that a more systematic approach is required.

In order to obtain the expressions (13.9), (13.10) and (13.11), we only needed
to demand that the diagonal elements of the matrixK are larger than the non-
diagonal ones. However, this does not su�ce for the perturbative speci�cation of the
eigenvalues of the matrix
 � 1� . In order to clarify this, we post a simple, indicative
example: Assume the Hamiltonian

H =
�

h1 g
g h2

�
; (13.12)

where the diagonal elements are much larger than the o�-diagonal ones. In order
to calculate its eigenvalues perturbatively, naively one would consider the diagonal
part of this Hamiltonian as an exactly solvable unperturbed Hamiltonian and the
o�-diagonal elements as a perturbation. However, this is not necessarily a good
approach. This is evident in this two by two example, since the problem is simple
enough to �nd its answer analytically,

� =
h1 + h2

2
�

s �
h1 � h2

2

� 2

+ g2: (13.13)

Following this perturbative approach is equivalent to Taylor expanding the above
eigenvalues with respect to the parameterg. However, this expansion does not con-
verge wheneverg > h1 � h2

2 . In this case, one should perform a Taylor expansion in
h1� h2, which implies that another setup for the perturbative calculation of the eigen-
values should have been considered. The unperturbed Hamiltonian should be con-
sidered proportional to the identity matrix. Then, there are two perturbations: one
that consists of the non-diagonal part of the Hamiltonian and a manifestly smaller
one, which is diagonal and proportional to the di�erence of the two diagonal ele-
ments. Now the unperturbed problem is degenerate and the basic eigenvectors are
determined by the large perturbation.

Thus, the appropriate structure of the perturbation theory depends on the ratio
of the diagonal elements to thedi�erence of the diagonal ones. The assumption we
have made for the matrixK does not determine this ratio. It follows that there
are two distinct approaches in determining the eigenvalues of
 � 1� , which we will
call \non-degenerate" and \degenerate" perturbation theory. They are presented in
appendices H.2 and H.3, respectively.

When the diagonal elements have di�erences of the same order of magnitude as
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themselves, the non-degenerate perturbation theory applies and it yields

� Di = � (0)
Di + " � 0 + "2� (2)

Di = f 4

�
kn+ i

T2

�

+
1

2T2

f 4

�
kn +1

T 2

�

f 1

�
kn +1

T 2

�
�

l2
n+ i � 1

kn+ i � 1 � kn+ i
�

l2
n+ i

kn+ i � kn+ i � 1
(1 � � i;N � n )

�

+ � i 1
l2
n

(kn � kn+1 )2

1

f 1

�
kn +1

T 2

�

2

6
4f 1

�
kn

T2

� �
f 4

�
kn

T2

�
� f 4

�
kn+1

T2

��

+
�

1 + f 4

�
kn+1

T2

��
�

f 3
�

kn
T 2

�
� f 3

�
kn +1

T 2

�� 2

2f 3
�

kn
T 2

�

3

7
5 + O

�
l4

�
: (13.14)

The unique second order contribution to (
 � 1� )11 has a�ected a single eigenvalue at
this order. This is similar to the zero temperature case; however, the other eigenval-
ues do not vanish. The formulae (12.16) and (12.17) imply that the contribution of
a single eigenvalue of the matrix
 � 1� to the entanglement entropy, is equal to

Si = S
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and, thus,
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The �rst two lines of the the above expression contain the contributions from the
generic eigenvalues. The rest originates from the special eigenvalue� D 1. The entan-
glement entropySA C has a similar structure.

The contributions to the entanglement entropy from all the generic eigenvalues
are identical to those of the thermal entropy, and, thus, at this order inl=k, the
mutual information receives contributions only from the two special eigenvalues, one
from each subsystem. It is equal to

I =
l2
n

4T2 (kn � kn+1 )

0

@ 1

f 3

�
kn +1

T 2

� �
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f 3
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kn
T 2
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�
: (13.17)

Expanding for high temperatures the above result yields

I =
l2
n

2knkn+1
+

l2
n

1440T4
+ O

�
1

T6

�
; (13.18)

which coincides with the l=k expansion of the high temperature formula for the
generic oscillatory system (12.26).

In the case the di�erences of the diagonal elements are smaller than the non-
diagonal ones, one should apply degenerate perturbation theory. We will focus on
a subclass of this kind of problems that emerges from the discretization of 1 + 1
dimensional �eld theory, namely the case where the matrixK is of the form

ki = k; l i = l: (13.19)

It is a matter of algebra (see Appendix H.3) to show that the matrix
 � 1� can
be perturbatively calculated as
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The above imply that the eigenvalues at zeroth order are

� j (0)
D = f 4

�
k

T2

�
: (13.25)

As expected, they are all equal, and, thus, they do not determine the eigenvectors.
At �rst order the matrix 
 � 1� is proportional to the matrix � i +1 ;j + � i;j +1 . The
determination of its eigenvectors is a simple problem. The normalized eigenvectors
vj are

vj
i =

r
2

N + 1
sin

ij�
N + 1

(13.26)

and the eigenvalues of the matrix
 � 1� at �rst order equal
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: (13.27)

Now we may apply degenerate perturbation theory to determine the eigenvalues at
second order. They equal
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: (13.28)

It is a matter of algebra to show that
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The above eigenvalues imply that the entanglement entropy equals
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Interestingly enough, a similar cancellation between the contributions from all eigen-
values, but two, one from each subsystem, occurs in the calculation of mutual infor-
mation in this case too. One can show that at this order
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The above formula may look quite dissimilar to the formula (13.17) that we
found in the case of the non-degenerate perturbation theory. However, it is exactly
the smooth limit of the latter as ki ! k and l i ! l , i.e.

I = �
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125



The non-degenerate and degenerate perturbation theories resulted in di�erent results
for the entanglement entropy, but in thesame result for the mutual information. This
hints that the mutual information is determined by an underlying matrix object,
which has the same double hierarchy as the matrix
 � 1� at zero temperature, and,
thus, at this order in the l=k expansion it has only two non-vanishing elements. This
is not unexpected, since the symmetry property of the mutual information enforces
the latter to depend only on the entangling surface (in this case the point that
separates the two subsystems) and not the subsystems. Whether the two approaches
provide di�erent results at higher orders is an issue that requires further investigation.
At leading order, the di�erence of the two approaches, is restricted to the thermal
contributions to the entanglement entropy, thus, irrelevant to our interests.

The formula (13.32) also has a high temperature expansion of the form

I =
l2

2k2
+

l2

1440T4
+ O

�
1

T6

�
; (13.33)

which coincides with thel=k-expansion of the high temperature formula (12.26).

13.2 Low Temperature Expansion

In the previous section, we managed to �nd anl=k expansion for the mutual infor-
mation in the case of a chain of oscillators. Although there is an ambiguity at the
process of the perturbative calculation of the eigenvalues of the matrix
 � 1� , as long
as the mutual information is considered, this ambiguity disappears, at least at this
order in the perturbation theory.

We also showed that the expressions agree with the expected form for the high
temperature expansion of the mutual information. However, as we will see in the
next subsection with the study of two indicative example chains of oscillators, at low
temperatures, the expressions we obtained with thel=k expansion fail to approximate
successfully the actual mutual information. The underlying reason for this is the fact
that at low temperatures, most eigenvalues tend to zero (at least at this order in the
perturbation theory). As a result, the perturbative formulae for the calculation of
the contribution of an eigenvalue to the entanglement entropy are not correct, since
they reach a singular point. Namely, the contribution to the entanglement entropy
from an eigenvalue of the matrix
 � 1� of the form � (0)

Di + "2� (2)
Di in general is given

by equation (13.15). However, as� (0)
Di ! 0, the quantity �

�
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also tends to zero.

It follows that the series (13.15) fails being a good approximation and it has to

be substituted by S ' � 1
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�
log � (2)

Di " 2

2 � 1
�

� (2)
Di "2. Although there is no problem to

the perturbative calculation of the eigenvalues of the matrix
 � 1� , this technicality
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enforces to deal with the case of low temperatures (or equivalently small eigenvalues)
separately, making the appropriate adaptations of the relevant formulae. This is
performed in the Appendix I. It turns out that the low temperature expansion of the
mutual information is given by
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where � (0)
Dn is the non-vanishing eigenvalue of the matrix
 � 1� at zero temperature,

which at this order in the l=k expansion reads
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and k(2)
i is the second order correction of the eigenvalues of the matrixK in a non-

degenerate perturbation theory approach, namely

k(2)
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ki � 1 � ki
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l2
i

ki � ki +1

�
: (13.36)

The �rst line of the equation (13.34) is trivially twice the zero temperature entangle-
ment entropy. The second line is the thermal correction to the mutual information
at low temperatures, which clearly is exponentially suppressed.

13.3 Two Characteristic Examples

Let us now consider two characteristic example chains of oscillators. The one is a
chain, whose couplings matrix is of the form

K =

0

B
B
B
B
B
@

k l 0 0 � � �
l 2k l 0 � � �
0 l k l � � �
0 0 l 2k
...

...
...

. . .

1

C
C
C
C
C
A

: (13.37)

In an obvious way, this is a chain, where the non-degenerate perturbation theory
is appropriate for the determination of the eigenvalues of the matrix
 � 1� . We
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compare thel=k expansion (13.17), its high temperature expansion (13.18) and its
low temperature expansion (13.34) to numerical results. The numerical calculation
of entanglement entropy and the mutual information is performed via the numerical
diagonalization of the matrix 
 � 1� and then the substitution of its eigenvalues to the
formulae (12.16) and (12.17). This task is performed using Wolfram's Mathematica.
The comparison of the numerical and analytic results for various values ofk is shown
in �gure 9. In all cases l is considered equal to� 1. Furthermore, in all cases we
assumeN = 60 and n = 30. It is evident that the perturbative formulae approximate
the numerical results successfully, especially for large values of the parameterk.

The second chain of oscillators that we consider has a couplings matrix of the
form

K =

0

B
B
B
B
B
@
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0 l k l � � �
0 0 l k
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1
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C
C
C
C
A

: (13.38)

Obviously, this is the basic example where the degenerate perturbation theory ap-
plies. This case is also very interesting, as it can be obtained from the discritization
of the degrees of freedom of 1 + 1 dimensional free massive scalar �eld theory.

In this case one can obtain another analytic formula. Whenever, the couplings
matrix is of the form of a chain of oscillators, i.e. only neighbouring oscillators are
coupled, the high temperature expansion formula (12.26) assumes a simple form, as
the block K B contains only one non-vanishing element, which is equal toln , namely
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In the case of the chain (13.38), it is possible to calculate exactly the above expression,
since the eigenvectors of the blockK A are known (see e.g. Appendix H.3),
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�
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Therefore, in this case we also have an expression for the high temperature expansion
of the mutual information, which is exact in l=k.

As in the previous example, the analytic formulae are compared with numerical
calculations for various values ofk in �gure 10. All examples havel = � 1, N = 60
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Figure 9: The mutual information as function of the temperature for the chain of
oscillators (13.37) for various value of the parameterk
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and n = 30. The perturbation theory is in good agreement with the numerical
results, whenever the parameterk is large. Notice that there is an interesting change
in the behaviour of the mutual information ask gets lower. There is a critical value
of k, where the dependence of the mutual information on the temperature ceases
being monotonous. This is exactly the value where the coe�cient of the 1=T4 term
in the exact high temperature expansion (13.39) vanishes. This criticalk, for large
values ofn and N tends exponentially fast to the valuek = � 5=2l. As k further
reduces, another more dramatic change occurs. The mutual information at in�nite
temperature becomes larger than that at zero temperature.

14 Free Scalar QFT

Following section 8.1, one can calculate the mutual information as a sum of di�erent
sectors as

I (N; n) =
X

l

(2l + 1) I l (N; n); (14.1)

whereI l (N; n) is calculated using the couplings derived from the Hamiltonian (8.5)
and the formulae of section 12.

Figure 11 shows the dependence of the mutual information on the size of the
entangling sphere, both in the cases of a massless scalar �eld (left) and a massive
one with �a = 1 (right). The numerical calculation of the eigenvalues of the relevant
matrices has been performed with the help of Wolfram's Mathematica forN = 60. It
is evident that the mutual information is proportional to the area of the entangling
sphere. In the case of the massless scalar �eld, at vanishing temperature we �nd
that I ' 0:59R2=a2, which agrees with the result of [42]. The coe�cient of the area
law term is a decreasing function of the temperature. However, it does not vanish
as the temperature goes to in�nity. It rather reaches an asymptotic �nite value. In
the case of the massless �eld, this value is approximatelyI ' 0:38R2=a2.

14.1 The Large R Expansion

We intend to study the dependence of the entanglement entropy and the mutual
information, as a function of the size of the entangling sphere. For this purpose, we
assume that the entangling sphere lies in the middle between then-th and (n +1)-th
site of the spherical lattice. It follows that the radius of the entangling sphere is

R = nRa; where nR := n +
1
2

: (14.2)

In the following we study the expansion of the entanglement entropy and the mutual
information for large radii R of the entangling sphere, i.e. for largenR .
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Figure 11: The mutual information as function of the size of the entangling sphere

The series (8.4) and (14.1) cannot be summed directly. Instead we will approxi-
mate them using the Euler-MacLaurin formula, as in section 10.1. This reads

bX

n= a

f (n) =
Z b

a
dxf (x) +

f (a) + f (b)
2

+
1X

k� 1

B2k

(2k)!
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d2k� 1f (x)

dx2k� 1

�
�
�
�
x= b

�
d2k� 1f (x)

dx2k� 1

�
�
�
�
x= a

�
; (14.3)

where the coe�cients Bk are the Bernoulli numbers de�ned so thatB1 = 1=2. Using
this formula, we may approximate the series (14.1) with the integral

I (N; n) '
Z 1

0
d` (2` + 1) I (N; n; ` (` + 1)) ; (14.4)

where we de�ned
I (N; n; ` (` + 1)) = I ` (N; n) ; (14.5)

taking advantage of the fact that ` appears in I ` (N; n) only in the form of the
product ` (` + 1). We are interested in the behaviour of this integral for largeR. This
behaviour cannot be isolated trivially, sincenR appears in the integrand in the form
of the fraction `(` + 1) =n2

R and ` takes arbitrarily large values within the integration
range. This can be bypassed performing the change of variables`(` + 1) =n2

R = y.
Then the integral formula (14.4) assumes the form

I (N; n) ' n2
R

Z 1

0
dyI

�
N; nR �

1
2

; yn2
R

�
; (14.6)

which can be expanded for largenR .
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The term that is proportional to the highest power ofnR that appears in this
expansion is the one which is proportional ton2

R , i.e. the \area law" term. When the
size of the entangling sphere is su�ciently large, the mutual information is dominated
by this term. The \area law" term receives contributions only from the integral term
of the Euler-MacLaurin formula (14.3). Therefore, the largeR behaviour of the
mutual information is determined by equation (14.6).

14.2 The Hopping Expansion for the Area Law Term

The Hamiltonian (8.5) describes a system of coupled oscillators with couplings ma-
trix, which can be approximated as

K ij =
1
a2

��
2 +

l (l + 1)
i 2

+ � 2a2

�
� ij � � i +1 ;j � � i;j +1

�
; (14.7)

for the purpose of the determination of the leading \area law" term in the largeR
expansion. Trivially, the Hamiltonian (8.5) describes a chain of oscillators, thus we
can use the results of section 13. Substituting the mutual information for a chain
of oscillators (13.17) with the couplings (14.7) to the integral formula (14.6) and
expanding for largenR yields

I = n2
R

1Z
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p
2 + a2� 2 + y + aT sinh

h
1
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p
2 + a2� 2 + y

i
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coth
h

1
2aT

p
2 + a2� 2
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2 + a2� 2
+ O (nR) :

(14.8)

This formula has the high temperature expansion

I = n2
R

�
1

2 (2 + a2� 2)
+

1
24a2T2

�
2 + a2� 2

1440a4T4
+ O

�
1

T6

��
+ O (nR) ; (14.9)

which unlike the general formula for coupled oscillators contains a 1=T2 term. This
seeming contradiction is due to the fact that we have integrated contributions from
arbitrary high angular momenta `. The high temperature expansion (12.26) holds
for temperatures higher than the eigenvalues of the matrixK . However, when one
considers arbitrarily high angular momenta, these eigenvalues become arbitrarily
large. This would be resolved had one introduced a physical cuto� to the angular
momenta. We will return to this at the next subsection.

As we have seen in section 13, the 1=� expansion fails at low temperatures. In
the same section, we obtained the appropriate low temperature expansion for the

133



mutual information (13.34). Substituting this low temperature expansion into the
Euler MacLaurin formula yields

I = I T =0 + n2
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: (14.10)

The �rst term, I T =0 , is the zero temperature mutual information, which is simply
twice the zero temperature entanglement entropy. Perturbative expressions for this
term in the l=k expansion are in section 10.1. Unlike the general case, the integral
in the above formula cannot be performed analytically. However, its behaviour is
dominated by the exponential factor of the integrand. The exponent, i.e. the function
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has only one minimum in (0; 1 ), which lies at ymin =
p

3=2, at this order in l=k.
Therefore, a saddle point approximation may be performed. The value of the function
f and its second derivative at the minimum equalf (ymin ) =
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Figure 12 shows the dependence of the coe�cient of the \area law" term of the
mutual information on the temperature, for various values of the mass parameter.
For each mass, the �rst order result in thel=k (14.8), as well as the high temperature
(14.9) and low temperature (14.12) expansions are displayed. The analytic formulae
are compared with a numerical calculation, performed as in section 13.3. For these
numerical calculationsN is taken to be equal to 60, similarly to past calculations
(e.g. [42]). The linear part of the curve is stable for much smaller values ofN , as
shown in �gure 13. Further increasing the value ofN does not alter the accuracy
of the results signi�cantly for the purpose of our analysis. The mutual information
is always dominated by an area law term. The coe�cient of this area law term is
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Figure 12: The area law term coe�cient of the mutual information as function of the
temperature. The dashed lines are the low and high temperature expansions of the
mutual information, whereas the dotted lines are the asymptotic values forT ! 1 .
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Figure 13: The mutual information as function ofn for � = 1=a, T = 1=2a and
various values ofN

determined by scanningn from the value 10 to the value 50. We used the third
order result for the entanglement entropy at zero temperature, derived in section
10.1, in order to approximate theI T =0 term in the low temperature formula (14.12).
It is evident that the analytic formulae that we obtained in this section are in good
agreement to the numerical results, especially for large values of the scalar �eld mass.

14.3 Dependence on the Regularization

As explained in section 10.3, the regularization scheme that we use in this section is
quite peculiar. The radial and angular excitations of the �eld are treated di�erently;
while there is a UV cuto� equal to 1=a for the radial ones, the angular ones are
integrated up to in�nite scale. One can enforce a more uniform regularization intro-
ducing a cuto� at the angular momenta of the formlmax = cR=a. The appropriate
selection forc in 3 + 1 dimensions, so that the density of the degrees of freedom at
the region of the entangling surface is homogeneous, isc = 2

p
� . Then, the results

of the previous subsection serve as an upper bound for the area law term. It has to
be noted that had one desired to generalize these results to an arbitrary number of
dimensions, they would have found that the integral without the angular momentum
cuto� diverges at 4 + 1 and higher dimensions; this upper bound exists only in 2 + 1
and 3 + 1 dimensions. Obviously, the introduction of the angular momentum cuto�
yields the coe�cient of the area law term of the mutual information �nite at all
dimensions. Returning to 3 + 1 dimensions, such a regularization yields

I = n2
R

0

@
coth

h
1

2aT

p
2 + a2� 2

i

4aT
p

2 + a2� 2
�

coth
h

1
2aT

p
2 + a2� 2 + c2

i

4aT
p

2 + a2� 2 + c2

1

A + O (nR) : (14.13)
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This formula has the high temperature expansion

I = n2
R

�
1

2 (2 + a2� 2)
�

1
2 (2 + a2� 2 + c2)

+
c2

1440a4T4
+ O

�
1

T6

��
+ O (nR) :

(14.14)
This is exactly what should be expected from the general high temperature formula
(12.26). The 1=T2 term is vanishing, whereas the 1=T4 contains only the leading
term in the 1=� expansion (the last term of equation (12.26)), which is equal to
1=(1440a4T4) from each angular momentum sector. As we have cuto� the angular
momenta at lmax = cR=a' c(nR + 1=2), at leading order innR there arec2n2

R such
sectors, which is consistent with our result.

The low temperature behaviour is determined by the low angular momenta. Nat-
urally, the introduction of the angular momenta cuto� does not alter the procedure
of deriving the low temperature expansion of the mutual information, as long as
c >

p
3=2. For these values ofc the formula (14.12) provides a good approximation

of the mutual information at low temperatures.
Figure 14 shows the dependence of the coe�cient of the dominant \area law"

term of the mutual information on the temperature, with an angular momentum
cuto� lmax = 2

p
�R=a , for various values of the mass parameter. The �rst order

expansion, as well as the low and high temperature expansions are compared to
numerical calculations performed with the use of Wolfram's Mathematica with the
same parameters as in the previous subsection. As in the previous subsection, we used
the third order result for the entanglement entropy at zero temperature of section
10.1, in order to approximate theI T =0 term in the low temperature formula (14.12).
For large values of the scalar �eld mass, the analytic formulae that we obtained in
this section are in good agreement to the numerical results.

15 Multipartite Systems

So far we have restricted the discussion into bipartite systems. Obviously, this is
due to the fact that these systems can be treated easier. Nevertheless, the developed
techniques can trivially be applied to multipartite systems. As an indicative example,
let us present the case of a tripartite system. The corresponding couplings matrix is
naturally divided into blocks as

K =

0

@
K AA K AB K AC

K BA K BB K BC

K CA K CB K CC

1

A ; K BA = K T
AB ; K CA = K T

AC ; K CB = K T
BC :

(15.1)
The diagonal blocksK AA , K BB and K CC are symmetric, while their dimensions are
n � n, p � p and q � q, respectively. In order to trace out the systemB, which
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Figure 14: The area law term coe�cient of the mutual information as function of the
temperature with an angular momentum cuto� lmax = 2
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are the low and high temperature expansions of the mutual information, whereas the
dotted lines are the asymptotic values forT ! 1 .
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corresponds to the degrees of freedomn + 1; : : : ; n + p, one can use a simple trick
and relabel the degrees of freedom. In particular, using a similarity transformation
with an appropriate permutation matrix we can re-express the couplings matrixK
as

K =

0

@
I n 0 0
0 0 I q

0 I p 0

1

A

T 0

@
K AA K AC K AB

K CA K CC K CB

K BA K BC K BB

1

A

0

@
I n 0 0
0 0 I q

0 I p 0

1

A : (15.2)

The matrix in the middle, which we denote asK 0 in what follows, describes an
e�ective overall system, in which the subsystemsA and C are adjacent. Thus, one
can use all formulas for bipartite systems upon the identi�cation

K A =
�

K AA K AC

K CA K CC

�
; K B =

�
K AB

K CB

�
; K C = K BB : (15.3)

An important subtlety is that the original theory, corresponding to K , and the
e�ective one, corresponding toK 0, have the same spectrum, since the transformation
that relates them is orthogonal.

For local couplings, such as the ones arising in the case of discretized local free �eld
theories,K is tridiagonal. Tracing out the subsystemB results in non-local theory.
The systemsA and C are not adjacent and there will be correlations between them,
which originally propagate through B. In the e�ective theory this non-locality is
explicitly expressed in the couplings matrixK 0. In the bipartite formalism (15.3),
the block K A is block diagonal since all elements ofK AC vanish, whileK B has only
two non-vanishing elements. It is of the form

(K B ) ij = ( K AB )n;1 � n;i � 1;j + ( K BC )p;1 � n+1 ;i � p;j : (15.4)

The high temperature expansion of the entanglement entropiesSA , SC and SA[ C is

SA = �
1
2

ln det

"
1
T

 

K AA �
�
K AB K AC

�
�

K BB K BC

K CB K CC

� � 1 �
K BA

K CA

� !#

+ n +
1

24T2
Tr [K AA ] ;

(15.5)

SC = �
1
2

ln det

"
1
T

 

K CC �
�
K CA K CB

�
�

K AA K AB

K BA K BB

� � 1 �
K AC

K BC

� !#

+ q+
1

24T2
Tr [K CC ] ;

(15.6)

SA[ C = �
1
2

ln det
�

1
T

��
K AA K AC

K CA K CC

�
�

�
K AB

K CB

�
K � 1

BB

�
K BA K BC

�
��

+ n + q+
1

24T2
Tr

��
K AA K AC

K CA K CC

��
:

(15.7)
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Thus, the mutual information I = SA + SC � SA[ C has a high temperature expansion
of the form

I = I 1 +
0

T2
+ O

�
1

T4

�
: (15.8)

In order to calculate I 1 , we will relay on the following formulas

det (K ) = det ( K 0) = det ( K BB ) det
��

K AA K AC

K CA K CC

�
�

�
K AB

K CB

�
K � 1

BB

�
K BA K BC

�
�

;

(15.9)

det (K ) = det
�

K BB K BC

K CB K CC

�
det

 

K AA �
�
K AB K AC

�
�

K BB K BC

K CB K CC

� � 1 �
K BA

K CA

� !

;

(15.10)

det (K ) = det
�

K AA K AB

K BA K BB

�
det

 

K CC �
�
K CA K CB

�
�

K AA K AB

K BA K BB

� � 1 �
K AC

K BC

� !

:

(15.11)

These imply that I 1 is given by

I 1 =
1
2

ln det
�
I q � K � 1

CC K CB K � 1
BB K BC

�

�
1
2

ln det

"

I q � K � 1
CC

�
K CA K CB

�
�

K AA K AB

K BA K BB

� � 1 �
K AC

K BC

� #

; (15.12)

or equivalently by

I 1 =
1
2

ln det
�
I n � K � 1

AA K AB K � 1
BB K BA

�

�
1
2

ln det

"

I n � K � 1
AA

�
K AB K AC

�
�

K BB K BC

K CB K CC

� � 1 �
K BA

K CA

� #

: (15.13)

Finally, I 1 can be expressed in a manifest symmetric form as

I 1 =
1
2

ln det
�

K AA K AB

K BA K BB

�
+

1
2

ln det
�

K BB K BC

K CB K CC

�
�

1
2

ln det
�

K AA K AC

K CA K CC

�

�
1
2

ln det

"

K BB �
�
K BA K BC

�
�

K AA K AC

K CA K CC

� � 1 �
K AB

K CB

� #

�
1
2

ln det (K BB ) :

(15.14)

In the special case of local couplings, which impliesK AC = 0, we obtain

I 1 =
1
2

ln det
�
I p � K � 1

BB K BA K � 1
AA K AB

�
+

1
2

ln det
�
I p � K � 1

BB K BC K � 1
CC K CB

�

�
1
2

ln det
�
I p � K � 1

BB K BA K � 1
AA K AB � K � 1

BB K BC K � 1
CC K CB

�
: (15.15)
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The blocksK AB and K BC have a single non-vanishing element

(K AB ) i;j = ( K AB )n;1 � n;i � 1;j ; (K BC ) i;j = ( K BC )p;1 � p;i � 1;j ; (15.16)

thus, the matrices that appear in (15.15) read

�
K � 1

BB K BA K � 1
AA K AB

�
i;j

=
h
(K AB )n;1

i 2 �
K � 1

AA

�
n;n

�
K � 1

BB

�
i; 1

� 1;j ; (15.17)

�
K � 1

BB K BC K � 1
CC K CB

�
i;j

=
h
(K BC )p;1

i 2 �
K � 1

CC

�
1;1

�
K � 1

BB

�
i;p

� p;j : (15.18)

Putting everything together, I 1 is given by

I 1 =

�
1
2

ln

2

6
41 �

h
(K BC )p;1

i 2 �
K � 1

CC

�
1;1

�
K � 1

BB

�
1;p

1 �
h
(K BC )p;1

i 2 �
K � 1

CC

�
1;1

�
K � 1

BB

�
p;p

h
(K AB )n;1

i 2 �
K � 1

AA

�
n;n

�
K � 1

BB

�
n;1

1 �
h
(K AB )n;1

i 2 �
K � 1

AA

�
n;n

�
K � 1

BB

�
1;1

3

7
5 :

(15.19)

Let us consider the case of homogeneous coupling, i.e. the couplings matrixK in
(15.1) to be given by

(K ) i;j = k� i;j + ` (� i +1 ;j + � i;j +1 ) : (15.20)

Notice that all three diagonal blocksK AA , K BB and K CC are of the same form. The
inverse of aN � N matrix of this form is the matrix

�
K � 1

�
i;j

= �
1
`

cosh [(N + 1 + ji � j j) � ] � cosh [(N + 1 � i � j ) � ]
2 sinh [� ] sinh [(N + 1) � ]

; (15.21)

where � = arccosh
�
� k

2`

�
for (k=`) � � 2, see [257]. This implies thatI 1 assumes

the form
I 1 = �

1
2

ln [1 � CqCn ] ; (15.22)

where

Cx =
cosh [(x + 1) � ] � cosh [(x � 1) � ]

cosh [(p + x + 2) � ] � cosh [(p + x) � ]
: (15.23)

In the case of 1 + 1 free massive scalar �eld theory

� = arccosh
�
1 +

m2a2

2

�
; (15.24)

wherem is the mass of the �eld anda the lattice spacing. Substituting

q = N � p � n; N !
L
a

; p !
R2

a
�

1
2

� n; n !
R1

a
�

1
2

(15.25)
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and taking the limit a ! 0 we obtain

I 1 = �
1
2

ln
�
1 �

sinh [R1m] sinh [R3m]
sinh [(L � R1) m] sinh [(L � R3) m]

�
; R3 = L � R2: (15.26)

In this notation subsystemA corresponds to the line segment (0; R1), subsystemB
to (R1; R2) and subsystemC to (R2; L). Notice that this result corresponds to a
double scaling limit of the harmonic lattice, where the temperature goes to in�nity,
the lattice spacing to zero, while their product goes to in�nity, i.e.

I 1 = lim
a! 0

aT !1

I: (15.27)

16 Conclusions

The calculation of entanglement entropy in the ground state of oscillatory systems,
which include free scalar �eld theories, at their ground state is in general a di�cult,
non-perturbative calculation, since the ground state is highly entangled. We managed
to �nd a perturbative method to calculate it, using as expansive parameter the ratio
of the non-diagonal to diagonal elements of the couplings matrix of the system. This
parameter in the case of free scalar �eld theory is being played by the inverse mass
of the �eld.

The calculation of entanglement entropy in the inverse mass expansion indicates
that the major contribution to entanglement entropy is a term proportional to the
area of the entangling surface, i.e. the \area law" term, a well-known fact since
[42, 81]. The perturbative calculation of the coe�cient of this term agrees with the
numerical calculation of entanglement entropy, based on the techniques of [42], and
provides an analytic method for the speci�cation of such coe�cients. Subleading
terms in the expansion of entanglement entropy for large entangling sphere radii can
also be perturbatively calculated. The inverse mass expansion and the entangling
sphere radius expansions can be performed simultaneously, but they are not parallel
in any sense. The leading term in the entangling sphere radius expansion, i.e. the
area law term, as well as the subleading terms, receive contributions at all orders in
the inverse mass expansion.

When the mass of the �eld is very large, the area law can be understood as a
result of the locality. In such cases only correlations between nearest neighbours are
important, therefore the entanglement entropy should be expected to be proportional
to the number of neighbouring degrees of freedom that have been separated by the
entangling surface. These are obviously proportional to the area of the entangling
surface. However, the area law holds in the massless case, too. The underlying cause
of this behaviour is the symmetric property of the entanglement entropy. Whenever
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the composite system lies in a pure state it holds thatSA = SA C . Therefore, a vol-
ume term cannot appear as it should be proportional to the volume of the interior
and simultaneouslyto the volume of the exterior of the sphere. Naturally, the entan-
glement entropy has to depend on the geometric characteristics of the only common
feature that the interior and exterior of the sphere share, i.e. the entangling sphere
itself.

The area law term, as well as the subleading ones are dependent on the regu-
larization scheme, in line with analogous replica trick calculations. Universal terms
that appear in the massless limit and depend on the global characteristics of the
entangling surface (logarithmic terms in even dimensions and constant terms in odd
dimensions) are non-perturbative contributions in this expansive approach. Fur-
thermore, in this approach, the coe�cient of the area law term in 2 + 1 and 3 + 1
dimensions has an upper bound, for any regularization scheme. The latter does not
exist in higher dimensions.

An interesting feature of the inverse mass expansion is the following: the pertur-
bation parameter is not exactly the inverse mass, but rather the quantity 1=

p
� 2a2 + 2,

wherea is the UV cuto� length scale imposed in the radial direction. This fact al-
lows the application of the perturbation series even in the massless �eld case. Not
surprisingly, the perturbation series converges more slowly than in the massive case;
however, the values of the �rst terms strongly suggest that it still converges to the
numerical results. In the case of free massless scalar �eld in 3 + 1 dimensions the
inverse mass series for the coe�cient of the area law term approaches the value 0:295
found in [42,242].

An important advantage of the presented perturbative method is that it is not
limited to the calculation of entanglement entropy, but it provides the full spectrum
of the reduced density matrix. The latter, unlike entanglement entropy, contains
the full information of the entanglement between the considered subsystems. This is
clearly an advantage in comparison to holographic (the latter of course can be applied
to strongly coupled systems, where it is impossible to apply our perturbative method)
or replica trick calculations, which naturally allow the speci�cation of R�enyi entropies
Sq for all q. Although in principle it is possible to reconstruct the spectrum of the
reduced density matrix from the latter, in practise this process is very complicated
and usually only the speci�cation of the largest eigenvalue and its degeneracy may
be easily achieved.

This perturbative method is an appropriate tool to expose the connection between
the \area law" and the locality of the underlying �eld theory. Locality is encoded
into the couplings matrix K as the absence of non-diagonal elements apart from the
elements of the superdiagonal and subdiagonal. This in turn results in an hierarchy
for the eigenvalues of the reduced density matrix system, leading to the area law.
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This hierarchy in the spectrum of the reduced density matrix depicts the fact that
locality enforces entanglement between the interior and the exterior of the sphere to
be dominated by the entanglement between pairs of neighbouring degrees of freedom
that are separated by the entangling surface. The latter are clearly proportional to
the area and not the volume of the entangling sphere.

When temperature is turned on, the entanglement entropy contains volume terms,
which are inherited from the thermal entropy of the overall system. The presence of
such terms should not be considered surprising, since the symmetry property of the
entanglement entropy does not hold, whenever the composite system lies in a mixed
state. The entanglement entropy is not a good measure of quantum entanglement in
such cases; a better measure of the correlations between a subsystem and its comple-
ment is the mutual information. This, by de�nition obeys the symmetry property,
and, thus, it should be expected that in �eld theory, even at �nite temperature,
it behaves similarly to the entanglement entropy at zero temperature. Indeed, our
perturbative calculations, as well as the numerical calculations that we performed,
verify this intuitive prediction; the mutual information is dominated by an \area
law" term.

The coe�cient of the area law term of the mutual information exposes an inter-
esting behaviour as a function of the temperature. This coe�cient reduces as the
temperature increases; this is expected as the thermal e�ects tend to wash out the
quantum correlations between the considered subsystems. However, as the temper-
ature tends to in�nity, the coe�cient does not vanish, but it rather tends to a given
�nite value. This is a property of any harmonic oscillatory system. It turns out that
the asymptotic value of the mutual information at in�nite temperature is identical
to the mutual information of the equivalent classical system of coupled oscillators at
�nite temperature.

Following the approach of the zero temperature case, we found a perturbative
expression for the area law coe�cient, expanding in the inverse mass of the scalar
�eld. The calculation is performed in the lowest order. It is in good agreement
with the numerical calculations, especially for large values for the �eld mass. The
calculation, although signi�cantly more complicated than the zero temperature one,
can be directly performed at higher orders, improving the accuracy of the analytic
results.

Similarly to the zero temperature case, due to the particular discretization of the
�eld degrees of freedom in radial shells, the expansion continues to work even at the
massless �eld limit in 3 + 1 dimensions. This is due to the fact that the angular
momentum e�ectively acts as a mass term for the corresponding moments of the
�eld. However, it fails in 1 + 1 dimensions at the massless limit.

The original calculation by Srednicki implements a peculiar regularization. Al-
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though a lattice of spherical shells is used, introducing a UV cuto� at the radial �eld
excitations, the angular momenta are integrated up to in�nity. This scheme provides
a �nite result only at 2 + 1 and 3 + 1 dimensions. One may apply a more uniform
scheme, introducing an angular momentum cuto� so that a similar UV cuto� applies
at the angular degrees of freedom on the entangling surface. Such a regularization
scheme exposes the fact that the area law term is regularization scheme dependent.
Furthermore, similarly to the zero temperature case, the Srednicki regularization in
2 + 1 and 3 + 1 provides an upper bound for the coe�cient of the area law term.
In higher dimensions there is no such bound, however, the introduction of this more
uniform regularization leads to a �nite result for the area law coe�cient.

Finally, another interesting property concerns the high temperature expansion of
the mutual information in any harmonic oscillatory system. This expansion naturally
contains even powers of 1=T. However, it turns out that the �rst term, namely the
1=T2 term, always vanishes.

It would be interesting to extend the applications of this perturbative expansion
to other geometries, e.g. dS or AdS spacetimes, to cases where the overall system
does not lie at its ground state (e.g. systems at energy eigenstates, coherent states
etc) or to other �eld theories containing fermionic �elds or gauge �elds. Furthermore,
application of the above techniques for non-spherical entangling surfaces may shed
light to the dependence of entanglement entropy on the geometric features of the
latter, such as the curvature.

145





Integrability Techniques for Non
Linear Sigma Models





17 Introduction

Static minimal surfaces in AdS4 are two-dimensional Euclidean world-sheets. Such
world-sheets can be described by NLSMs, which are integrable. In particular, the
static co-dimension two minimal surfaces in AdS4 are equivalent to co-dimension one
minimal surfaces in the hyperbolic space H3. Such two-dimensional Euclidean world-
sheets, embedded in Hd, are of great interest, since they are the holographic duals
of Wilson loops at strong coupling [47,48]. In this Part, we we study the relation of
entanglement and integrability in this framework.

In a �rst study one would be interested in taking advantage of integrability in
order to construct solutions of the NLSM. A method for the construction of classical
solutions in NLSMs with a symmetric target space that is more systematic than
the use of an arbitrary ansatz, but yet leads to solutions expressed in terms of
Weierstrass elliptic function and related functions, was initiated in [190, 258]. In
this approach, NLSM solutions are derived through the inversion of the Pohlmeyer
reduction [259, 260]. The symmetric space non-linear sigma models (NLSMs) that
describe strings propagating in the corresponding symmetric space, are well known
to be reducible to integrable systems of the same family as the sine-Gordon equation
and multi-component generalizations of the latter [261{264]. This procedure is non-
trivial, since the transformation connecting the original NLSM �elds to the �eld
variables of the reduced theory is non-local. The oldest and most well-known example
is the reduction of the O(3) NSLM, which leads to the sine-Gordon equation [259,260].
The reduced system can always be derived from a local Lagrangian, which is a gauged
Wess-Zumino-Witten model with an integrable potential [265{268]. The Pohlmeyer
reduction is equivalent to the Gauss-Codazzi equations for the embedding of the
string worldsheet into the target space, which is in turn embedded into a 
at enhanced
space [269]. In this context, the fact that the target space is a symmetric space is
directly connected to the integrability of the reduced model [270,271].

Even though it is straightforward to calculate the solution of the reduced the-
ory that corresponds to a given solution of the original NLSM, the inversion of the
Pohlmeyer reduction is a highly non-trivial process. This can be attributed to the
non-local nature of the Pohlmeyer reduction, as well as to the fact that the map-
ping is many-to-one. Construction of NLSM solutions based on the inversion of the
Pohlmeyer reduction has been performed in [258] for strings propagating on AdS3

and dS3, and in [190] for minimal surfaces in H3. These techniques can be applied for
a particular class of solutions of the reduced system, which depend on a sole world-
sheet coordinate. Given such a solution of the reduced system, the NLSM equations
of motion become linear and solvable via separation of variables. Then, the geomet-
ric and Virasoro constraints are imposed and NLSM solutions are obtained. This
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procedure enables a systematic investigation of this class of NLSM solutions.

Classical string solutions have played an important role in the understanding
of the AdS/CFT correspondence. According to the dictionary of the holographic
duality, the dispersion relations of classical string solutions are related to the anoma-
lous dimensions of gauge theory operators in the strong coupling limit. Matching
the spectra on both sides of the holographic duality was a non-trivial quantitative
test [272{276] of the AdS/CFT correspondence and classical string solutions were
necessary in order to perform such calculations. The standard methodology in the
literature for this purpose, has been the use of an appropriate ansatz in order to
reduce the classical string equations of motion and the Virasoro constraints to a sys-
tem of equations for a set of unknown functions or parameters [277,278] (See [33] for
a review of the subject).

The matching of the spectra of the classical string in AdS5� S5 and the N = 4
SYM has also been studied with the help of methods from algebraic geometry. The
sigma model [279] of the Green-Schwarz superstring possesses a spectral curve, which
is a manifestation of integrability [280]. On the �eld theory side, the anomalous
dimensions of operators at strong coupling can be calculated using the Bethe ansatz
[281]. It has been shown that at speci�c limits, the spectra of the dual theories indeed
match upon the identi�cation of some parameters [34, 35] (for a review see [282]).
In this language, the classical string solutions are provided in terms of abstract
hyperelliptic functions, that can be expressed in terms of conventional functions
(algebraic or elliptic) only in the genus one case. Thus, although the problem of
spectrum matching is formally understood, it is di�cult to study and comprehend
the generic structure.

The general solution of the NLSM on H3 has been obtained in [188] in terms of
hyper-elliptic functions, while further aspects of it have been studied in [189, 283].
Key element of this solution, is the reducibility of the NLSMs de�ned on symmetric
spaces to integrable equations of the family of the sine-Gordon equation, through
the so called Pohlmeyer reduction [259, 284]. Given a solution of the Pohlmeyer
reduced theory, the equations of motion of the NLSM become linear. The general
solution was constructed by a clever incorporation of basic properties of hyper-elliptic
functions. Yet, the practical use and qualitative understanding of this formal solution
is very limited due to the high complexity of the hyper-elliptic functions. On a
complementary approach in [190], the whole class of solutions, whose Pohlmeyer
�eld is expressed in terms of elliptic functions of only one of the two world-sheet
coordinates, was derived through the \inversion" of the Pohlmeyer reduction and
subsequently it was studied in detail.

As integrability has been extensively used in the context of AdS/CFT corre-
spondence, it is interesting to investigate whether integrability can be used in a
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fashion similar to that of the spectral problem, in order to establish a direct rela-
tion between quantities relevant to entanglement entropy on the �eld theory side
and its gravitational dual. Expressing this kind of questions in �eld theory more
concretely is beyond our understanding. The spectral curve, that corresponds to
the solution [188], was constructed in [285]. Yet, we lack any clue on how to relate
entanglement entropy with a spectral curve. To sidestep this obstacle, we study an
operation, which alters the entangling surface and the corresponding minimal sur-
face. This is the construction of new minimal surfaces using the so-called dressing
method [260,286,287].

In order to gain intuition, we make several steps back, and study a similar prob-
lem, namely classical strings inR� S2. The reason for doing so is that the Pohlmeyer
reduced theory, i.e. the Sine-Gordon equation, is much more studied and it is easier to
conceptually understand the relation between the NLSM solution and the Pohlmeyer
counterpart. In addition, even though the vacuum solutions have been used as the
seed, the dressing method has already been applied in this NLSM. As a byproduct
we draw interesting conclusions for classical strings.

String solutions belonging inR � S2 probe several interesting regimes of the
spectrum of the AdS/CFT duality at speci�c limits. Berenstein, Maldacena and
Nastase [288] studied a particle moving at the equator of S5 at the speed of light.
Gubser, Klebanov and Polyakov [289] studied a closed folded string that rotates
around the north pole of the S2 and its counter part, a string that is a rotating
great circle. A few years later, Hofman and Maldacena [290] introduced the giant
magnons. These are open strings, whose ends lie at the equator of the S2 and move at
the speed of light. They are the strong coupling, string theory counterpart of in�nite
size single-trace operators that contain one impurity. In [291{296] more general
spiky string solutions are constructed. All these known solutions emerge naturally in
our construction. We give a uni�ed description and classi�cation of all these string
solutions in terms of their Pohlmeyer counterpart.

The integrable systems of the family of the sine-Gordon equation possess B•ack-
lundtransformations, which connect solutions in pairs. Given a seed solution, these
transformations generate a new non-trivial one. Iterative application of the B•ack-
lundtransformations leads to in�nite towers of solutions. The archetypical exam-
ple is the sine-Gordon equation, where using the vacuum as seed solution, one can
construct the one-kink solutions and then a whole class of multi-kink/breather solu-
tions [297]. The analogue of this procedure in the NLSM is the so called \dressing
method" [260, 286, 287, 298]. This method has been applied in the literature to
produce string solutions on dS space [299], on the sphere [300, 301] and on AdS
space [302, 303] that correspond to one- or multi-kink solutions of the Pohlmeyer
reduced system.
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We use classical elliptic string solutions as seed for the construction of higher
genus string solutions onR� S2, via the dressing method. This is made possible due
to the simple and universal description of the elliptic solutions achieved via the inver-
sion of Pohlmeyer reduction and the parametrization in terms of Weierstrass elliptic
function. We carry out this study in both the NLSM and the Pohlmeyer reduced
theory, namely the sine-Gordon equation, in order to understand the correspondence
between the dressing method and the B•acklundtransformations of the latter more
deeply.

Although more general higher genus solutions of both the NLSM and the sine-
Gordon equation can be expressed in terms of Riemann's hyperelliptic theta function
[304{306], it is di�cult to study their properties in this form. Unlike this approach,
the solutions presented here are degenerate genus two solutions, which are expressed
in terms of simple trigonometric and elliptic functions, and, thus, their properties can
be studied analytically. This study is the �rst application of the dressing method on
a non-trivial background, whose Pohlmeyer counterpart is neither the vacuum nor a
kink solution, i.e. a solution connected to the vacuum via B•acklundtransformations
[300, 301]. The development of this kind of solutions can also be very useful in
systems whose Pohlmeyer reduced theory does not possess a vacuum solution; the
cosh-Gordon equation is such an example [190]. We focus on salient aspects of the
above solutions, such as spike interactions, implications to the stability of the seed
solutions and their dispersion relations.

An interesting feature of the elliptic string solutions is the fact that they have
several singular points, which are spikes. These can be kinematically understood,
as points of the string that propagate at the speed of light [289] due to the initial
conditions. As they cannot change velocity, no matter what forces are exerted on
them, they continue to exist inde�nitely, as long as they do not interact with each
other. In the already studied spiky string solutions [292,293,295,296,307], the spikes
rotate around the sphere with the same angular velocity, and thus, they never inter-
act. Interacting spikes emerge in higher genus solutions. The simplest possible such
solutions are those which are constructed via the dressing of elliptic strings.

The stability of the elliptic strings is closely related to the stability of their
Pohlmeyer counterparts, which are either trains of kinks or trains of kinks-antikink
pairs. Although the latter is known [308], it is not easy to construct an explicit
non-perturbative solution exposing the instability of the elliptic strings. Naively,
such a solution has to be a degenerate genus two solution. In this case, one of the
two periods must coincide to the periodicity of the original elliptic solution under
study. On the other hand, the degenerate one will describe the in�nite evolution
which either asymptotically leads to or away from the elliptic solution. Therefore,
the dressed elliptic strings are conducive to the determination and study of the in-
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stabilities of the elliptic ones. The periodicity conditions that are obeyed by the
closed strings, combined with the physics of the dressed strings, specify a particular
region of parameters in the moduli space of the elliptic string solutions that allow
the existence of these instabilities. We focus on the relation of this class of dressed
solutions to linearized perturbations around the elliptic ones. We establish a one-to-
one correspondence between the instabilities of the linearized perturbations around
the Pohlmeyer �eld of the seed solution and the dressed solutions that realize the
instabilities of the elliptic strings. As a consequence, the dressing method can be a
useful tool for the study of string instabilities.

Having exhausted the analysis of elliptic strings inR� S2, it is time to return to the
original problem. We study some aspects of the dressing method on hyperbolic spaces
and apply it on the elliptic minimal surfaces of [190] in order to construct new minimal
surfaces. In the context of entanglement entropy, the dressing transformation can
be perceived as an operation that changes the entangling surface and consequently
the corresponding minimal surface. Obviously, this a�ects both the entanglement
entropy in �eld theory, as well as the holographic entanglement entropy. Nevertheless,
the application of the dressing method is far from trivial due to many technical and
conceptual challenges.

The implementation of the dressing method relies on the mapping of the solution
of the NLSM to an element of an appropriate coset. There exist previous works
that discuss the dressing of Wilson loops in AdS3 and AdS5 or AdS4� S2 8, using
mappings on complex groups [302, 309]. The fact that the world-sheet metric is
Euclidean causes complications to the construction of new real solutions. In these
works, the problem is sidestepped, but this cannot be the case for arbitrary space-
time dimensions. We apply the dressing method via the mapping of H3 to the real
coset SO(1; 3)=SO(3). We set up the problem from scratch and discuss in detail the
constraints that have to be imposed on the solution of the auxiliary system.

Contrary to most applications of the dressing method in the context of classical
string solutions, such as [300, 301], in the case of minimal surfaces, the Pohlmeyer
reduced theory lacks a vacuum (either stable or unstable); the simplest possible seeds
are the elliptic minimal surfaces [190]. As these seeds are non-trivial, more e�cient
techniques are incorporated. Surprisingly, studying the dressing transformation of a
general seed, we �nd that a single dressing transformation, with the simplest dressing
factor, interrelates a real solution of the NLSM to a purely imaginary one. The
imaginary solution of the Euclidean NLSM on hyperbolic space corresponds to a
real solution of the Euclidean NLSM on de-Sitter space. This drawback leads us to
study abstractly the dressing transformation for an arbitrary seed and to develop an

8As a matter of fact, in the latter case the pseudoholomorphicity equations, which describe the
Wilson loops as a result of supersymmetry, can e�ectively be described as a NLSM on S3.
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iterative procedure that can be employed in order to construct new NLSM solutions
once a solution of the auxiliary system is known. We discuss general quantitative
aspects of the tower of solutions and present an algebraic addition formula for the
surface element. Subsequently, we perform a double dressing transformation to the
elliptic minimal surfaces.

As in both the dressed elliptic strings and the dressed elliptic minimal surfaces
we were able to solve the auxiliary system we identifying the structure of a matrix
and generalizing some parameters of the seed, it worth asking whether one can solve
the auxiliary system for an arbitrary seed. Regarding the O(3) NLSM, it turns
out that the answer is yes. This formal solution is expressed in terms of a speci�c
element of the family of the seed. This implies that the particular NLSM has a more
fundamental property, which is a non-linear superposition rule. The dressing method
is exactly the implementation of this non-linear superposition rule.

This Part of the dissertation is based on the publications [2{5,9,10]. It is organized
as follows. In section 18, we revisit the Pohlmeyer reduction of the NLSM describing
strings propagating onR� S2 that results in the sine-Gordon equation. In section 19,
we review the class of solutions of the sine-Gordon equation that can be expressed
in terms of elliptic functions. In section 20, it is shown that for these solutions of
the sine-Gordon equation, the equations of motion of the NLSM separate into pairs
of e�ective Schr•odingerproblems. Each pair contains one 
at potential, whereas the
other one is then = 1 Lam�e potential. We obtain the general solution for this system
of equations and impose the appropriate constraints to e�ectively invert Pohlmeyer
reduction. In section 21, we study various properties of the elliptic strings, with
emphasis to the mapping of their properties to those of their Pohlmeyer counterparts.
In section 22, we study the dispersion relations of the string solutions. In section 23,
we set up the application of the dressing method for the cosetSO(3)=SO(2) and in
section 24, we apply it on the elliptic string solutions. In section 25, we study the
relation between the dressing method and the B•acklundtransformations of the sine-
Gordon equation and we obtain the Pohlmeyer counterparts of the dressed elliptic
string solutions presented in section 24. In section 26, we elucidate the properties
of the sine-Gordon counterparts of the dressed elliptic string solutions, in order to
both facilitate the study of the latter and furthermore establish a mapping between
the properties of the string solutions and their counterparts. In section 27, we study
the constraints which have to be imposed on the dressed string solutions, so that
they are closed. In e�ect they emerge to belong to four distinct classes. In section
28, we study the time evolution of the string solutions focusing on the interaction
of spikes. In section 29, we study a speci�c class of dressed string solutions that
reveals instabilities of a subset of the elliptic string solutions. In section 30, we
study the linear perturbations of the elliptic strings in the language of the Pohlmeyer
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reduced system and show that there is a one-to-one correspondence of unstable linear
perturbations and the relevant dressed string solutions. In section 31, we specify
explicitly the set of unstable elliptic string solutions. In section 32, we calculate
the energy and angular momentum of the dressed elliptic strings, which have great
interest in the context of the holographic dualities. In section 33 we discuss the
dressing method for the Euclidean NLSM in H3 for a general seed and an arbitrary
number of dressing transformations and a relation between solutions of the NLSM
on H3 and solutions of the NLSM on dS3 is established. In section 34 we study some
basic properties of the dressed surfaces, focusing on the transformation of the surface
element and the entangling surface. In section 35 we present the twice dressed elliptic
minimal surfaces. In section 36 we review basic elements of the NLSM that describes
strings propagating onR � S2 and solve the auxiliary system for an arbitrary seed.
Finally, in section 37, we discuss our results.

There are also some appendices. Appendix J consists of a review of the dressing
method. In appendix K the construction of the simplest dressing factor is presented
and the equivalence of the corresponding dressing transformation to the Pohlmeyer
reduced theory is discussed. In appendix L the double root limits of the dressed
Sine-Gordon solutions are presented. The asymptotic behaviour of the dressed el-
liptic strings with D 2 > 0 is derived in M. The angular momentum of the dressed
elliptic strings is calculated in N. In appendix O we prove that the dressed minimal
surfaces with the minimal dressing factor obey the equations of motion and satisfy
the Virasoro constraints. Finally, appendices P and Q contain some technical details
on the derivation of the solution of the auxiliary system for arbitrary seed.

Throughout the text, various properties of the Weierstrass elliptic and related
functions are used. All the necessary formulae can be found in standard mathematical
literature, e.g. [310], or in the appendix of [258].

18 The Pohlmeyer Reduction of Strings Propa-
gating on R� S2

The NLSMs that describe string propagation in symmetric spaces, are reducible to
integrable systems of the same family as the sine-Gordon equation [261{264, 311].
In this section, we revisit the Pohlmeyer reduction of strings propagating onR� S2

(R stands for the time dimension). The main di�erence of our approach to the
original treatment [259] is the implementation of a more general gauge, instead of
the static one, which will facilitate the construction of the elliptic string solutions
via the inversion of the Pohlmeyer reduction, in section 20. This is the main reason
we review the well-known Pohlmeyer reduction of strings propagating on the sphere
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here.
The basic ingredient of Pohlmeyer reduction is the embedding of the string world-

sheet in a symmetric target space, which is in turn embedded in an enhanced higher-
dimensional 
at space. In the case of bosonic strings propagating onR� S2, this
higher dimensional 
at space isR(1;3). We denote the coordinates in the enhanced
space asX 0, X 1, X 2 and X 3. Throughout this text, we use the following notation:

A � B � � A0B 0 + A1B 1 + A2B 2 + A3B 3; (18.1)
~A � ~B � A1B 1 + A2B 2 + A3B 3: (18.2)

Using this notation, the target space of the non-linear sigma model describing the
propagation of strings onR� S2 is simply the submanifold of the enhanced space:

~X � ~X = R2: (18.3)

Writing the string action as a Polyakov action, we �nd,

S = T
Z

d� + d� �
�

(@+ X ) � (@� X ) + �
�

~X � ~X � R2
��

; (18.4)

where � � are the right- and left-moving coordinates,� � � (� 1 � � 0) =2 and T is the
tension of the string.

The equations of motion that emerge from the action (18.4) read

@+ @� X 0 = 0; (18.5)

@+ @�
~X = � ~X: (18.6)

Obviously, the equation for theX 0 coordinate implies

X 0 = f +
�
� +

�
+ f �

�
� �

�
: (18.7)

We may eliminate the Lagrange multiplier� from the equations of motion (18.6). The
geometric constraint (18.3) implies that@�

~X � ~X = 0. Upon another di�erentiation
and the use of the equations of motion (18.6), we obtain

� = �
1

R2

�
@+

~X
�

�
�

@�
~X

�
: (18.8)

Therefore, the equations of motion for the embedding functionsX i assume the form

@+ @�
~X = �

1
R2

��
@+

~X
�

�
�

@�
~X

��
~X: (18.9)

The stress-energy tensor can be obtained by variation of the action with respect
to the worldsheet metric. The o�-diagonal components vanish identically,T+ � = 0,
as a result of Weyl invariance. The diagonal elements equal

T�� = ( @� X ) � (@� X ) : (18.10)
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It follows that the Virasoro constraints assume the form, (@� X ) � (@� X ) = 0. Using
the general solution for the embedding functionX 0 given by equation (18.7), the
Virasoro constraints can be written as

�
@�

~X
�

�
�

@�
~X

�
= ( f �

0)2 : (18.11)

The classical treatment of Pohlmeyer reduction takes advantage of the di�eomor-
phism invariance to set a speci�c form for the functionsf � , in particular selecting the
static gauge,X 0 = � (� + � � � ). For our purposes, it is more convenient to proceed
without selecting a gauge and leave the advantage of this freedom for later use.

We de�ne a basis in the enhanced three-dimensional 
at space (theR3 subspace
of R(1;3)),

~vi =
n

~X; @+
~X; @�

~X
o

: (18.12)

The magnitudes of the vectors~vi are �xed by the geometric and Virasoro constraints,

~v2
1 = R2; ~v2

2 = ( f +
0)2 ; ~v2

3 = ( f �
0)2 : (18.13)

Furthermore, the geometric constraint upon di�erentiation yields@�
~X � ~X = 0 im-

plying that ~v1 is perpendicular to~v2 and ~v3,

~v1 � ~v2 = ~v1 � ~v3 = 0: (18.14)

The only parameter that is not �xed by the constraints of the system is the angle
between~v2 and ~v3. We de�ne it, as the Pohlmeyer �eld ' ,

�
@+

~X
�

�
�

@�
~X

�
:= f +

0f �
0cos': (18.15)

The relations (18.13), (18.14) and (18.15) for the base vectors~vi can be used in
order to decompose any vector~V in the three-dimensional enhanced space in the
base~vi , as

~V =
1

R2

�
~V � ~v1

�
~v1 +

f �
0
�

~V � ~v2

�
� f +

0
�

~V � ~v3

�
cos'

(f +
0)2f �

0
~v2

+
f +

0
�

~V � ~v3

�
� f �

0
�

~V � ~v2

�
cos'

(f �
0)2f +

0
~v3: (18.16)

We decompose the derivatives of the base vectors into the base itself by introducing
the 3 � 3 matricesA+ and A � ,

@� ~vi = A �
ij ~vj : (18.17)
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By de�nition @+ ~v1 = ~v2; @� ~v1 = ~v3, while the equations of motion imply
@+ ~v3 = @� ~v2 = � f +

0f �
0=R2 cos'~v 1. So, the only basis vector derivatives left to

calculate are@+ v2 = @2
+ X and @� v3 = @2

� X . Di�erentiating the geometric constraint
twice with respect to the same variable yields (@2

�
~X ) � ~X = � (@�

~X ) � (@�
~X ) =

� (f �
0)2. Di�erentiating the Virasoro constraints yields (@2

�
~X ) � (@�

~X ) = f �
0f �

00. Fi-
nally, di�erentiating the Pohlmeyer �eld de�nition (18.15), we get ( @2

�
~X ) � (@�

~X ) =
f �

00f �
0cos' � f +

0f �
0@� ' sin' . Plugging the above into the decomposition formula

(18.16), we get

@+ ~v2 = �
(f +

0)2

R2
~v1 +

�
f +

00

f +
0 + @+ ' cot '

�
~v2 �

f +
0

f �
0sin'

~v3; (18.18)

@� ~v3 = �
(f �

0)2

R2
~v1 +

�
f �

00

f �
0 + @� ' cot '

�
~v3 �

f �
0

f +
0sin'

~v2: (18.19)

Putting everything together, the matricesA+ and A � assume the form,

A+ =

0

B
@

0 1 0

� (f +
0)2

R2
f +

00

f +
0 + @+ ' cot ' � f +

0@+ '
f �

0sin '

� f +
0f �

0

R2 cos' 0 0

1

C
A ; (18.20)

A � =

0

B
@

0 0 1
� f +

0f �
0

R2 cos' 0 0

� (f �
0)2

R2 � f �
0@� '

f +
0sin '

f �
00

f �
0 + @� ' cot '

1

C
A : (18.21)

The matrices A+ and A � must obey the compatibility condition @+ @� ~vi = @� @+ ~vi ,
which can be written as the zero-curvature condition

@� A+ � @+ A � +
�
A+ ; A �

�
= 0: (18.22)

Plugging the matrices (18.20) and (18.21) into the zero curvature condition yields

@+ @� ' = �
f +

0f �
0

R2
sin': (18.23)

This equation can be simpli�ed using the invariance under di�eomorphisms. We
will not select the static gaugef � (� � ) := � �� � , but we will restrict ourselves to
what is necessary to write (18.23) in the form of the sine-Gordon equation, i.e. a
more general \linear" gauge. We rede�ne the coordinates� � , so that

f �
�
� �

�
:= m� � � : (18.24)

The static and linear gauges are obviously connected via a worldsheet boost. In
the following, we will construct classical string solutions, inverting the Pohlmeyer
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reduction, using the techniques of [258]. The latter require solutions of the reduced
system that depend solely on either� 0 or � 1. The freedom of the linear gauge selection
allows the construction of classical string solutions, whose Pohlmeyer counterpart
depends on a general linear combination of the worldsheet coordinates in the static
gauge. Furthermore, it turns out that this freedom also facilitates the classi�cation of
the obtained solutions. Once the string solutions are found, one can always perform
a boost to express them in the static gauge.

Calculating the induced metric on the worldsheet, using the Virasoro constraints
(18.11) and the Pohlmeyer �eld de�nition (18.15), we �nd

ds2 = � m+ m� sin2 '
2

� �
d� 1

� 2
�

�
d� 0

� 2
�

: (18.25)

Therefore, demanding that� 0 is the time-like parameter and� 1 is the space-like
parameter setsm+ m� < 0. Then, the reduced system equation (18.23) assumes the
form

@+ @� ' = � 2 sin'; (18.26)

where� 2 := � m+ m� =R2.

19 Elliptic Solutions of the Sine-Gordon Equation

In this section, we are going to �nd the solutions of the sine-Gordon equation (18.26)
that depend solely on one of the two worldsheet coordinates, i.e. they are either
static or translationally invariant. In the following, the dot denotes di�erentiation
with respect to � 0 and the prime denotes di�erentiation with respect to� 1.

Without loss of generality, we consider a solution that depends only on� 0, namely
' (� 0; � 1) = ' 0 (� 0). In this case, the sine-Gordon equation reduces to

•' 0 = � � 2 sin' 0: (19.1)

This equation can be integrated once to yield

1
2

_' 2
0 � � 2 cos' 0 = E: (19.2)

Similarly, had one considered static solutions, the only di�erence would be an
overall sign. This sign can be absorbed de�ning' (� 0; � 1) = � + ' 1 (� 1), which leads
to

' 1
00= � � 2 sin' 1: (19.3)

It follows that static solutions can be produced by translationally invariant ones via
an interchange of the coordinates and a shift of' by � .
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Despite the simple symmetry that connects the translationally invariant solu-
tions to the static ones, these two classes of solutions are characterized by dissimilar
Hamiltonian density. The latter equals

H =
1
2

_' 2 +
1
2

' 02 � � 2 cos': (19.4)

In the case of translationally invariant solutions, the Hamiltonian density is constant
in both space and time and is equal to the integration constantE,

H = E: (19.5)

On the contrary, in the case of static solutions, the Hamiltonian density is not con-
stant, but a non-trivial function of � 1,

H =
1
2

' 1
02 � � 2 cos' 1 = E � 2� 2 cos' 1 = ' 1

02 � E: (19.6)

The momentum density is given by

P = � ' 0 _' (19.7)

and it vanishes for both translationally invariant and static solutions.
It is clear that equation (19.2) can be regarded as the conservation of energy of

the simple pendulum. It is well known that the solutions to this problem can be
expressed analytically in terms of elliptic functions. Indeed, performing the change
of variable

2y +
E
3

= � � 2 cos' 0; (19.8)

equation (19.2) assumes the form

y02 = 4y3 �
�

E 2

3
+ � 4

�
y �

E
3

 �
E
3

� 2

� � 4

!

: (19.9)

This is the standard form of the Weierstrass equationy02 = 4y3 � g2y � g3, with
speci�c values for the moduli equal to

g2 =
E 2

3
+ � 4; g3 =

E
3

 �
E
3

� 2

� � 4

!

: (19.10)

The general solution of the Weierstrass equation in the complex domain is pro-
vided by the Weierstrass elliptic function } . However, we are interested only in
real solutions de�ned in the real domain. When the modulig2 and g3 are real, the
Weierstrass equation has one or two independent real solutions in the real domain,
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depending on the reality of the roots of the cubic polynomialQ (y) = 4 y3 � g2y � g3.
It turns out that the latter, with the moduli g2 and g3 given by (19.10), has always
three real roots, namely,

x1 =
E
3

; x2 = �
E
6

+
� 2

2
; x3 = �

E
6

�
� 2

2
: (19.11)

The ordering of the three roots depends on the value of the integration constantE,
as shown in �gure 15. De�ning the ordered roots asei , wheree1 > e2 > e3, we have

� � 2

� 2

� 2=3

� � 2=3

x1

x2

x3

x i

E

Figure 15: The roots of the cubic polynomial as function of the integration constant
E

the identi�cation between x i and ei that is shown in table 1.

ordering of roots

E > � 2 e1 = x1; e2 = x2; e3 = x3

jE j < � 2 e1 = x2; e2 = x1; e3 = x3

E < � � 2 e1 = x2; e2 = x3; e3 = x1

Table 1: The ordering of the roots

When Q (y) has three real roots, the fundamental periods of the Weierstrass
elliptic function can be de�ned so that one of them is real and the other is purely
imaginary. Let 2! 1 be the real one and 2! 2 be the imaginary one. Then, there are
two distinct real solutions of the Weierstrass equation in the real domain, which read

y = } (x � x0) ; (19.12)

y = } (x � x0 + ! 2) : (19.13)

The �rst solution ranges between the largest of the roots and in�nity, while the
second one oscillates between the two smaller roots.
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In order to obtain a real solution for ' , it is necessary thaty is real, but also it
must satisfy �

�
�
�2y +

E
3

�
�
�
� < � 2; (19.14)

so that the change of variables (19.8) maps a realy to a real ' . The table 2 shows
the range of 2y + E=3 for each of the two solutions. It is clear that the unbounded

range of 2} (x) + E=3 range of 2} (x + ! 2) + E=3

E > � 2 2y + E=3 > E � � 2 < 2y + E=3 < � 2

jE j < � 2 2y + E=3 > � 2 � � 2 < 2y + E=3 < E
E < � � 2 2y + E=3 > � 2 E < 2y + E=3 < � � 2

Table 2: The range of� � 2 cos' 0 for both real solutions of the Weierstrass equation

solution does not correspond to a real solution for' , as it does not satisfy the
constraint (19.14). The bounded solution does correspond to a real solution for' ,
as long asE > � � 2. This is expected from the physics of the simple pendulum. In
all cases, the solution assumes the form

cos'
�
� 0; � 1; E

�
= �

1
� 2

�
2}

�
� 0=1 + ! 2; g2 (E) ; g3 (E)

�
+

E
3

�
: (19.15)

Had one desired to �nd the solution for' 0 itself, they would have to connect
appropriate patches of' 0, obeying equation (19.15), so that the solution is both
continuous and smooth. This sequence of patches, which satis�es the initial condi-
tions ' 0 (� 0) = 0 and _' 0 (� 0) =

p
2 (E + � 2), is

' 0
�
� 0

�
=

8
>>><

>>>:

(� 1)

�
� 0 � � 0

2! 1

�

arccos
�

�
2} (� 0 � � 0+ ! 2)+ E

3

� 2

�
; E < � 2;

(� 1)

�
� 0 � � 0

! 1

�

arccos
�

�
2} (� 0 � � 0+ ! 2)+ E

3

� 2

�
+ 2 �

j
� 0 � � 0+ ! 1

2! 1

k
; E > � 2;

(19.16)
where arccosx is assumed to take values in [0; � ]. These solutions are plotted for
various values of the energy constantE in �gure 16. Similarly, the static elliptic
solutions ' 1 (� 1) of the sine-Gordon equation, with boundary conditions' 0 (� 0) = �
and ' 1

0(� 0) =
p

2 (E + � 2), are

' 1
�
� 1

�
= � +

8
>>><

>>>:

(� 1)

�
� 1 � � 0

2! 1

�

arccos
�

�
2} (� 1 � � 0+ ! 2)+ E

3

� 2

�
; E < � 2;

(� 1)

�
� 1 � � 0

! 1

�

arccos
�

�
2} (� 1 � � 0+ ! 2)+ E

3

� 2

�
+ 2 �

j
� 1 � � 0+ ! 1

2! 1

k
; E > � 2:

(19.17)
Equations (19.16) and (19.17) imply that:
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Figure 16: The translationally invariant elliptic solutions of the sine-Gordon equation
(19.16), for various values of the energy constantE

1. The solutions with E < � 2 are periodic. Their period is equal to 4! 1. We will
call them the \oscillatory" solutions, inspired by the simple pendulum analogue
of equation (19.2).

2. The solutions with E > � 2 are quasi-periodic, obeying' 0=1

�
� 0=1 + 2! 1

�
=

' 0=1

�
� 0=1

�
+ 2 � . We will call them the \rotating" solutions.

19.1 Double Root Limits

When E = � � 2, two of the roots coincide, giving rise to some special limits of the
elliptic solutions. In the caseE = � � 2, the two smaller roots are both equal to
e2 = e3 = � � 2=3, and, thus, }

�
� 0=1 + ! 2

�
tends to a constant equal to the double

root. It follows that

' 0
�
� 0; � � 2

�
= 0; (19.18)

' 1
�
� 1; � � 2

�
= �: (19.19)

Translationally invariant solutions tend to the stable vacuum of the sine-Gordon
equation, whereas the static ones tend to the unstable vacuum.

For E = � 2, the two larger roots are both equal toe1 = e2 = � 2=3. In this case
the real period of the Weierstrass elliptic function diverges and the latter degenerates
to a simply periodic hyperbolic function. It turns out that

' 0
�
� 0; � 2

�
= 4 arctan e� (� 0 � � 0) + �; (19.20)

' 1
�
� 1; � 2

�
= 4 arctan e� (� 1 � � 0): (19.21)
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The �rst one is an instanton solution evolving from the unstable vacuum' = � �
to the unstable vacuum' = + � . The second one is the usual kink solution of the
sine-Gordon equation, in the frame where it is static and localized in position� 1 = � 0.

20 Elliptic String Solutions

20.1 The Building Blocks of Elliptic Solutions

Given a string con�guration, it is a straightforward process to �nd the corresponding
solution of the Pohlmeyer reduced system. The inverse problem is highly non-trivial
due to the non-local nature of the Pohlmeyer reduction. This procedure comprises
of using a given solution' of the reduced system and then solving the equations of
motion

� @2
0

~X + @2
1

~X = � 2 cos' ~X; � 2 = �
m+ m�

R2
; (20.1)

while simultaneously satisfying both the geometric

~X � ~X = R2 (20.2)

and the Virasoro constraints

@�
~X � @�

~X = m2
� : (20.3)

There is an advantage in �nding a string solution starting from a given solution
of the reduced system; the equations of motion have taken the form of thelinear
di�erential equations (20.1). Using a solution of the reduced system that depends on
only one worldsheet coordinate provides an extra advantage; these linear di�erential
equations are solvable using separation of variables [190,258],

X i (� 0; � 1) := � i (� 1)T i (� 0): (20.4)

It is easy to show that in the case of a solution of the sine-Gordon equation that
depends solely on� 1, the equations of motion (20.1) are written as pairs of e�ective
Schr•odingerproblems of the form,

� � i 00
+

�
2}

�
� 1 + ! 2

�
+ x1

�
� i = � i � i ; (20.5)

� •T i = � i T i : (20.6)

Similarly, in the case of solutions depending solely on� 0,

� � i 00
= � i � i ; (20.7)

� •T i +
�
2}

�
� 0 + ! 2

�
+ x1

�
T i = � i T i : (20.8)
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The form of the elliptic solutions of the sine-Gordon equation (19.15) implies that
in both cases, the non-trivial e�ective Schr•odingerproblem (20.5) or (20.8) assumes
the form of the boundedn = 1 Lam�e problem,

�
d2y
dx2

+ 2} (x + ! 2) y = �y: (20.9)

The eigenfunctions of this problem are given by

y� (x; a) =
� (x + ! 2 � a) � (! 2)
� (x + ! 2) � (! 2 � a)

e� � (� a)x : (20.10)

The Weierstrass quasi-periodic functions� and � are de�ned as� 0 = � } and � 0=� =
� . The corresponding eigenvalue of both solutionsy� is

� = � } (a) : (20.11)

As long as� � is not equal to any of the roots, the pair of solutions (20.10) are
linearly independent, and, thus, the general solution of (20.9) can be written as a
linear combination of the latter. At the limit � � becomes equal to any of the roots,
both y� tend to

y� (x; ! 2) =
p

} (x + ! 2) � e3; (20.12)

y� (x; ! 1;3) =
q

e1;2 � } (x + ! 2): (20.13)

In these cases, there is another linearly independent solution,

~y (x; ! 2) =
p

} (x + ! 2) � e3 (� (x + 2! 2) + e3x) ; (20.14)

~y (x; ! 1;3) =
q

e1;2 � } (x + ! 2) ( � (x + ! 2 + ! 1;3) + e1;2x) : (20.15)

When, the eigenvalue obeys� < � e1 or � e2 < � < � e3, the eigenfunctionsy�

are real and they diverge exponentially at either plus or minus in�nity. When the
eigenvalue lies in the complementary segments,� > � e3 or � e1 < � < � e2, the
eigenfunctionsy� are complex conjugate to each other and they are delta function
normalizable Bloch waves.

Finally, the eigenfunctionsy� obey the \normalization" relations

y+ y� =
} (x + ! 2) � } (a)

e3 � } (a)
(20.16)

and

y+
0y� � y+ y�

0 = �
} 0(a)

e3 � } (a)
: (20.17)
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Summing up, there are three classes of solutions of the pair of e�ective Schr•odinger-
problems (20.5) and (20.6), depending on the sign of the corresponding eigenvalue
� i . Positive eigenvalues lead to embedding functions of the form

X =
�
c1

+ y+
�
� 1; a

�
+ c1

� y�
�
� 1; a

��
cos̀ � 0 +

�
c2

+ y+
�
� 1; a

�
+ c2

� y�
�
� 1; a

��
sin`� 0;

(20.18)
where� = `2 = � } (a) + x1. Negative eigenvalues lead to embedding functions

X =
�
c1

+ y+
�
� 1; a

�
+ c1

� y�
�
� 1; a

��
cosh̀ � 0 +

�
c2

+ y+
�
� 1; a

�
+ c2

� y�
�
� 1; a

��
sinh`� 0;

(20.19)
where � = � `2 = � } (a) + x1. Vanishing eigenvalue means that} (a) equals to the
root x1, i.e. a is one of the half-periods. Thus, the corresponding Lam�e eigenfunctions
degenerate to the form of eigenfunctions lying at the edge of the allowed bands. In
general the solution is

X =
�
c1

+ y
�
� 1; a

�
+ c1

� ~y
�
� 1; a

��
+

�
c2

+ y
�
� 1; a

�
+ c2

� ~y
�
� 1; a

��
� 0; (20.20)

where } (a) = x1. For \normalization" reasons that will become apparent later, we
will consider only the part of this solution that can be taken as the limit of positive
or negative eigenvalue solutions, i.e.

X = c
p

x1 � } (� 1 + ! 2): (20.21)

The embedding functions for the case of translationally invariant Pohlmeyer coun-
terparts are identical to the above after an interchange of� 0 and � 1.

20.2 Construction of Elliptic String Solutions

In section 20.1, we took advantage of the special form of the elliptic solutions of the
sine-Gordon equation to solve the equations of motion via separation of variables.
The general embedding function can then be written as a linear combination of the
forms (20.18), (20.19) and (20.21). Then, in order to �nd a classical string solution,
we need to �nd appropriate expressions for the three embedding functionsX 1, X 2,
and X 3 that satisfy the geometric constraint (20.2) and the Virasoro constraints
(20.3). The latter, expressed in terms of the coordinates� 0 and � 1, assume the form

�
@0

~X
�

�
�

@0
~X

�
+

�
@1

~X
�

�
�

@1
~X

�
=

m2
+ + m2

�

2
; (20.22)

2
�

@0
~X

�
�
�

@1
~X

�
=

m2
+ � m2

�

2
: (20.23)

Since the embedding functions are solutions to the e�ective Schr•odingerproblems
(20.5) and (20.6), we take advantage of the geometric constraint to write down the
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Virasoro constraints in the more handy form

�
�

@2
0

~X
�

� ~X �
�

@2
1

~X
�

� ~X =
m2

+ + m2
�

2
; (20.24)

� 2
�

@0@1
~X

�
� ~X =

m2
+ � m2

�

2
: (20.25)

In this analysis, we focus on the simplest choice, namely the use of a single
eigenvalue for each component. The form of the geometric constraint enforces the
two of the three components to correspond to the same positive eigenvalue and the
third one to correspond to a vanishing one, i.e.

~X =

0

@
c+

1 U+
1 (� 1; a) cos`� 0 + c�

1 U�
1 (� 1; a) sin `� 0

c+
2 U+

2 (� 1; a) cos`� 0 + c�
2 U�

2 (� 1; a) sin `� 0

c3

p
x1 � } (� 1 + ! 2)

1

A ; (20.26)

where`2 = � } (a) + x1 and U�
1;2 (� 1; a) are real linear combinations ofy� (� 1; a).

Substituting the above into the geometric constraint (20.2) and demanding that
the terms proportional to sin`� 0 cos̀ � 0, sin2 `� 0 and cos2 `� 0 vanish, yields

c+
2 = � c�

1 ; c�
2 = c+

1 ; (20.27)

U+
2 = U�

1 ; U�
2 = U+

1 : (20.28)

Then, the geometric constraint assumes the form
�
c+

1 U+
1

� 2
+

�
c�

1 U�
1

� 2
+ c2

3

�
x1 � }

�
� 1 + ! 2

��
= R2: (20.29)

The normalization properties of the Lam�e eigenfunctions (20.16) imply that

c+
1 = c�

1 � c1; (20.30)

U+
1 =

1
2

(y+ + y� ) ; U�
1 =

1
2i

(y+ � y� ) : (20.31)

It follows that in order to get a real solution, y� must be complex conjugate to each
other, i.e. they must be Bloch wave eigenfunctions of then = 1 Lam�e problem. This
constraints the parameter} (a) to obey e3 > } (a), or e1 > } (a) > e2. Incorporating
this into the geometric constraint, further simpli�es it to the form

c2
1y+ y� + c2

3

�
x1 � }

�
� 1 + ! 2

��
= R2: (20.32)

The normalization property (20.16) has an overall sign depending on whether the
eigenstate belongs to the in�nite \conduction" bande3 > } (a) or not. The only way
that the � 1 dependence in the geometric constraint disappears is thaty� are indeed
such states, thus,

e3 > } (a) : (20.33)
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This also implies that a lies on the imaginary axis. Finally, absorbing thee3 � } (a)
factor of (20.16) into the de�nition of y� , the geometric constraint reduces to

c1 = c3 � c; c2 =
R2

x1 � } (a)
=

R2

`2
: (20.34)

Taking the above into account, the ansatz (20.26) assumes the form

~X = c

0

@
Rey+ (� 1; a) cos`� 0 + Im y+ (� 1; a) sin `� 0

� Imy+ (� 1; a) cos`� 0 + Rey+ (� 1; a) sin `� 0
p

x1 � } (� 1 + ! 2)

1

A : (20.35)

Substituting the above to the Virasoro constraint (20.24) results in

`2 =
m2

+ + m2
�

4R2
+

3x1

2
: (20.36)

Notice that the above equation implies that

e3 � } (a) =
�

m+ + m�

2R

� 2

> 0; (20.37)

as required in order for the Lam�e eigenstatesy� to lie in the in�nite conduction
band. The bound is saturated form+ + m� = 0. In this case, which corresponds
to the special selection of the static gauge, the Lam�e eigenfunctionsy� are real and
periodic functions that lie at the edge of the in�nite conduction band. This limit is
the equivalent to the GKP limit [289].

It is left to satisfy the Virasoro constraint (20.25). With the use of formula
(20.17), the latter assumes the form

� i
} 0(a)

`
=

m2
+ � m2

�

2R2
: (20.38)

The Weierstrass equation implies that

} 02 (a)
`2

=
4
`2

(} (a) � x1) (} (a) � x2) (} (a) � x3)

= � 4
�
x1 � x2 � `2

� �
x1 � x3 � `2

�
= 4

" �
x2 � x3

2

� 2

�
�

3x1

2
� `2

� 2
#

= 4

" �
� 2

2

� 2

�
�

m2
+ + m2

�

4R2

� 2
#

= �
�

m2
+ � m2

�

2R2

� 2

(20.39)

and thus the Virasoro constraint (20.25) is automatically satis�ed without demanding
further constraints in the free parameters of the solution. The subtlety in the sign
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can always by corrected by re
ecting the parametera, which corresponds to the
transformation y� ! y� or equivalently interchangingm+ and m� .

Putting everything together, the elliptic string solutions corresponding to static
solutions of the sine-Gordon equation are written as

~X =
R

p
x1 � } (a)

0

B
B
@

Re
�

y+ (� 1; a) e� i`� 0
�

� Im
�

y+ (� 1; a) e� i`� 0
�

p
x1 � } (� 1 + ! 2)

1

C
C
A : (20.40)

21 Properties of the Elliptic String Solutions

In this section, we proceed to study the geometric characteristics of the string so-
lutions derived in section 20 and their relation to the features of their Pohlmeyer
counterparts. We indicate with index 0, the elliptic string solutions that correspond
to a translationally invariant solution of the sine-Gordon equation and with index
1, the solutions with a static sine-Gordon counterpart. It turns out that the nat-
ural parametrization of our construction, which is based on the Weierstrass elliptic
function, facilitates the study of the properties of the elliptic string solutions.

We take advantage of the fact that Bloch wave eigenfunctions of the Lam�e po-
tential are complex conjugates to each other and write them as

y� (� ; a) =
p

} (� + ! 2) � } (a)e� i �( � ;a) ; (21.1)

where

� ( � ; a) = �
i
2

ln
� (� + ! 2 + a) � (! 2 � a)
� (� + ! 2 � a) � (! 2 + a)

+ i� (a) �: (21.2)

Notice that the function � possesses the quasi-periodicity property

� ( � + 2! 1; a) = � ( � ; a) + 2 i (� (a) ! 1 � � (! 1) a) : (21.3)

Thus, the elliptic string solutions assume the form

~X 0=1 =
R

p
x1 � } (a)

0

B
B
B
B
B
@

p
} (� 0=1 + ! 2) � } (a) cos

�
`� 1=0 � �

�
� 0=1; a

��

p
} (� 0=1 + ! 2) � } (a) sin

�
`� 1=0 � �

�
� 0=1; a

��

p
x1 � } (� 0=1 + ! 2)

1

C
C
C
C
C
A

: (21.4)

Adopting spherical coordinates

X 0 = t; (21.5)

X 1 = R sin� cos�; (21.6)

X 2 = R sin� sin�; (21.7)

X 3 = R cos�; (21.8)
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we obtain a parametric expression for the elliptic string solutions,

t0=1 = R
p

x2 � } (a)� 0 + R
p

x3 � } (a)� 1; (21.9)

cos� 0=1 =

s
x1 � } (� 0=1 + ! 2)

x1 � } (a)
; (21.10)

� 0=1 = � sgn(Ima)
p

x1 � } (a)� 1=0 � �
�
� 0=1; a

�
: (21.11)

Notice, that we have made the selectionm+ + m� > 0 andm+ � m� > 0. The �rst
choice is equivalent to the physical timet being an increasing function of the time-
like worldsheet coordinate� 0. Having selected one of the two above quantities to be
negative, requires taking the opposite value ofa according to the Virasoro constraint
(20.38). We have restricteda to take values in the segment of the imaginary axis
with endpoints � ! 2. Then, equation (20.38) implies that̀ = � sgn(Ima)

p
x1 � } (a).

From now on, for simplicity, we make the choicè > 0.

21.1 Angular Velocity

Both classes of elliptic string solutions can be written in the form

f (�; � � !t ) = 0 : (21.12)

where

! 0=1 =
`

m+ � m�
; or

�
�! 0=1

�
� =

1
R

s
x1 � } (a)

x3=2 � } (a)
: (21.13)

This angular velocity is a function of the gauge selection that we performed at the
process of Pohlmeyer reduction.

Each class of elliptic string solutions is comprised of two subclasses, one corre-
sponding to oscillating solutions of the sine-Gordon equation and one corresponding
to rotating solutions of the latter. These are the well-known four classes of helical
string solutions on the two-dimensional sphere [295] (see also [291{294]). These two
subclasses have some qualitative di�erences:

1. The solutions with rotating counterparts obeyx1 > x 2. Such solutions do
not cross the equator; they lie between two circles, which are parallel to the
equator and in the same semi-sphere. For example, in the case this is the north
semi-sphere, these solutions obey

� � < � < � + ; (21.14)

where

� � = arccos

s
x1 � x2=3

x1 � } (a)
: (21.15)
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Both subclasses of solutions with rotating counterparts are characterized by
! 0=1 > 1=R. The angles� � that constrain the string on the sphere also depend
on the gauge selection, since

sin� � =
1

R! 0=1
: (21.16)

2. The solutions with oscillating counterparts obeyx1 < x 2. These solutions
periodically cross the equator. They lie between two parallel circles, which are
symmetrically placed above and below the equator, namely,

� � < � < � � � � : (21.17)

The angular velocity of solutions with static counterparts obeys! 1 < 1=R. On
the contrary, solutions with translationally invariant counterparts have ! 0 >
1=R. Smoothness of the solution requires that cos� changes sign every time
the string crosses the equator. Thus, the argument of the Weierstrass elliptic
function should be altered by 4! 1 in order to complete a whole period for
� , in analogy to the period of the corresponding oscillating solutions of the
sine-Gordon equation.

In the static counterpart cases, the angular velocity tends to the critical value
! 0=1 = 1=R, in the positive double root limit (E ! � 2), namely the limit of string
solutions with a kink counterpart. The latter are the giant magnons [290]. In the
translationally invariant counterpart cases, the angular velocity tends to the same
critical value in the negative double root limit (E ! � � 2), namely the limit of string
solutions corresponding to the stable vacuum of the sine-Gordon equation. This is
the BMN particle solution [288].

Although, elliptic solutions with either static or translationally invariant coun-
terparts accept a description of the formf (�; � � !t ) = 0, it is not clear whether
this property should be conceived as a manifestation of rigid rotation or wave prop-
agation. The fundamental di�erence between these two classes of solutions is that
they can be written in a parametric form as

� 0=1 = f
�
� 0=1

�
; (21.18)

� 0=1 � ! 0=1t0=1 = g
�
� 0=1

�
: (21.19)

In other words, � and � � !t are parametrized in terms of the spacelike worldsheet
coordinate in the static case. Thus, in this case, we may consider a given point of the
string to be characterized by constant values of� and ' � !t , implying rigidly rotating
motion of the string. On the contrary, this is not the case for string solutions with
translationally invariant counterparts, since in this case� and ' � !t are parametrized
in terms of the timelike worldsheet coordinate. These solutions should be understood
as wave propagation solutions.
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21.2 Periodicity Conditions

In order to better understand the form of the solutions, we perform a worldsheet
boost to convert to the static gauge,

� 0 = 

�
� 0 � �� 1

�
; (21.20)

� 1 = 

�
� 1 � �� 0

�
; (21.21)

where

� =

s
x3 � } (a)
x2 � } (a)

; (21.22)


 =
1
�

p
x2 � } (a): (21.23)

Then, the elliptic string solutions assume the form

t0=1 = R�� 0; (21.24)

cos� 0=1 =

s
x1 � } (
 (� 0=1 � �� 1=0) + ! 2)

x1 � } (a)
; (21.25)

� 0=1 =
p

x1 � } (a)

�
� 1=0 � �� 0=1

�
� �

�



�
� 0=1 � �� 1=0

�
; a

�
: (21.26)

Equations (21.24), (21.25) and (21.26) allow the visualization of a snapshot of the
solution, as freezing the target space timeX 0 is equivalent to freezing the worldsheet
coordinate � 0. The form of the four classes of elliptic string solutions de�ned in
section 21.1 is depicted in �gure 17.

Clearly, equation (21.25) implies that the angle� is a periodic function of� 1 in
all cases. The period�� depends on the type of the solution. More speci�cally,

�� 0 = ��= (
� ); (21.27)

�� 1 = ��=
; (21.28)

where �� is the real period/quasi-period of the corresponding sine-Gordon solution,
namely

�� =

(
4! 1; E < � 2;

2! 1; E > � 2:
(21.29)

Within a period �� , the azimuthal coordinate� runs monotonically and its value
changes by�� , which is determined by the quasiperiodicity property (21.3) of the
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Figure 17: The four classes of elliptic string solutions

function �. It equals

�� 0=1 = � ��
�

i
! 1

(� (! 1) a � � (a) ! 1) +
` (m+ � m� )

m+ � m�

�

= � ��

 

i� (! 1)
a
! 1

� i� (a) �

s
(x1 � } (a))

�
x2=3 � } (a)

�

x3=2 � } (a)

!

= � i��
�

� (! 1)
a
! 1

+ �
�

! x3=2

�
� �

�
a + ! x3=2

� �
;

(21.30)

where ! x i is the half-period corresponding to the rootx i , i.e. } (! x i ) = x i . The
quantity �� 0=1 has two contributions; one coming directly from the quasi-periodicity
properties of the phase of the Bloch wave eigenfunctions of then = 1 Lam�e potential
and another one coming from the boost relating the static and linear gauges. Thus,
the appropriate periodicity condition for closed elliptic string solutions without self-
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intersections is

in 0=1! 1

�
� (! 1)

a
! 1

+ �
�

! x3=2

�
� �

�
a + ! x3=2

� �
= �; (21.31)

wheren0=1 is an integer whenE > � 2 and an even integer whenE < � 2.
It seems that for the hoop string solutions that correspond to translationally

invariant solutions of the sine-Gordon equation no periodicity condition is implied.
This apparent asymmetry would have been resolved, if we had considered theR � S2

string target space, as a subspace of AdSn � Sn , implying that the time direction
would be compact, and, thus, the target space would be the fully compact S1 � S2. In
AdS spaces, it has be shown that hoop solutions have to obey such a time periodicity
condition [258], which would be inherited in the S2 part of the solution. In general,
in such a case the elliptic solutions would be identical and furthermore it would be
possible to �nd solutions that wouldn't simply correspond to closed strings, but to
fully compact toroidal worldsheets. For this purpose, another periodicity condition
similar to the above should be imposed, which would e�ectively select a subspace of
the elliptic solutions with appropriate angular velocity.

21.3 Spikes

In order to study the shape of the string, we di�erentiate the altitude � and the
azimuthal angle' with respect to the spacelike worldsheet variable� 1. This yields

@�0=1

@�1
= �

p
x3=2 � } (a)

2�
p

x1 � } (a)

} 0
�



�
� 0=1 � �� 1=0

�
+ ! 2

�

p
} (
 (� 0=1 � �� 1=0) + ! 2) � } (a)

; (21.32)

@�0=1

@�1
= �

q
(x1 � } (a))

�
x2=3 � } (a)

�

�
x3=2 � }

�



�
� 0=1 � �� 1=0

�
+ ! 2

�

} (
 (� 0=1 � �� 1=0) + ! 2) � } (a)
: (21.33)

As long as solutions with static counterparts are considered,@�1=@�1 vanishes only
when x2 is equal toe2, i.e. only for rotating solutions of the sine-Gordon equation.
In this case, it vanishes when
 (� 1 � �� 0) = (2 n + 1) ! 1, wheren 2 Z. Considering
solutions with either oscillating or rotating translationally invariant counterparts,
@�0=@�1 vanishes when
 (� 0 � �� 1) = 2 n! 1, where n 2 Z. The locations where
@�0=1=@�1 vanishes are lying at altitude

sin� spike
0=1 = sin � � : (21.34)

Therefore, in such locations the altitude� obtains an extremal value implying that
its derivative changes sign. Indeed,@�0=1=@�1 also vanishes at these positions. At
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this points, @�=@'diverges as

�
�
�
�
@�
@�

�
�
�
� �

�
�
�
�
�

} 0
�



�
� 0=1 � �� 1=0

�
+ ! 2

�

} (
 (� 0=1 � �� 1=0) + ! 2) � x3=2

�
�
�
�
�

�
1

q �
�} (
 (� 0=1 � �� 1=0) + ! 2) � x3=2

�
�
:

(21.35)
It follows that these positions are positions of spikes.

The Pohlmeyer �eld in the position of a spike assumes the value

' spike
Pohlmeyer = 2n�; n 2 Z: (21.36)

This justi�es the form of the elliptic string solutions presented in �gure 17. Transla-
tionally invariant oscillatory solutions of the sine-Gordon equation oscillate around
' = 0. For this reason, the corresponding strings have spikes that appear period-
ically. Half of those spikes point towards the north pole of the sphere and half of
them towards the south pole, corresponding to the Pohlmeyer �eld being equal to
zero with positive or negative derivative. On the contrary, static oscillatory solutions
of the sine-Gordon equation oscillate around' = � and as a result, the correspond-
ing strings do not have spikes. Both classes of rotating solutions of the sine-Gordon
equation are always increasing (or decreasing) functions and therefore periodically
cross positions with' = 2n� with the same derivative. For this reason, the string
solutions with rotating counterparts present spikes periodically, which point to the
same pole of the sphere.

It is easy to show that

R! 0=1 sin� spike
0=1 = 1; (21.37)

i.e. the spikes are moving at the speed of light. In the static counterpart case, the
spike may have the interpretation of a given point of the string, which due to initial
conditions, is moving at the speed of light and therefore cannot change velocity no
matter what forces are exerted on it. In the translationally invariant counterpart
case, which has the interpretation of wave propagation, a given point of the string is
spiky at a given time instant, when this point reaches the speed of light, as a result
of the propagation of a wave pattern along the string, and gets violently re
ected.
Since the elliptic strings preserve their shape as time evolves, spikes cannot get in
contact, in order to study their interactions. It would be interesting to study the
outcome of the collision of such spiky points; this requires the investigation of string
solutions with more complicated Pohlmeyer counterparts.

The fact that spikes appear at locations where the Pohlmeyer �eld is a multiple
of 2� is not a coincidence. Writing down the Virasoro constraints in the static gauge
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yields

�
�
�@0

~X
�
�
�
2

= R2� 2cos2
'
2

; (21.38)
�
�
�@1

~X
�
�
�
2

= R2� 2sin2 '
2

: (21.39)

Thus, any singular point of the string, i.e. a spike, which necessarily is characterized
by vanishing @1

~X , is a point where the Pohlmeyer �eld is a multiple of 2� . Fur-
thermore, the Virasoro constraints imply that these points have

�
�
�@0

~X
�
�
� = R� , which

combined to the fact that at the static gauget = R�� 0 implies that the spikes move
at the speed of light. Notice that the Virasoro constraints do not imply that any
point of the string where the Pohlmeyer �eld is a multiple of 2� , is necessarily a
singular spiky point. However, the latter is also true in the class of elliptic string
solutions.

21.4 Topological Charge and the Sine-Gordon/Thirring Du-
ality

The limit of the elliptic solutions of the sine-Gordon equation at plus and minus
spatial in�nity is well-de�ned only in the vacuum and kink limits. Therefore, a
topological charge can be naturally de�ned only in these cases. However, in the case
of string con�gurations with appropriate periodicity conditions, the Pohlmeyer �eld
obeys periodic and not asymptotic conditions, namely,

'
�
� 0; � 1 + ��

�
� '

�
� 0; � 1

�
= 2n�; n 2 Z: (21.40)

Therefore, a topological charge in the Pohlmeyer reduced theory can be de�ned in
such solutions, which obviously equalsn. We have seen that a spike appears whenever
the Pohlmeyer �eld assumes a value that is an integer multiple of 2� . It follows that

n = number of spikes: (21.41)

Notice that spikes pointing to opposite poles of the sphere have opposite contributions
to this conserved charge, i.e. they function as spikes and \anti-spikes". This is evident
in the case of string solutions with translationally invariant oscillating counterparts
(see �gure 17). Conservation of the topological charge in the Pohlmeyer reduced
theory implies some kind of \conservation of the number of spikes", which should
also apply in more complicated string solutions, where spikes may get in touch and
interact.
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It is well known that the sine-Gordon equation is S-dual to the Thirring model
[11]. The Lagrangian densities of the two theories are

L SG =
1
2

@� '@� ' +
� 0

� 2
cos�'; (21.42)

L Th = i �	 
 � @� 	 � m0
�		 �

g
2

� �	 
 � 	
� � �	 
 � 	

�
: (21.43)

The Thirring model possesses a global symmetry, namely

	 ! eia 	 : (21.44)

This gives rise to a conserved current

j � = �	 
 � 	 (21.45)

and a conserved charge, namely the fermion number,

N =
Z

d� 1 �	 
 0	 : (21.46)

The duality implies that the parameters and �elds of the two dual theories are
connected as,

4�
� 2

= 1 +
g
�

; (21.47)

�
�
2�

" �� @� ' = �	 
 � 	 ; (21.48)

� 0

� 2
cos�' = � m0

�		 : (21.49)

The classical limit corresponds to� = 1 [312]. According to the above, the conserved
current of the Thirring model can be expressed in terms of the sine-Gordon �eld as

j 0 = �
1

2�
@1'; (21.50)

j 1 =
1

2�
@0'; (21.51)

and, thus, the fermion number assumes the form

N = �
1

2�

Z
d� 1@1' = � n; (21.52)

which equals the opposite of the topological charge in the Pohlmeyer reduced theory,
and, thus, the number of spikes.
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The above correspondence naively implies that in the picture of the Thirring
model, the string solutions with rotating counterparts can be considered as multi-
fermion states. On the contrary, solutions with oscillating Pohlmeyer counterparts
have the natural interpretation of bosonic condensates. However, notice that the
sine-Gordon/Thirring duality is a full quantum weak to strong duality. Thus, the
above statement should be viewed cautiously, since taking the classical limit of a
strongly coupled quantum theory is in general non-trivial.

It would be interesting to investigate this duality in the framework of string
theory. Type IIB superstring theory in AdSn � Sn is self-S-dual, with the closed strings
being S-dual to D1-branes [100, 101]. This hints that the spiky elliptic superstrings
should be S-dual to D1-brane con�gurations, whose Pohlmeyer counterpart has non-
trivial fermion number equal to the number of spikes of the original string solutions.
The investigation of this correspondence requires the derivation of elliptic superstring
solutions propagating on the full AdSn � Sn space and their parallel study in the
corresponding supersymmetric Pohlmeyer reduced theory.

21.5 Interesting Limits and the Moduli Space of Solutions

The elliptic string solutions have some very well known special limits, which are
very simple to study in our parametrization. We do so for the completeness of our
presentation. At these limits, two of the three rootsx1, x2 and x3 coincide, and,
thus, the Weierstrass elliptic function degenerates to a simply periodic function,
either trigonometric or hyperbolic. There are two such cases:

In the limit E ! � � 2, the two negative roots coincide and the solutions reduce
to

cos� 0=1 = 0; (21.53)

� 0=1 = � �� 0=1: (21.54)

being a hoop around the equator [276] in the static counterpart case and the BMN
particle [288] travelling along the equator at the speed of light in the translationally
invariant counterpart case. Notice that in this limit, the string worldsheet degen-
erates to a one-dimensional manifold. This is not unexpected, since in this limit,
the solution of the Pohlmeyer reduced system degenerates to the vacuum solution of
the sine-Gordon equation, meaning that the vectors@+ X and @� X become parallel.
This property is present to other NLSMs as well(e.g. see [313]).

Similarly, in the limit E ! � 2, the two positive roots coincide and the solutions
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degenerate to

cos� 0=1 = sin ( i�a ) sech
�
�

�
csc (i�a ) � 0=1 � cot (i�a ) � 1=0

��
; (21.55)

� 0=1 = �� 1=0 +
i
2

ln
cosh

�
�

�
csc (i�a ) � 0=1 � cot (i�a ) � 1=0 � a

��

cosh [� (csc (i�a ) � 0=1 � cot (i�a ) � 1=0 + a)]
; (21.56)

being the giant magnon [290] with angular opening equal to�� = 2 i�a in the case of
solutions with static counterparts and the single spike [291] in the case of solutions
with translationally invariant counterparts.

The above two limits are speci�c values for the integration constantE. For a
given value of this constant, the parametera may take any value on the imaginary
axis on the linear segment de�ned by the origin and the half-period! 2. Another
interesting limit is the special selectiona = � ! 2 or } (a) = x3. This is the case
where the linear gauge coincides with the static gauge. Had we restricted Pohlmeyer
reduction to the static gauge, the method applied in section 20 for the construction
of the elliptic string solutions would have resulted to these special solutions only. In
this limit, the solution assumes the form

cos� 0=1 =

s
x1 � } (� 0=1 + ! 2)

x1 � x3
; (21.57)

� 0=1 =
p

x1 � x3� 1=0: (21.58)

In the case of static oscillating counterparts, this is a great circle crossing the two
poles and rotating with angular velocity! 1, whereas in the case of a static rotating
counterpart this is an arc of a great circle centered at one of the two poles and rotating
with angular velocity ! 1 so that its endpoints have the speed of light. This is the
well known GKP string solution [289]. Notice that this limit is always compatible
with the periodicity conditions corresponding to the valuen1 = 2.

In the case of translationally invariant counterparts, equations (21.57) and (21.58)
describe a hoop being always parallel to the equator which shrinks to a point at the
pole of the sphere and then extends again. In the case of oscillating solutions it
extends further than the equator and then shrinks again to the opposite pole before
it starts re-extending; in the case of rotating solutions it extends up to a maximum
size and then it shrinks again to the same pole. These solutions, although they have
a translationally invariant Pohlmeyer counterpart are spikeless. This is due to the
coincidence of the static gauge to the linear one. As there is no need for a worldsheet
boost to convert to the static gauge, the singular behaviour characterizes solely the
time evolution of the string and not its shape. These solutions satisfy the periodicity
conditions with n0 = 0. The coordinate � 1 takes values in [0; 2�=

p
x1 � x3 ) to

complete one hoop.
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The opposite limit to the above isa=! 2 ! 0. In this limit the solution assumes
the form

cos� 0=1 = jaj

s

x1 � }
�

� 0=1 � � 1=0

� jaj
+ ! 2

�
; (21.59)

� 0=1 =
x2

�
� 0=1 �

x3

�
� 1=0 + jaj

�
�

�
� 0=1 � � 1=0

� jaj
+ ! 2

�
� � (! 2)

�
: (21.60)

This describes strings that have the shape of the general solution, lying very close
to the equator and being characterized by a small angular opening�� . In this limit,
the static gauge and the linear one are connected via a boost by a velocity close to
the speed of light. These string solutions are the \speeding strings" limit [314].

The elliptic string solutions are a two-parameter family of solutions, in our lan-
guage being the parametersE and a. The advantage of our parametrization is that
only one of the two parameters (the integration constantE) a�ects the corresponding
solution of the Pohlmeyer reduced system. The worldsheets of the solutions being
characterized by the same constantE comprise an associate (Bonnet) family [190].
Demanding appropriate periodicity conditions, restricts one of the two parameters
to be discrete, or in other words the moduli space of the elliptic string solutions
with appropriate periodicity conditions is a discretely in�nite set of one-dimensional
curves. Figure 18 depicts the moduli space of elliptic string solutions and visualises
their classi�cation according to their Pohlmeyer counterpart.

static counterparts translationally invariant counterparts
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GKP limit/oscillating hoops
giant magnons/single spikes
hoop/BMN partiple

rotating counterparts
oscillating counterparts

Figure 18: The moduli space of elliptic string solutions
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22 Energy and Angular Momentum of Elliptic Strings

The R� S2 target space has the symmetry of time translations, leading to a conserved
energy and that of SO(3) rotations, leading to a conserved angular momentum.

Considering solutions with appropriate periodic conditions, the string energy is
given by

E0=1 =

�
�
�
�

�L
�@0t

�
�
�
� = T

Z n0=1 �� 0=1

0

@t0=1

@�0
d� 1 =

2Tn0=1R� 2! 1p
x3=2 � } (a)

; (22.1)

where n0=1 2 Z when E > � 2, whereasn0=1 2 2Z in the caseE < � 2. The above
expression is indeterminate in the GKP limit of solutions with translationally invari-
ant counterparts (} (a) = x3, n0 = 0). In this case, the energy assumes the value
E0 = 2�TR�=

p
x1 � x3.

Similarly, the z-component of the angular momentum is given by

J0=1 =
�L

�@0'
= TR2

Z n0=1 �� 0=1

0
sin2� 0=1

@�0=1

@�0
d� 1

= �
TR2

�

s
x3=2 � } (a)
x1 � } (a)

Z n0=1 �� 0=1

0

�
}

�

� 0=1 � 
�� 1=0 + ! 2

�
� x2=3

�
d� 1

= �
2Tn0=1R2

�
� (! 1) + x2=3! 1

�

p
x1 � } (a)

:

(22.2)

In the following, we de�ne E0=1 := E0=1=(2TR) as well asJ 0=1 := J0=1=(2TR2).
The mismatch of theR factors in these de�nitions is due to the fact that we have
considered time as an independent dimension not related to the radius of the sphere.
Had we consideredR� S2 as a submanifold of an AdSn � Sn space with a dual bound-
ary description, the time would have been part of the AdSn , which has the same
radius as that of the sphere, e�ectively measuring time in units ofR. We also recall
that the angular opening�� , which is associated to the quasi-momentum in the dual
theory, is given by

�� 0=1 = � 2! 1

0

@i� (! 1)
a
! 1

� i� (a) �

s
(x1 � } (a))

�
x2=3 � } (a)

�

x3=2 � } (a)

1

A : (22.3)

In the positive double root limit, the Weierstrass functions degenerate to simple
trigonometric functions. It is a matter of algebra to show that in this limit and in
the case of static counterparts, the energy and angular momentum diverge, due to
the divergence of! 1 and it holds that

E0 +
�� 0

2
= � 2i�a = � arcsinJ ; (22.4)

E1 � J 1 = n1 sin (� i�a ) = n1 sin
�� 1

2
; (22.5)
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which is the very well known dispersion relations of the single spikes and giant
magnons.

In this parametrization, it is also simple to study the limit of the speeding strings.
As a=! 2 ! 0 the angular opening�� tends to zero. whereas the energy and angular
momentum remain �nite. In this limit, the angular opening, energy and angular
momentum assume the form

�� 0=1 ' � 2
�
� (! 1) + x3=2! 1

�
(ia) + O

�
a3

�
; (22.6)

E0=1 ' n0=1� 2! 1 (ia) + O
�
a3

�
; (22.7)

J 0=1 ' � n0=1

�
� (! 1) + x2=3! 1

�
(ia) + O

�
a3

�
; (22.8)

implying that

E0=1 � J 0=1 '
1
2

n0=1��: (22.9)

This is compatible to the giant magnon case since in this limit�� ! 0.
The expressions (22.1) and (22.2) that provide the energy and angular momentum

of the string in terms of the Weierstrass functions can be used to convert the problem
of the speci�cation of the dispersion relation to an algebraic problem with the help
of appropriate properties of the latter functions. For example, let us consider the
special case the modulia is equal to the imaginary quarter-perioda = � ! 2=2. This
is a one-dimensional family of solutions, which in the case of static counterparts,
contains the giant magnon with angular opening equal to�= 2. The Weierstrass
functions obey the following quarter period relations

}
� ! 2

2

�
= e3 �

p
(e3 � e1) (e3 � e2) = �
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2
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E + � 2

2
(22.10)

and
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(e3 � e1) (e3 � e2) � 3e3
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=
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� (! 2) � i
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E + � 2

2
+ �

!!

:
(22.11)

Using the above properties, the angular opening of the string assumes the form

�� 0=1

�
E; �

! 2

2

�
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�
�
2

+ ! 1

 r
E + � 2

2
� �

!!

; (22.12)

whereas the energy of the string is written as

E0

�
E; �

! 2

2
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E + � 2

2� 2
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4

; (22.13)
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2
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! � 1
2

: (22.14)
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This implies that the integration constant E is equal to the algebraic function of the
ratio ( �� 0=1 � �= 2)=E0=1, which solves the equation,

�� 0 + �= 2
E0

=
�

E + � 2

2� 2

� 3
4

+
�

E + � 2

2� 2

� 1
4

; (22.15)

�� 1 � �= 2
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1 �
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E + � 2

2� 2

� 1
2

!  

1 +
�

E + � 2

2� 2

� 1
2

! 1
2

: (22.16)

These equations are equivalent to cubic equations forE=� 2. Once this function is
speci�ed, it can be substituted in the expression (22.2) in order to obtain an analytic
dispersion relation connectingE, J and �� that characterises the string solutions with
a = � ! 2=2, arbitrarily far from the in�nite size limit. Notice that the real period ! 1

can also be expressed as an algebraic function ofE and �� through equation (22.1).
So the only transcendental part of the dependence of the angular momentum onE
and �� is through � (! 1) or equivalently the complete elliptic integral of the second
kind, which is �nite everywhere in [0; 1].

This procedure can be generalized. Consider the more general casea = � 2q! 2,
q 2 Q. This is a one-dimensional sector of the moduli space, which, in the case of
static counterparts, contains a giant magnon solution obeying appropriate periodicity
conditions with �� = 2q� (of course this is going to have self-intersections unlessq
is of the form 1=n, n 2 Z). The functions } (2mz=n) with m; n 2 Z and } (z) are
both elliptic functions with periods 2n! 1 and 2n! 2. Therefore they are algebraically
related. The above argument forz = ! 2 implies that } (2q! 2) is an algebraic function
of the root e3.

Furthermore, the Weierstrass zeta function obeys

� (z + w) = � (z) + � (w) +
1
2

} 0(z) � } 0(w)
} (z) � } (w)

; (22.17)

� (2z) = 2 � (z) +
} 00(z)
2} 0(z)

: (22.18)

As a direct result of the Weierstrass di�erential equation} 02 = 4} 3 � g2} � g3 and its
derivative } 00= 6} 2 � g2=2, } 0(z) and } 00(z) are algebraic functions of} (z). Iterative
use of the formulas (22.17) and (22.18) results in� (nz) = n� (z) + f n (} (z)), where
f n is an algebraic function. Applying the above forz = 2m! 2=n results in the
zeta Weierstrass function� (2m! 2=n) being equal to 2m� (! 2) =n plus an algebraic
function of the root e3, or equivalently an algebraic function of the ratioE=� 2, i.e.

� (2q! 2) = 2 q� (! 2) + f q
�
E=� 2

�
; (22.19)

The speci�cation of these algebraic functions may be a di�cult task in practice.
As an indicative example, in the caseq = 1=3, } (2! 2=3) is equal to the smallest
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root of the quartic equation 48P4 � 24g2P2 � 48g3P � g2
2 = 0, whereas� (2! 2=3) =

2� (! 2)=3 � (} (2! 2=3))1=2.
Once these functions have been speci�ed, the angular opening and the energy of

the string assume the form

�� 0=1 (E; � 2q! 2) = �
�
� 2q� + �! 1gq

�
E=� 2

��
; (22.20)

E0=1 (E; � 2q! 2) = �! 1hq
�
E=� 2

�
; (22.21)

wheregq (E=� 2) and hq (E=� 2) are algebraic functions ofE=� 2. Therefore, the ratio
E=� 2 is an algebraic function of the quantity (�� 0 � q� )=E0=1, i.e.

E = � 2Fq

�
�� 0=1 � 2q�

E0=1

�
: (22.22)

Once this algebraic function is speci�ed, it can be substituted in (22.2) to provide a
closed formula for the dispersion relation of elliptic strings that satisfya = � 2q! 2.

Since the set of rational numbers is a dense subset of the real numbers, the union
of the trajectories a = � 2q! 2, where the dispersion relation assumes an analytic
form, is a dense subset of the moduli space of the elliptic string solutions. Figure 19
shows how thea = � 2q! 2 trajectories lie in the moduli space.

static counterparts translationally invariant counterparts

E� � 2 � 2} (a)
q

1/2
1/3

1/4

1/5
...

E� � 2 � 2} (a)
q

1/2
1/3

1/4

1/5
...

Figure 19: The trajectories in the moduli space where the dispersion relation can be
speci�ed analytically

The above process cannot be applied in the case of the GKP limit, i.e. the
speci�c selectionq = 1=2. In this case, the angular opening is not a function of the
integration constant E, but it simply equals �� 1 = � , i.e. the algebraic function
gq in equation (22.20) vanishes. Therefore, the integration constantE cannot be
speci�ed algebraically by an appropriate linear combination of the energy and the
angular opening, but it requires the inversion of the elliptic integral that relates it
to the string energy. This cannot be performed analytically; usually this inversion is
performed perturbatively around the in�nite size limit [315{318].
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23 Dressed Strings on R � S2

The dressing method enables us to construct new solutions of a NLSM once we are
given a solution of the latter. We refer to this solution as the seed solution. Given
the seed solution we may obtain a new solution of the NLSM by solving a pair of �rst
order equations, which is called the auxiliary system. This is considered a simpler
task than solving the original equations of motion, which are non-linear and second
order. For a review of the dressing method see appendix J.

The auxiliary system reads

@� 	( � ) =
1

1 � �
(@� f ) f � 1	( � ); (23.1)

where � is the spectral parameter, which is in general complex. The seed solu-
tion X is mapped to an element of the coset SO(3)=SO(2), which is denoted asf .
The compatibility relation @+ @� 	 = @� @+ 	 ; which ensures the local existence of
a solution of the auxiliary system, implies thatf obeys the equations of motion
@+ ((@� f ) f � 1) + @� ((@+ f ) f � 1) = 0. The normalization of 	( � ) is �xed as

	(0) = f: (23.2)

The main idea of the dressing method is the fact that a gauge transformation of the
auxiliary �eld

	 0(� ) = � (� )	( � ); (23.3)

corresponds to a new, non-trivial element of the coset, namely

f 0 = � (0)f; (23.4)

which is associated to a new string solution in S2, via the inverse mapping. We refer
the reader to appendix J for more details on the dressing method.

The mapping from the enhanced space of S2, namelyR3, to the coset SO(3)=SO(2);
that is used, is

f = J
�
I � 2XX T

�
; J =

�
I � 2X 0X T

0

�
; (23.5)

whereX 0 is a constant vector andX T X = X T
0 X 0 = 1. For any unit norm vector X ,

it is easy to show that
�
I � 2XX T

� 2
= I; which implies that

fJfJ = I; f T = f � 1: (23.6)

In addition, f is real, i.e.
�f = f: (23.7)
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Thus, f is indeed an element of the coset SO(3)=SO(2). On a more formal basis,
starting with the group SL(2;C), the coset can be constructed using the following
involutions

� 1 (f ) = ( f y)� 1; (23.8)

� 2 (f ) = JfJ; (23.9)

� 3 (f ) = �f : (23.10)

Demanding invariance under the �rst involution restrictsf to SU(3). Setting� 2 (f ) =
f � 1 restricts f further, to the coset SU(3)=U(2). Finally, invariance under the last
involution implies that f is an element of the coset SO(3)=SO(2). Applying the same
involutions on the auxiliary system (23.1) implies that the transformed 	(� 0; � 1; � )
must belong to the set of solutions of the auxiliary system. The latter is generated by
the right multiplication with a constant matrix of a given solution; in our discussion
this solution is 	( � 0; � 1; � ). Thus, the following constraints must be imposed9:

	( � )m1(� ) =
�
	( � )T

� � 1
; (23.11)

	( � )m2(� ) = fJ 	(1 =� )J; (23.12)

	( � )m3(� ) = 	( �� ): (23.13)

The matricesmi themselves are subject to constraints, which stem from the fact that
the involutions satisfy � 2 = I . In particular, they obey

m1(� ) = mT
1 (� ); (23.14)

m2(� )Jm2(1=� )J = I; (23.15)

m3(� ) �m3( �� ) = I: (23.16)

In addition, since 	(0) = f the matrices m1 and m3 must reduce to the identity
matrix for � = 0, i.e.

m1(0) = m3(0) = I: (23.17)

These matrices are related to the so called reduction group [260, 319]. As we will
show subsequently, the dressed string solution is not a�ected by the choice of these
matrices.

24 Dressed Elliptic String Solutions

In this section, we apply the dressing method that we review in section J, to the
elliptic string solutions of section 20, using the simplest possible dressing factor, in
order to construct new classical string solutions propagating onR� S2.

9Equation (23.11) corresponds to the action of both involutions (23.8) and (23.10).
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The non-trivial seed solution (21.4) renders the straightforward application of the
dressing method very di�cult. This is due to the corresponding auxiliary system,
which is a complicated system of coupled partial di�erential equations with non-
constant coe�cients. In order to avoid these di�culties, we implement an intuitive
detour, by expressing the seed solution as a worldsheet dependent rotation matrix,
acting on a constant vector, which coincides with the rotation axis of the seed so-
lution, i.e. the z-axis. Furthermore, the parametrization of the coset SO(3)=SO(2)
is carried out, so that this constant vector corresponds to its identity element via
the mapping (23.5). In this way, we manage to express one of the two PDEs of the
auxiliary system in a form where one of the two worldsheet coordinates does not
appear explicitly, making the solution of the system possible. Simultaneously, all
components of the auxiliary �eld equations obtain a given parity under the inversion
� ! 1=� , facilitating the application of the coset involution. Finally, the expression
of the seed solution as a rotation matrix acting on a constant vector simpli�es the
translation of the dressed solution from the form of a coset element to a unit vector.

24.1 The Auxiliary System for an Elliptic Seed Solution

In order to implement the dressing method, we have to solve the auxiliary system
(J.6). This reads

@� 	 ( � ) =
1

1 � �
(@� f ) f � 1	 ( � ) ; (24.1)

where f is a given seed solution of the NLSM and 	 (� ) must obey the condition
	 (0) = f . As seed solutions, we are going to use the SO(3)=SO(2) coset elements
f corresponding to the elliptic string solutions (21.4) through the mapping (23.5).
These solutions depend in a trivial manner on either the time-like or space-like world-
sheet coordinate. It follows that it is technically advantageous to express the auxil-
iary system (24.1) as a system of di�erential equations with independent variables the
time-like and space-like coordinates� 0 and � 1, instead of the left- and right-moving
coordinates� � . Following these lines, the auxiliary system assumes the form

@i 	 ( � ) =
�

~@i f
�

f � 1	 ( � ) ; (24.2)

wherei = 0; 1 and

~@0 =
1

1 � � 2
@0 �

�
1 � � 2

@1; (24.3)

~@1 =
1

1 � � 2
@1 �

�
1 � � 2

@0: (24.4)

It turns out to be convenient to express the initial solutionX as an orthogonal
matrix U (� 0; � 1) acting on another unit vector X̂ , as

X := UX̂: (24.5)
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It has to be noted that X̂ is not a solution of the NLSM. In terms of the vectorX̂ ,
the seed solutionf reads

f = JUJ f̂U T ; (24.6)

where
f̂ := J

�
I � 2X̂ X̂ T

�
: (24.7)

Obviously f̂ 2 SO(3)=SO(2). It is also convenient to de�ne	̂ ( � ) as

	 ( � ) := JUJ 	̂ ( � ) : (24.8)

Then, the equations of the auxiliary system (24.2), expressed in terms of hatted
quantities, assume the form

@i 	̂ =
h
JUT

��
~@i � @i

�
U

�
J � f̂U T

�
~@i U

�
f̂ T +

�
~@i f̂

�
f̂ T

i
	̂ : (24.9)

We selectX 0 to be the unit norm vector along the z axis, i.e.

X 0 =

0

@
0
0
1

1

A ; (24.10)

so that J = diag(1; 1; � 1). Moreover, the matrix U can be selected so that̂X = X 0.
Thus, f̂ becomes the identity element of the coset and the equations of the auxiliary
system assume the form

@i 	̂ =
n

JUT
h�

~@i � @i

�
U

i
J � UT

h
~@i U

io
	̂ ; (24.11)

while the normalization (23.2) reduces to

	̂(0) = UT : (24.12)

In addition, the constraints (23.11), (23.12) and (23.13) for 	, imply that 	̂ is subject
to the following constraints:

	̂( � )m1(� ) =
�

	̂( � )T
� � 1

; (24.13)

	̂( � )m2(� ) = J 	̂(1 =� )J; (24.14)

	̂( � )m3(� ) = �̂	( �� ): (24.15)

Equation (24.5) implies that the seed string solution can be expressed asX = UX0,
where

U = U2U1 (24.16)
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and the matricesU1 and U2 are given by

U1 =

0

@
cos� 0 sin�

0 1 0
� sin� 0 cos�

1

A ; U2 =

0

@
cos� � sin� 0
sin� cos� 0

0 0 1

1

A : (24.17)

Until this point, the formalism is valid for any seed string solution. Let us restrict
our attention to the case of elliptic strings. Without loss of generality, we perform
the analysis in the case of seed solutions with static Pohlmeyer counterparts. It this
case

sin� = F1 (� ) =

s
} (� + ! 2) � } (a)

x1 � } (a)
;

cos� = F2 (� ) =

s
x1 � } (� + ! 2)

x1 � } (a)
;

(24.18)

�
�
� 0; � 1

�
=

p
x1 � } (a)� 0 � �

�
� 1; a

�
: (24.19)

Obviously, F1 and F2 obey F 2
1 (� 1) + F 2

2 (� 1) = 1. Moreover, F1, F2 and � satisfy

@0� =
p

x1 � } (a); (24.20)

@1� = �
i} 0(a)

2
1

} (� 1 + ! 2) � } (a)
; (24.21)

@0F1 = 0; @0F2 = 0; (24.22)

@1F1 =
F3

F1
; @1F2 = �

F3

F2
; (24.23)

where

F3
�
� 1

�
:=

} 0(� 1 + ! 2)
2 (x1 � } (a))

: (24.24)

In terms of the functionsF1, F2 and � , the Virasoro constraints are expressed as

F 2
1

�
(@0� )2 + ( @1� )2�

+ [ F2 (@1F1) � F1 (@1F2)]2 =
m2

+ + m2
�

2
; (24.25)

2F 2
1 (@0� ) (@1� ) =

m2
+ � m2

�

2
: (24.26)

Similarly, the equations of motion imply

F1@2
1 � + 2 ( @1F1) (@1� ) = 0 ; (24.27)

F2@2
1F1 � F1@2

1F2 = F1F2
�
� (@0� )2 + ( @1� )2�

; (24.28)

F1@2
1F1 + F2@2

1F2 = � [F2 (@1F1) � F1 (@1F2)]2: (24.29)
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The equations of the auxiliary system require the calculation of the quantities

UT (@i U) = UT
1 UT

2 (@i U2) U1 + UT
1 (@i U1) : (24.30)

It is a matter of simple algebra to show that

UT
1 UT

2 (@i U2) U1 = ( @i ' ) (F2T3 + F1T1) ; (24.31)

UT
1 (@0U1) = 0 ; (24.32)

UT
1 (@1U1) = [ F2 (@1F1) � F1 (@1F2)] T2 =

F3

F1F2
T2; (24.33)

whereTi are the SO(3) generators, namely,

T1 =

0

@
0 0 0
0 0 � 1
0 1 0

1

A ; T2 =

0

@
0 0 1
0 0 0

� 1 0 0

1

A ; T3 =

0

@
0 � 1 0
1 0 0
0 0 0

1

A : (24.34)

Adopting the notation
UT (@i U) = kj

i Tj ; (24.35)

equations (24.31), (24.32) and (24.33) imply that

k1
0 = � (@0� ) F1; k1

1 = � (@1� ) F1; (24.36)

k2
0 = 0; k2

1 = F2 (@1F1) � F1 (@1F2) ; (24.37)

k3
0 = ( @0� ) F2; k3

1 = ( @1� ) F2: (24.38)

Notice that none of the coe�cients kj
i depends on the time-like coordinate� 0.

Similarly, we adopt the notation

@i 	̂ = � j
i Tj 	̂ : (24.39)

Observing that
JT1J = � T1; JT2J = � T2; JT3J = T3; (24.40)

the equations of the auxiliary system (24.11) imply that

� 3
0=1 = � k3

0=1; (24.41)

� 1=2
0=1 = �

1 + � 2

1 � � 2
k1=2

0=1 +
2�

1 � � 2
k1=2

1=0 = � cothzk1=2
0=1 + cschzk1=2

1=0; (24.42)

where� = ez. The above imply that the coe�cients � j
i obey the properties

� 3
0=1 (1=� ) = � 3

0=1 (� ) ; (24.43)

� 1=2
0=1 (1=� ) = � � 1=2

0=1 (� ) (24.44)
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or in a shorthand notation

� 0=1 (1=� ) = � J� 0=1 (� ) ; (24.45)

where

� 0=1 =

0

B
@

� 1
0=1

� 2
0=1

� 3
0=1

1

C
A : (24.46)

It is a matter of algebra to show that � T
0 � 0 equals

� T
0 � 0 := � = ( @0� )2 � 2F 2

1 (@0� ) (@1� )
1 + � 2

1 � � 2

2�
1 � � 2

+
�

F 2
1

�
(@0� )2 + ( @1� )2�

+ [ F2 (@1F1) � F1 (@1F2)]2	
�

2�
1 � � 2

� 2

: (24.47)

Using the Virasoro constraints (24.25) and (24.26), we can express � in terms of the
quantities E and m� ,

� =
E
2

+
m2

+

4

�
1 � �
1 + �

� 2

+
m2

�

4

�
1 + �
1 � �

� 2

=
E
2

+
m2

+

4
tanh2 z

2
+

m2
�

4
coth2 z

2
:

(24.48)

Thus, the quantity � is a constant. Moreover, it can be easily shown that � (1 =� ) =
� ( � ). The quantity � could be considered as the generalization of the parameter
`2 of the elliptic seed solution after a \boost" in the worldsheet coordinates with
complex rapidity z=2.

24.2 The Solution of the Auxiliary System

Since all coe�cients in the equations of the auxiliary system (24.39) are functions of
� 1 only, we may proceed to solve those that involve the derivatives of	̂ with respect
to � 0 as ordinary di�erential equations, upgrading the undetermined constants to
undetermined functions of� 1. These equations are a set of three identical linear �rst
order systems, one for each column of̂	, 	̂ i , i = 1; 2; 3. This linear system has the
solution

	̂ i (� ) = c0
i

�
� 1

�
v0 + c+

i

�
� 1

�
v+ ei

p
� � 0

+ c�
i

�
� 1

�
v� e� i

p
� � 0

; (24.49)

where

v0 =
1

p
�

0

@
� 1

0

� 2
0

� 3
0

1

A ; v� =
1

r

�
�

(� 1
0)2 + ( � 2

0)2
�

0

B
@

� 3
0� 1

0 � i
p

� � 2
0

� 3
0� 2

0 � i
p

� � 1
0

� (� 1
0)2 � (� 2

0)2

1

C
A : (24.50)
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The vectorsv0 and v� have been selected so thatvT
0 v0 = 1, whereasvT

� v� = 0. Fur-

thermore, the vectorsv� obey the relations
� v+ + v�

2

� T � v+ + v�

2

�
=

� v+ � v�

2i

� T � v+ � v�

2i

�
=

1.
Using the de�nitions (24.36), (24.37) and (24.38), as well as the equations of

motion (24.27), (24.28) and (24.29), it is a matter of algebra to show that

@1k1
0 = � k2

1k3
0; @1k1

1 = k3
1k2

1; (24.51)

@1k2
0 = 0; @1k2

1 = � k1
1k3

1 + k1
0k3

0; (24.52)

@1k3
0 = k2

1k1
0; @1k3

1 = k2
1k1

1 + 2k3
1k2

1k3
0=k1

0: (24.53)

Then, the de�nitions (24.41) and (24.42) imply that

@1� 1
0 = � 2

1� 3
0 � � 3

1� 2
0; (24.54)

@1� 2
0 = � 3

1� 1
0 � � 1

1� 3
0; (24.55)

@1� 3
0 = � 1

1� 2
0 � � 2

1� 1
0 (24.56)

or in a shorthand notation
@1� 0 = � 1 � � 0: (24.57)

The vectorsv0 and v� can be written in terms of� 0 as

v0 =
� 0p
� T

0 � 0

:= e3; (24.58)

v� =
X 0 � � 0q

(X 0 � � 0)T (X 0 � � 0)
�

� 0p
� T

0 � 0

� i
X 0 � � 0q

(X 0 � � 0)T (X 0 � � 0)
:= e1 � ie2:

(24.59)

The vectors

ei =

8
<

:
X 0 � � 0q

(X 0 � � 0)T (X 0 � � 0)
�

� 0p
� T

0 � 0

;
X 0 � � 0q

(X 0 � � 0)T (X 0 � � 0)
;

� 0p
� T

0 � 0

9
=

;

(24.60)

form a basis, which obeyseT
i ej = � ij and ei � ej = " ijk ek . Notice that as � ! 0,

e1 (0) =

0

@
� F2

0
� F1

1

A ; e2 (0) =

0

@
0
1
0

1

A ; e3 (0) =

0

@
F1

0
� F2

1

A (24.61)

and furthermore

e1=2 (1=� ) = �e1=2 (� ) ; e3 (1=� ) = � �e3 (� ) : (24.62)
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Using the fact that � T
0 � 0 is constant, one can show that

@1e1 � � 1 � e1 = �
q

� T
0 � 0

(X 0 � � 1)T (X 0 � � 0)

(X 0 � � 0)T (X 0 � � 0)
e2; (24.63)

@1e2 � � 1 � e2 =
q

� T
0 � 0

(X 0 � � 1)T (X 0 � � 0)

(X 0 � � 0)T (X 0 � � 0)
e1; (24.64)

@1e3 � � 1 � e3 = 0; (24.65)

implying that

@1v0 � � 1 � v0 = 0; (24.66)

@1v� � � 1 � v� = � i
q

� T
0 � 0

(X 0 � � 1)T (X 0 � � 0)

(X 0 � � 0)T (X 0 � � 0)
v� := � ig

�
� 1

�
v� ; (24.67)

where

g
�
� 1

�
=

p
�

� 1
1� 1

0 + � 2
1� 2

0

(� 1
0)2 + ( � 2

0)2 : (24.68)

It is a matter of algebra to show that

g
�
� 1

�
=

p
�

�
m2

+

4

�
1� �
1+ �

� 2
�

m2
�

4

�
1+ �
1� �

� 2
�

} (� 1 + ! 2) + E
6 +

m2
+

4

�
1� �
1+ �

� 2
+

m2
�

4

�
1+ �
1� �

� 2
= �

i
2

} 0(~a)
} (� 1 + ! 2) � } (~a)

;

(24.69)
where

} (~a) = �
E
6

�
m2

+

4

�
1 � �
1 + �

� 2

�
m2

�

4

�
1 + �
1 � �

� 2

= �
E
6

�
m2

+

4
tanh2 z

2
�

m2
�

4
coth2 z

2
:

(24.70)
and

} 0(~a)

i
p

�
=

m2
+

2

�
1 � �
1 + �

� 2

�
m2

�

2

�
1 + �
1 � �

� 2

=
m2

+

2
tanh2 z

2
�

m2
�

2
coth2 z

2
: (24.71)

The quantity ~a has the property ~a(1=� ) = ~a(� ).
Substituting the above to the spatial derivative equation of the auxiliary system,

we get

dc0
i (� 1)
d� 1

v0 +
�

dc+
i (� 1)
d� 1

� ig
�
� 1

�
c+

i

�
� 1

�
�

v+ ei
p

� � 0

+
�

dc�
i (� 1)
d� 1

+ ig
�
� 1

�
c�

i

�
� 1

�
�

v� e� i
p

� � 0
= 0; (24.72)

193



implying that

c0
i

�
� 1

�
= c0

i (24.73)

c�
i

�
� 1

�
= c�

i e� i
R

d� 1g(� 1) := c�
i e� i � (� 1 ;~a); (24.74)

where the function � is the same quasi-periodic function that appears in the con-
struction of the elliptic strings and it is de�ned in equation (21.2). Then,

	̂ i (� ) = c0
i v0 + c+

i v+ ei(
p

� � 0 � � (� 1 ;~a)) + c�
i v� e� i(

p
� � 0 � � (� 1 ;~a)) (24.75)

or equivalently

	̂ i (� ) = C1
i (� )

h
cos

� p
� � 0 � �

�
� 1; ~a

� �
e1 + sin

� p
� � 0 � �

�
� 1; ~a

� �
e2

i

+ C2
i (� )

h
� cos

� p
� � 0 � �

�
� 1; ~a

� �
e2 + sin

� p
� � 0 � �

�
� 1; ~a

� �
e1

i

+ C3
i (� ) e3

:= C j
i (� ) E j ;

(24.76)

whereC1
i = c+

i + c�
i , C2

i = i
�
c+

i � c�
i

�
and C3

i = c0
i . The vectorsE j are de�ned as

E1 := cos
� p

� � 0 � �
�
� 1; ~a

� �
e1 + sin

� p
� � 0 � �

�
� 1; ~a

� �
e2; (24.77)

E2 := � cos
� p

� � 0 � �
�
� 1; ~a

� �
e2 + sin

� p
� � 0 � �

�
� 1; ~a

� �
e1; (24.78)

E3 := e3 (24.79)

and they obeyE T
i E j = � ij and E i � E j = � " ijk Ek . Notice that as � ! 0,

� (0) = x1 � } (a) = `2; ~a (0) = a (24.80)

and thus, p
� � 0 � �

�
� 1; ~a

� �
�
�
� =0

= `� 0 � �
�
� 1; a

�
= '

�
� 0; � 1

�
: (24.81)

Therefore,

E1 (0) =

0

@
� F2 cos'

sin'
� F1 cos'

1

A ; E2 (0) =

0

@
� F2 sin'
� cos'

� F1 sin'

1

A ; E3 (0) =

0

@
F1

0
� F2

1

A : (24.82)

Additionally, the properties (24.62) imply

E1=2 (1=� ) = JE1=2 (� ) ; E3 (1=� ) = � JE3 (� ) ; (24.83)
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which implies E (1=� ) = JE (� ) J . Finally, notice that the basis vectorsE i have the
property

@0=1E i = � 0=1 � E i : (24.84)

De�ning the matrices E and C as the matrices comprised by the three columns
being the vectorsE j and Cj respectively, the solution can be written in the form

	̂ ( � ) = EC: (24.85)

It is straightforward to show that the above imply that one can de�ne

m1(� ) =
�
CT (� )C(� )

� � 1
; (24.86)

m2(� ) = C � 1(� )J (� )C(1=� )J; (24.87)

m3(� ) = C � 1(� ) �C(�� ); (24.88)

so that (23.14), (23.15) and (23.16) are identically satis�ed.
Finally, the solution should satisfy the condition (24.12), i.e.

	̂ (0) =

0

@
F2 cos� F 2 sin' � F1

� sin� cos� 0
F1 cos� F 1 sin� F 2

1

A : (24.89)

Since the matrix E obeysE (0) = � 	̂ (0), it follows that the matrix C should obey

C (0) = � I: (24.90)

Thus, it is simple to satisfy all the conditions, selecting

C (� ) = C (0) = � I; (24.91)

implying that the solution of the auxiliary system that obeys all the appropriate
involutions and the initial condition is

	 ij (� ) = � E i
j : (24.92)

24.3 The Dressed Solution in the Case of Two Poles

As analysed in section J, the simplest possible dressing factor has two poles lying on
the unit circle at positions complex conjugate to each other. In this case, the dressed
solution is

f 0 = � (0) 	 (0) ; (24.93)
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where � (� ) is given by equations (J.35) and (J.36). The constant vectorp obeys
pT p = 0, �p = Jp and thus, it may be parametrized in terms of two real numbers�
and ! as

p =

0

@
� cos!
� sin!

i�

1

A : (24.94)

We also de�ne
� 1 := ei� 1 : (24.95)

In order to visualize and understand the behaviour of the dressed solution, we
would like to �nd the unit vector X 0 that corresponds to the coset elementf 0 through
the mapping (23.5). For this purpose we de�ne

f 0 = JUJ f̂ 0UT : (24.96)

Then
f̂ 0 = J

�
I � 2X̂ 0X̂ 0T

�
; (24.97)

where
X 0 = UX̂ 0; (24.98)

in a similar manner to the de�nitions we used to solve the auxiliary system. Then,

f̂ 0 = I �
� 1 � 1=� 1

� 1

J 	̂ ( � 1) JppT J 	̂ T (� 1)

pT J 	̂ T (� 1) J 	̂ ( � 1) Jp
�

1=� 1 � � 1

1=� 1

	̂ ( � 1) JppT J 	̂ T (� 1) J

pT J 	̂ T (� 1) J 	̂ ( � 1) Jp
(24.99)

or

f̂ 0 = I �
� 1 � 1=� 1

� 1

X � X T
+

X T
+ X �

�
1=� 1 � � 1

1=� 1

X + X T
�

X T
+ X �

; (24.100)

where
X + = 	̂ ( � 1) Jp; X � = J 	̂ ( � 1) Jp: (24.101)

The vectorsX � obey the propertyX T
� (X � ) = 0 and they are complex conjugate to

each other. Using these facts, along with the mapping (23.5), it is straightforward
to show that

X̂ 0 = sin � 1
X + + X �

� iX T
0 (X � � X + )

+ cos� 1X 0

=

s
1

2X T
+ X �

sin� 1 (X + + X � ) + cos � 1X 0

:= sin � 1X 1 + cos� 1X 0:

(24.102)

Thus, the dressed string solution is

X 0 = UX̂ 0; (24.103)
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whereX̂ 0 is given by (24.102).

It is easy to show that the vectorX 1 is a unit vector, which is perpendicular to
X 0, due to the fact that X � = JX + . Thus, equation (24.102) implies that the arc
connecting the endpoints of the vectorsX 0 and X̂ 0 is equal to � 1. Since the seed
solution is given byX = UX̂ = UX0 and the dressed solution is given byX 0 = UX̂ 0,
this property is transferred to the points of the seed and dressed solutions that
correspond to the same worldsheet parameters� 0=1. In other words, the dressed
string solution can be visualized as being drawn by a point in the circumference of
an epicycle of arc radius� 1, which moves so that its center lies on the seed string
solution.

This statement provides a nice geometric visualization of the action of the dressing
on the shape of the string. It is a general property that follows from equation (24.102),
which is the outcome of the form of the dressing factor in the case it has only two
poles (J.35), as well as the mapping (23.5) between unit vectors and elements of the
coset SO(3)=SO(2). It follows that the epicycle picture isnot a speci�c property of
the dressed elliptic solutions; it is rather ageneric property that holds whenever the
simplest dressing factor is adopted. This interesting property of the dressing method
deserves further investigation in the case of strings propagating on other symmetric
spaces or in the case of a more complicated dressing factor. A further implication
of the above is the fact that at the limit � 1 ! 0 the dressed solution tends to the
seed, whereas as� 1 ! � the dressed solution tends to the re
ection of the seed with
respect to the origin of the enhanced space.

In �gure 20, four representative dressed elliptic string solutions are depicted. In
these plots, the dressed string solutions are depicted with a thick black line, whereas
the seed solutions are depicted with a thin one. In the top row, the seed solution has
a translationally invariant elliptic Pohlmeyer counterpart, whereas in the bottom row
it has a static one. On the left column the seed solution has an oscillating counterpart
with E = � 2=10 anda selected so thatn = 10, whereas on the right column the seed
solution has a rotating counterpart with E = 6� 2=5 and a selected so thatn = 7. In
all cases the pair of poles of the dressing factor lies at� = e� i �

12 . Large spheres are
points of the dressed solution, whereas small spheres are points of the seed solution.
Spheres with the same color correspond to the same worldsheet coordinates� 0 and
� 1 and they are connected via an epicycle plotted with the same color, too.

Our analysis focused on the case of seed solutions that are elliptic string solutions
with static Pohlmeyer counterparts. It is trivial to show that had we used elliptic
strings with translationally invariant counterparts as seed solutions, we would have
resulted in dressed string solutions that can be obtained from the ones presented
here after the trivial operation � 0 $ � 1.
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seed with static
oscillating counterpart

seed with static
rotating counterpart

seed with translationally invariant
oscillating counterpart

seed with translationally invariant
rotating counterpart

Figure 20: The dressed elliptic string solutions

25 The Sine-Gordon Equation Counterparts

The elliptic string solutions presented in section 20 can be naturally classi�ed with
respect to their Pohlmeyer counterparts. Furthermore, in 21 it was also shown that
many of the properties of these solutions are connected to the properties of their
corresponding sine-Gordon counterparts. For example, the number of spikes equals
the topological number in the sine-Gordon theory. For these reasons, we proceed to
specify in this section the sine-Gordon equation counterparts of the dressed elliptic
string solutions, which are obtained in section 24.

198



25.1 B•acklundTransformations

The sine-Gordon equation (18.26) possesses the well-known B•acklundtransformations

@+
' + ~'

2
= a� sin

' � ~'
2

; (25.1)

@�
' � ~'

2
=

1
a

� sin
' + ~'

2
; (25.2)

connecting pairs of solutions. As described in the introduction, they can be used for
the construction of new solutions from a seed one. Their merit is the fact that this is
achieved via solving a pair of �rst order di�erential equations, instead of the original
second order one. The usual application of these transformations is the construction
of the kink solutions, using the vacuum' = 0 as seed.

A nice property of the B•acklundtransformations is the fact that their iterative use
does not require further solving of di�erential equations. Multi-kink solutions can
be obtained from the single-kink ones algebraically, using the Bianchi permutabil-
ity theorem. If ' 1 is related to the seed' through a B•acklundtransformation with
parameter a1 and ' 2 is related to the same seed' through a B•acklundtransforma-
tion with parameter a2, then a new solution' 12 that is connected to' 1 through a
B•acklundtransformation with parameter a2 (or equivalently to ' 2 through a B•ack-
lundtransformation with parameter a1) will be given by

tan
' 12 � '

4
=

a1 + a2

a1 � a2
tan

' 1 � ' 2

4
: (25.3)

25.2 Virasoro Constraints

A basic ingredient of the Pohlmeyer reduction is the fact that the energy momentum
tensor can be set constant, with obvious consequences for the form of the Virasoro
constraints. In the following, as a �rst step towards the speci�cation of the Pohlmeyer
counterparts of the dressed solutions discovered in section 24, we show explicitly that
they obey the Virasoro constraints as expected by the analysis in section J.4.

We have shown that the dressed solution is written as

X 0 = UX̂ 0 = U (X 1 sin� 1 + X 0 cos� 1) : (25.4)

The vectorsX 0 and X 1 are unit vectors, orthogonal to each other.
In appendix K.2 we show that the dressed solution satis�es the Virasoro con-

straints, as long as the seed solution does so. The notation of the appendix, i.e.W
and �W, is related to X � adW = UX � and �W = UX+ .
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25.3 Dressing vs B•acklundTransformation

In appendix 24 we show that the dressed solution gives rise to the following set of
equations

@�
' � ~'

2
= � m� cot

� 1

2
sin

' + ~'
2

; (25.5)

@+
' + ~'

2
= m+ tan

� 1

2
sin

' � ~'
2

; (25.6)

which are the usual B•acklundtransformations (25.1) and (25.2) with parameter10

a =
r

�
m+

m�
tan

� 1

2
: (25.7)

It follows that the dressed string solutions obtained in section 24 have Pohlmeyer
counterparts that are connected to the elliptic solutions of the sine-Gordon equa-
tion presented in section 20 via a single B•acklundtransformation with parameter
determined by the position of the poles of the dressing factor.

25.4 B•acklundTransformation of Elliptic Solutions

The last step towards obtaining the Pohlmeyer counterparts of the dressed elliptic
string solutions of section 24 is the application of a B•acklundtransformation to the
elliptic solutions of the sine-Gordon equation (19.15). Such solutions have been
studied in the past [320{323] in a di�erent context and language.

In general, a much wider class of solutions of the sine-Gordon equation can be ex-
pressed in terms of hyperelliptic functions [304,305]. Such solutions can be classi�ed
in terms of the genus of the relevant torus. The elliptic solutions that we have studied
in section 20 are the simple case of genus-one solutions. Pairs of solutions connected
via a B•acklundtransformation are characterized by genuses whose di�erence equals
one. This extra hole in the relevant torus is a degenerate one meaning that one
of the corresponding periods is in�nite. Therefore, the solutions that we are going
to construct applying a B•acklundtransformation to elliptic solutions are degenerate
cases of genus two solutions of the sine-Gordon equation. In a di�erent approach one
may �nd other genus two solutions via separation of variables [324,325].

The technical advantage of using an elliptic solution as seed is the fact that they
depend solely on either the space-like or time-like worldsheet coordinate. Writing
down the B•acklundtransformations (25.1) and (25.2) in terms of the coordinates� 0

10Actually the sign of a cannot be determined, since it corresponds to a shift of' or ~' by 2� .
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and � 1 yields

@1
'
2

+ @0
~'
2

=
�
2

�
a +

1
a

�
sin

'
2

cos
~'
2

�
�
2

�
a �

1
a

�
cos

'
2

sin
~'
2

; (25.8)

@0
'
2

+ @1
~'
2

=
�
2

�
a �

1
a

�
sin

'
2

cos
~'
2

�
�
2

�
a +

1
a

�
cos

'
2

sin
~'
2

: (25.9)

Without loss of generality, we start our analysis considering that' is a transla-
tionally invariant elliptic solution of the sine-Gordon equation as given by equation
(19.16). Equation (19.15) directly implies that

cos2
'
2

=
1
� 2

�
x2 � }

�
� 0 + ! 2

��
; (25.10)

sin2 '
2

=
1
� 2

�
}

�
� 0 + ! 2

�
� x3

�
; (25.11)

(@0' )2 = 4
�
x1 � }

�
� 0 + ! 2

��
: (25.12)

The sign of the quantities cos'2 , sin'
2 and @0' depends on whether' is an oscillating

or rotating solution. Although these signs are not going to play a crucial role in the
following, equation (19.16) implies

sgn cos
'
2

= +1 ;

sgn sin
'
2

= ( � 1)

�
� 0

2! 1

�

;

sgn@0' = ( � 1)

�
� 0

2! 1
+ 1

2

�

;

(25.13)

for oscillating solutions, and

sgn cos
'
2

= ( � 1)

�
� 0

2! 1

�

;

sgn sin
'
2

= ( � 1)

�
� 0

2! 1
� 1

2

�

;

sgn@0' = +1 ;

(25.14)

for the rotating ones with increasing' .
Equation (25.9) contains only the derivative of ~' with respect to � 1 and simul-

taneously all other functions that appear depend solely on� 0. Therefore, it can be
solved as an ordinary di�erential equation, substituting the undetermined constant
of integration with an undetermined unknown function of� 0. The latter equation
assumes the form

@1
~' (� 0; � 1)

2
= A

�
� 0

�
cos

~' (� 0; � 1) � '̂ (� 0)
2

+ B
�
� 0

�
; (25.15)
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where

A sin
'̂ (� 0)

2
= �

�
2

�
a + a� 1

�
cos

'
2

; (25.16)

A cos
'̂ (� 0)

2
=

�
2

�
a � a� 1

�
sin

'
2

; (25.17)

B
�
� 0

�
= � @0

'
2

: (25.18)

One should be careful in the inversion of (25.16) and (25.17), so that ^' is continuous
and smooth andA has the correct sign. De�ning the inverse tangent function so
that its codomain is (� �= 2; �= 2), an appropriate selection for ^' and A is

'̂ = 2 arctan
�

a � a� 1

a + a� 1
tan

'
2

�
+ (2 k � 1) � + sgn

�
a2 � 1

�
2�

�
'
2�

+
1
2

�
; (25.19)

A = sc
�
2

p
a2 + a� 2 + 2 cos'; (25.20)

wherek 2 Z and we de�ned the signsc as

sc := ( � 1)ksgna: (25.21)

For a translationally invariant oscillating seed solution given by (19.16) it holds that
� '

2� + 1
2

�
= 0, whereas for a rotating one

� '
2� + 1

2

�
=

j
� 0

2! 1
+ 1

2

k
.

Notice also that the monotonicity of ^' is the same as that of the seed solution'
when jaj > 1 and opposite whenjaj < 1. We de�ne

sd := sgn (jaj � 1) : (25.22)

The quantity A2 � B 2 � D 2, which is going to play an important role in the
following, is actually a constant, namely,

D 2 � A2 � B 2 =
1
4

h
� 2

�
a � a� 1

� 2
+ 2

�
� 2 � E

� i
=

1
4

�
� 2

�
a2 + a� 2

�
� 2E

�
: (25.23)

For a given value ofE, the constant D may assume any value larger or equal to
D 2

min = ( � 2 � E) =2. The latter assumes any given value larger than the minimum
one, for exactly four distinct values of the B•acklundtransformation parametera; let
a be one of them, then the other three are� a and � 1=a. Therefore, there is exactly
one value of the B•acklundparametera corresponding to a given value ofD 2 in each
of the segments (�1 ; � 1], [� 1; 0), (0; 1] and [1; 1 ). There is an exception to this
rule; there are only two distinct values ofa, corresponding to the minimum value of
D 2 = D 2

min , namely a = � 1.
It is clear that in the case of oscillating solutions, sinceE < � 2, the quantity D 2

is always positive. On the contrary, in the case of rotating solutions the sign of this
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quantity depends on the value ofa. Therefore, for cases whereD 2 can become nega-
tive, we are able to select the sign ofA � B , choosing the direction of rotation of the
solution ' . In the following, we will assume that rotating solutions are characterized
by increasing' , and, thus, for these solutionsB is always negative. We de�ne

D :=

( p
A2 � B 2; A2 � B 2 > 0

� i
p

B 2 � A2; A2 � B 2 < 0:
(25.24)

Substituting
A + B

D
g = tan

~' � '̂
4

; (25.25)

equation (25.15) assumes the form

@1g
1 � g2

=
D
2

; (25.26)

whose solution is
g = tanh

D
2

�
� 1 + f

�
� 0

��
: (25.27)

Therefore, ~' assumes the form

~' = '̂ + 4 arctan
A + B

D
tanh

D
2

�
� 1 + f

�
� 0

��
: (25.28)

Returning to the B•acklundtransformation (25.8) that we have not used so far, we
may write it as

@0
~'
2

=
�
2

�
a + a� 1

�
sin

'
2

cos
~'
2

�
�
2

�
a � a� 1

�
cos

'
2

sin
~'
2

; (25.29)

since' does not depend on� 1. It is a matter of trivial algebra to write it in the form

@0
~'
2

=
�
2

cos
~' � '̂

2

�
�
a + a� 1

�
sin

'
2

cos
'̂
2

�
�
a � a� 1

�
cos

'
2

sin
'̂
2

�

�
�
2

sin
~' � '̂

2

�
�
a + a� 1

�
sin

'
2

sin
'̂
2

+
�
a � a� 1

�
cos

'
2

cos
'̂
2

�
; (25.30)

which is signi�cantly simpli�ed with the use of equations (25.16) and (25.17) to

@0
~'
2

=
� 2

4A

�
�
a2 � a� 2

�
cos

~' � '̂
2

+ 2 sin ' sin
~' � '̂

2

�
: (25.31)

Equation (25.18) and the equation of motion imply that@0B = � 2 sin'= 2. Fur-
thermore, equation (25.19) implies that@0'̂ = � � 2 (a2 � a� 2) B=(2A2), while equa-
tion (25.20) implies that @0A = � 2B sin'= (2A). Finally, the function g satis�es
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@0g = D (1 � g2) f 0(� 0) =2. Performing the substitution (25.25) and putting every-
thing together, we arrive at

f 0
�
� 0

�
=

� 2 (a2 � a� 2)
4A2

= �
� 2

4 (a2 � a� 2)

} (� 0 + ! 2) � � 2

4 (a2 + a� 2) + E
6

: (25.32)

The denominator in the above relation is always positive. Therefore, the sign of
f 0(� 0), and, thus, the monotonicity of f (� 0), is determined by the sign of the nu-
merator. The function f is increasing whenjaj > 1 and decreasing whenjaj < 1.

We de�ne ~a so that

} (~a) = �
E
6

+
� 2

4

�
a2 + a� 2

�

= x1 + D 2 = x2 +
� 2

4

�
a � a� 1

� 2

= x3 +
� 2

4

�
a + a� 1

� 2

(25.33)

and demand that it lies within the cell of the Weierstrass elliptic function, whose ver-
tices are the four complex numbers� ! 1 � ! 2. Then, the Weierstrass di�erential equa-
tion } 02 = 4} 4� g2} � g3 and equation (25.33) imply that} 02 (~a) = � 4D 2(a2 � a� 2)2=4,
which speci�es ~a up to an overall sign. We select the ~a such that

} 0(~a) =
� 2

2
D

�
a2 � a� 2

�
(25.34)

or in other words, so that the real part of ~a has always opposite sign thansd.
Equation (25.33) implies that } (~a) is larger than at least two of the three roots.

When D 2 > 0, it is also larger than the largest root, implying that ~a lies in the
real axis, in the interval (0; ! 1), when jaj < 1, and in the interval (� ! 1; 0), when
jaj > 1. When D 2 < 0, } (~a) lies between the two larger roots and therefore ~a lies
in the linear segment with endpoints! 1 and ! 3 � ! 1 + ! 2, when jaj > 1, and � ! 1

and � ! 3, when jaj < 1. In the special limiting casea = � 1, the derivative of the
function f vanishes, and, thus,} 0(~a) vanishes too. At this limit, } (~a) assumes the
value of the root x2, implying that ~a is equal to � ! 1 for oscillating backgrounds
and � ! 3 for the rotating ones. In the latter case, there is yet anothera for which
~a assumes the value� ! 1, and, thus, once again} 0(~a) vanishes. This is the speci�c

choicea = �
�

E �
p

E � � 2
�

=� , which setsD = 0. These are depicted in �gure
21.

Using the above de�nitions, it can be shown that

f 0
�
� 0

�
= �

1
2D

} 0(~a)
} (� 0 + ! 2) � } (~a)

(25.35)

204



~a = ! 1
D 2 = 0

~a = ! 3
D 2 = ( � 2 � E) =2

a = � 1

~a = 0
D 2 ! + 1 D 2 > 0

D 2 < 0

~a = ! 1
D 2 = ( � 2 � E) =2

a = � 1
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D 2 ! + 1 D 2 > 0
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Figure 21: The allowed values of ~a in the complex plane. Each point in the ~a complex
plane corresponds to two discrete values of the B•acklundparametera, di�ering only
in their sign.

implying

f
�
� 0

�
=

i
D

�
�
� 0; ~a

�
; (25.36)

where the function � is the same quasi-periodic function that appears in the expres-
sions of the elliptic strings and it is de�ned in (21.2). Putting everything together

~' = '̂ + 4 arctan
�

A + B
D

tanh
D� 1 + i � ( � 0; ~a)

2

�
: (25.37)

Equations (25.35) and (25.36) imply that whenD 2 < 0, the function � ( � 0; ~a) is
real, whereas whenD 2 > 0, the function � ( � 0; ~a) is purely imaginary. Therefore, in
all cases the solution ~' is real. It can be written in a manifestly real form as,

~' =

8
>>>><

>>>>:

'̂ + 4 arctan
�

A+ B
D tanh

D� 1+ i � (� 0 ;~a)
2

�
; D 2 > 0;

'̂ + 4 arctan
�

1� sc
2 B (� 1 + i � ( � 0; ~a))

�
; D 2 = 0;

'̂ + 4 arctan
�

A+ B
iD tan

iD� 1 � � (� 0 ;~a)
2

�
; D 2 < 0:

(25.38)

Equation (25.38) reveals that there is a bifurcation of the qualitative character-
istics of the dressed elliptic solutions of the sine-Gordon equation that occurs at
E = � 2. As we have commented above, in the case of an oscillatory seed solution
D 2 is always positive, whereas in the case of rotating seeds, there is a range of B•ack-
lundparameters that sets it negative. Equation (25.38) implies that the solutions
with D 2 > 0 look like a localized kink at the regionD� 1 + i � ( � 0; ~a) = 0. Far from
this region, they assume a form that is completely determined by the seed solution
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and it has the same periodicity properties as the latter. Thus, solutions withD 2 are
localized disturbances on the elliptic background. On the contrary, solutions with
D 2 < 0 do not have this property. They do not describe any kind of localized kink
and they do not have the same periodicity properties as the seed solution in any
region.

The same procedure can be repeated for a static elliptic seed solution. As ex-
pected by the symmetries of the sine-Gordon equation, the obtained solution reads

~' = '̂ + 4 arctan
�

A + B
D

tanh
D� 0 + i � ( � 1; ~a)

2

�
; (25.39)

which can be obtained by equation (25.37) interchanging the two coordinates and
adding an overall angle� .

To sum up, the dressed elliptic string solution (24.103) has a sine-Grodon coun-
terpart that is given by equation (25.39), where the B•acklundparameter is given by
equation (25.7).

The parameters appearing in the dressed string solutions and the solutions of
the sine-Gordon equation presented in this section are also connected. The function
� ( � ), when � = ei� 1 , which is the case of interest, is real and assumes the value
� = � (� 2 (a2 + a� 2) � 2E) =4, wherea is given by (25.7). This is exactly equal
to the opposite of the parameterD 2 de�ned in (25.23) that appears in the dressed
elliptic sine-Gordon solutions. This is in line with the form of the dressed string
solution; wheneverD 2 is positive and thus � is negative, the trigonometric func-
tions that appear in the dressed string solution will actually be hyperbolic functions
when expressed in a manifestly real form, a fact expected for solutions with a kink
counterpart.

Similarly, when � = ei� 1 , the function ~a(� ) appearing in the dressed elliptic
string solutions, assumes a given value so that} (~a) = � E=6 + � 2 (a2 + a� 2) =4, and,
furthermore, } 0(~a) = � i

p
� � 2 (a2 � a� 2) =2. Comparing to the de�ning properties

(25.33) and (25.34) of the parameter ~a of the corresponding sine-Gordon solutions,
the two parameters coincide, as long as one de�nes

p
� = i

p
� �, whenever � < 0.

26 Properties of the Sine-Gordon Counterparts of
the Dressed Elliptic Strings

It has been shown that many physical properties of the elliptic strings solutions are
directly connected to properties of their sine-Gordon counterparts 21. The establish-
ment of this mapping enhances the intuitive understanding of the dynamics of string
propagation on the sphere via the dynamics of the sine-Gordon equation, which is
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a much simpler system. For this purpose, in this section, we will study some ba-
sic properties of the sine-Gordon counterparts of the dressed elliptic string solutions
reviewed in section 20.

The dressed strings, as well as their sine-Gordon counterparts can be classi�ed
into two large categories depending on the sign of the constantD 2. When D 2 > 0
(or equivalently when ~a lies on the real axis), equation (25.38) describes a localized
kink travelling on top of an elliptic background. The position of the kink can be
identi�ed with the position where the argument of the tanh in equation (25.38)
vanishes, namely� 1 = � i � ( � 0; ~a)=D, where it holds that ' = '̂ . Far away from this
region, the solution assumes a form that is determined solely by the seed solution. As
we have commented in section 25.4, a B•acklundtransformation increases the genus of
the solution by one, adding a degenerate hole to the relevant torus, which corresponds
to a diverging period. This is evident in this case, where the two periods appearing
in the solution are the one of the seed solution and the in�nite time/space required
to accommodate the kink.

The minimum value of the parameterD 2 is D 2
min = ( � 2 � E)=2. Thus, when a

rotating seed is considered, it is possible thatD 2 < 0 (or equivalently ~a lies on the
imaginary axis shifted by the real half period! 1). In such a case, the hyperbolic
tangent function appearing in the dressed solution becomes trigonometric tangent.
As a result, the e�ect of the dressing on the solution is not localized in the position
where the argument of this function vanishes, but it is rather spread everywhere in
a periodic fashion. It follows that these solutions do not describe a kink propagating
on an elliptic background. They should be understood as a periodic structure of
oscillating deformations on top of a rotating elliptic background. Such solutions
contain two periods; one of the seed solution and one imposed by the aforementioned
trigonometric tangent. However, it is the imaginary period of the trigonometric
tangent that is divergent, and, thus, these solutions are still degenerate genus two
solutions, in this manner similar to the solutions of theD 2 > 0 class.

It follows that a bifurcation of the qualitative characteristics of the dressed solu-
tion occurs at D 2 = 0.

26.1 D 2 > 0: Kink-Background Interaction

We start our analysis considering solutions whose seeds are translationally invariant.
Figure 22 depicts two such dressed solutions of the sine-Gordon equation, one with
an oscillatory seed and one with a rotating seed. It is evident from the form of the
solution (25.38), as well as �gure 22, that the solutions withD 2 > 0 have the form of
a localized kink at� 1 = � i � ( � 0; ~a) =D propagating on top of an elliptic background.
Let us determine, whether the kink is left- or right-moving. This is determined by
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Figure 22: The dressed sine-Gordon solution for a translationally invariant oscillating
seed with E = � 9� 2=10 and a translationally invariant rotating seed with E =
11� 2=10. In both cases, the B•acklundparameter equalsa = 2.

the monotonicity of the function � i � ( � 0; ~a) =D. It turns out that

d
d� 0

�
�

i � ( � 0; ~a)
D

�
=

� 2

4
a2 � a� 2

} (� 0 + ! 2) � } (~a)
; (26.1)

implying that the direction of the motion of the kink is determined by the sign of
a2 � a� 2, i.e. by sd := sgn (jaj � 1). Since} (� 0 + ! 2) < } (~a), as the former takes
values between the two smaller roots and the latter is larger than the largest root,
it turns out that the regime jaj > 1 corresponds to the left-moving kinks and the
regimejaj < 1 corresponds to the right-moving ones, similarly to the usual analysis
for kinks built on top of the sine-Gordon vacuum.

Moreover, equation (25.38) implies that far away from the kink location, the so-
lution depends solely on� 0. This is also visible in �gure 22. As this is the de�ning
property of the elliptic solutions of the sine-Gordon equation, we expect that asymp-
totically the solution assumes the form of an elliptic solution. One can easily check,
either directly or via the calculation of the energy density far away from the kink
location (see section 26.4), that this is not an arbitrary elliptic solution, but the seed
one up to a time shift (and possibly a re
ection). This time shift may be di�erent
before and after the passage of the kink. It is a matter of algebra to show that

lim
D� 1+ i �( � 0 ;~a)!�1

sd ~' = sd

�
'̂ � 4 arctan

A + B
D

�

= '
�
� 0 � ~a

�
+ sd (2k � 1 � sc) �:

(26.2)

Thus, indeed the asymptotic form of the solution is a shifted version of the seed
solution, being re
ected depending on the signsd. In the following, taking advantage
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of the re
ection symmetry ' ! � ' of the sine-Gordon equation, we will avoid this
re
ection, considering the properties of the solutionsd ~' . The above asymptotic
expression (26.2) determines ^' and 4 arctan(A + B)=D in terms of the seed solution,
allowing the re-expression of the dressed solution (25.38) in terms of the latter as

sd ~' =
1
2

�
'

�
� 0 + ~a

�
+ '

�
� 0 � ~a

��
+ sd (2k � 1) �

+ 4sd arctan

"

tanh
D� 1 + i � ( � 0; ~a)

2
tan

�
1
8

�
'

�
� 0 + ~a

�
� '

�
� 0 � ~a

��
+ sc

�
4

� #

:

(26.3)

Equation (26.2) clearly implies the asymptotic behaviour lim
� 0 !�1

sd ~' = ' (� 0 � j ~aj)+

2n� � , wheren� 2 Z. Therefore, as depicted in �gures 23 and 24, the passage of the
kink e�ectively causes a delay to the motion of the system equal to

� � 0 = 2 j~aj : (26.4)

This observation provides a nice physical meaning to the parameter ~a. This time
delay quanti�es the e�ect of the interaction of the elliptic background with the kink
that was introduced by the B•acklundtransformation.

0

2�

~' +

� 0

2j~aj
4! 1� 4! 1

Figure 23: The dressed solution for an oscillating seed withE = 9� 2=10 and B•ack-
lundparametera = 2 at � 1 = 0. The dashed lines indicate the asymptotic behaviour
' (� 0 � ~a).

Finally, studying the average value of ~' in a full period of the seed solution at
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spatial in�nity, we �nd that
�

lim
� 1 ! + 1

sd ~' � lim
� 1 !�1

sd ~'
�

=


'

�
� 0 � j ~aj

�
� '

�
� 0 + j~aj

��
+ 2�s c

=

(
2�s c; E < � 2;

2�s c � 2� j~aj
! 1

; E > � 2;

(26.5)

implying that the solution is a kink or antikink depending on the signsc. Notice that
in the case of a rotating background, as shown in �gure 24, the jump in the rotation
induced by the kink is not an integer multiple of 2� , but it ranges in [� 4�; � 2� ] [
[0; 2� ]; it is actually � 2� minus a quantity induced by the delay to the background
rotation. The apparent asymmetry is due to the fact that we have considered the

� 2�

2�

~' +

� 0

2j~aj
2! 1

� 2! 1

Figure 24: The dressed solution for a rotating seed withE = 11� 2=10 and B•ack-
lundparametera = 2 at � 1 = 0. The dashed lines indicate the asymptotic behaviour
' (� 0 � ~a). The jump due to the kink is positive, but smaller than 2� , as a result of
the delay in the background motion.

rotating elliptic seed solutions to be always increasing functions of time. All cases
are summarized in table 3. These four classes of solutions are the physical depiction
of the fact that the same value ofD 2 can be obtained for four distinct values of the
B•acklundparametersa. The de�nition of the sign of the function A (25.20) has been
made so that all four classes of solutions can be accessed with the same formula,
simply varying the parametera, in a similar manner to the usual analysis of kinks
built using the vacuum as the seed solution. The special casea = � 1 corresponds to
static kinks/antikinks leading to only two physical distinct cases.

The situation is similar in the case of static seed solutions. In this case, lim
� 0 !�1

sd ~' =

' (� 1 � ~a) + 2 n� � , where n� 2 Z. Thus, the e�ect of the passage of the kink is a
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parity a 2 (�1 ; � 1) a 2 (� 1; 0) a 2 (0; 1) a 2 (1; 1 )
of k

k even left right right left
moving moving moving moving
antikink antikink kink kink

k odd left right right left
moving moving moving moving

kink kink antikink antikink

Table 3: The translationally invariant background kink solutions for alla and k.

displacement of the background static con�guration by

� � 1
� = � 2~a: (26.6)

Furthermore, considering the average value of ~' in a full spatial period of the
background solution at spatial in�nity, we �nd that

�
lim

� 1 ! + 1
(sd ~' � ' )

�
�

�
lim

� 1 !�1
(sd ~' � ' )

�
=

(
2sc�; E < � 2;

2� ~a
! 1

+ 2sc�; E > � 2:
(26.7)

This implies that the solution is a kink or an antikink depending on the signsc. All
cases are summarized in table 4.

parity a 2 (�1 ; � 1) a 2 (� 1; 0) a 2 (0; 1) a 2 (1; 1 )
of k

k even right left left right
moving moving moving moving
antikink kink antikink kink

k odd right left left right
moving moving moving moving

kink antikink kink antikink

Table 4: The static background kink solutions for alla and k.

26.2 D 2 > 0: Kink Velocity

Let us consider the class of kinks propagating on a translationally invariant elliptic
background. A naive way to de�ne the kink velocity is

v0 =
d� 1

d� 0

�
�
�
�
D� 1+ i �( � 0 ;~a)= c

=
1

2D
} 0(~a)

} (� 0 + ! 2) � } (~a)
: (26.8)
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The above velocity is not constant but rather it is a periodic function of time. Its
range is

jv0j �

�
�
�
�
a � a� 1

a + a� 1

�
�
�
� =

s
} (~a) � x2

} (~a) � x3
;

jv0j �

�
�
�
�

a2 � a� 2

a2 + a� 2 � E=� 2

�
�
�
� =

p
(} (~a) � x2) (} (~a) � x3)

} (~a) � x1

(26.9)

for oscillating backgrounds and

jv0j �

�
�
�
�
a � a� 1

a + a� 1

�
�
�
� =

s
} (~a) � x2

} (~a) � x3
;

jv0j �

�
�
�
�
a + a� 1

a � a� 1

�
�
�
� =

s
} (~a) � x3

} (~a) � x2

(26.10)

for the rotating ones. The minimum value is always smaller than the speed of light,
whereas the maximum value is always larger than the speed of light in the case
of rotating backgrounds. In the case of oscillating backgrounds, whenE < 0 the
maximum instant velocity is always smaller than that of light, whereas whenE > 0
it is so only when the B•acklundparameter satis�es

� 2

E
> a 2 >

E
� 2

, D 2 <
� 4 � E 2

2E
: (26.11)

The velocity de�ned above is a notion of instant velocity. Within a period of the
elliptic background, the propagation of the kink is quite complicated, since the shape
of the kink is 
uctuating periodically. A more natural de�nition of the kink velocity
is the mean velocity in a period, �v, de�ned as

�v0 =
� ( � 0 + 2! 1; ~a) � � ( � 0; ~a)

2i! 1D
: (26.12)

The function � ( � 0; ~a) is a quasi-periodic function. Its property (21.3) implies that
the mean velocity of the kink equals

�v0 =
� (~a) ! 1 � � (! 1) ~a

! 1D
: (26.13)

This velocity should not be apprehended as the velocity of the kink. Any of these
solutions can be boosted to an arbitrary frame, altering the kink velocity. It should
rather be understood as a parameter of the family of dressed elliptic solutions of the
sine-Gordon equation, which is equal to the velocity of the kink atthe speci�c frame,
where the background is translationally invariant.
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Figure 25: The solution for an oscillating background withE = 7� 2=10 and B•ack-
lundparameter a = 2. The blue line indicates the position of the kink. The dashed
line is the average position. Its inclination is the mean velocity of the kink.

For the solutions with D 2 > 0, the parameter ~a takes values on the real axis
between� ! 1 and ! 1. The mean velocity is a decreasing function of ~a for energies
smaller than a critical valueEc ' 0:65223� 2 de�ned through the equation

6� (! 1 (Ec) ; g2 (Ec) ; g3 (Ec)) = Ec! 1 (Ec) (26.14)

and an increasing function forE > � 2. In the intermediate range of constantsE
there is a global maximum. Bearing in mind the pendulum picture for the transla-
tionally invariant elliptic solution of the sine-Gordon equation, the criterion (26.14)
is equivalent to demanding that the mean potential energy of the pendulum vanishes.

Furthermore,
lim
~a! 0

�v0 = 1: (26.15)

In the case of an oscillating background, it is also trivial that

lim
~a! ! 1

�v0 = 0: (26.16)

Thus, all possible velocities between 0 and 1 relative to the translationally invariant
background are allowed. In the case of rotating backgrounds though, the expression
for the velocity (26.13) is undetermined at the limit ~a ! ! 1 and it turns out that

lim
~a! ! 1

�v0 =
� (! 1)=! 1 + x1p

(x1 � x2) (x1 � x3)
� �vmax > 1; (26.17)

implying that all kinks on a rotating background are moving with speeds larger than
the speed of light and up to the value given by (26.17). The top panel of �gure 26
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depicts the dependence of the mean velocity on the modulus ~a for various values
of the other modulusE. To sum up, only whenE < E c, all kinks moving on the
elliptic background are subluminal. WhenE > E c, there is always a range of ~a
corresponding to superluminal kinks.

When kinks propagating on a static elliptic background solution are considered,
both the instant and the mean velocity are simply the inverse of the ones calculated
for the translationally invariant backgrounds as given by equations (26.8) and (26.13),
i.e.

�v1 =
! 1D

� (~a) ! 1 � � (! 1) ~a
: (26.18)

Therefore, kinks propagating on an oscillating static background are always super-
luminal, when E < E c, but there are kinks moving with velocities under the speed
of light when E > E c, whereas kinks propagating on a rotating static background
move with velocities smaller than the speed of light. However, they cannot move
with an arbitrarily small velocity. The minimum velocity is the inverse of �vmax as
given by (26.17). The bottom panel of �gure 26 depicts the dependence of the mean
velocity on the modulus ~a. In the case of the static seed, only whenE > � 2 all

1

1

�v0

~a
! 1 1

1

�v1

~a
! 1

E = 21=20� 2
E = 101=100� 2
E = 99=100� 2
E = 9=10� 2
E = Ec

E = � 9=10� 2

Figure 26: The mean velocity as function of ~a for translationally invariant seeds (left)
and static seeds (right) for various values of the energy constantE

kinks propagating on the elliptic background are subluminal. WhenE < � 2, there
is always a range of ~a which gives rise to superluminal kinks.

26.3 D 2 > 0: Periodic Properties

The elliptic solutions of the sine-Gordon equation have speci�c periodic properties.
These are critical in the determination of the appropriate periodicity conditions for
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the construction of the corresponding elliptic strings solutions. The translationally
invariant elliptic solutions obey

'
�
� 0 + 4! 1; � 1 + �� 1

�
= '

�
� 0; � 1

�
; (26.19)

when they are oscillatory, and

'
�
� 0 + 2! 1; � 1 + �� 1

�
= '

�
� 0; � 1

�
+ 2 �; (26.20)

when they are rotating. The above properties hold for any value of�� 1, which
is a result of the fact that ' does not depend on� 1. The static solutions have
similar periodic properties that are given by the relations above after the interchange
� 0 $ � 1.

The periodic properties of the dressed elliptic solutions have been disturbed due
to the presence of the kink, which needs in�nite time to complete. However, the new
solution still has some interesting periodic properties.

Firstly, in the region far away from the location of the kinkjD� 1 + i � ( � 0; ~a)j � 1,
the solution tends to a shifted version of the elliptic seed solution. Therefore, at this
region, the periodic properties (26.19) and (26.20) are approximately recovered.

Secondly, as the shape of the kink also alters periodically in time, an observer that
follows the kink thinks that the sine-Gordon �eld alters periodically in all positions.
This is evident in equation (26.3), which implies

~'
�
� 0 + 4! 1; � 1 + 4�v0! 1

�
= ~'

�
� 0; � 1

�
(26.21)

for solutions with oscillatory seeds and

~'
�
� 0 + 2! 1; � 1 + 2�v0! 1

�
= ~'

�
� 0; � 1

�
+ 2 � (26.22)

for solutions with rotating seeds.
In a trivial manner, one can obtain the corresponding periodic properties of the

dressed elliptic solutions with static seeds, after the interchange� 0 $ � 1.

26.4 D 2 > 0: Energy and Momentum

The energy-momentum tensor of the sine-Gordon theory is given by

T00 =
1
2

(@0' )2 +
1
2

(@1' )2 � � 2 cos' � H ; (26.23)

T01 = � (@0' ) (@1' ) � P � JH ; (26.24)

T11 =
1
2

(@0' )2 +
1
2

(@1' )2 + � 2 cos' � JP : (26.25)
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The static solutions can be derived from the translationally invariant ones via the
interchange of the variables� 0 and � 1 and a shift of ' by � . It follows that if
T00

st = f 0 (� 0; � 1), then T11
ti = f 0 (� 1; � 0) and similarly if T01

st = f 1 (� 0; � 1), then
T01

ti = f 1 (� 1; � 0).
The elliptic solutions of the sine-Gordon equation lead to simple expressions for

most of the elements of the energy-momentum tensor (see section 19). Namely,
T00

ti = T11
st = E and T01

ti = T01
st = 0. However, the elementsT11

ti and T00
st are non-

trivial functions of � 0 and � 1 respectively.
Let us study the energy and momentum of the dressed solutions of the sine-

Gordon equation. We initiate our analysis considering the kinks propagating on a
translationally invariant elliptic background. It is a matter of algebra to calculate
the energy density and �nd

H = 2DA
sin

�
4 arctan

�
A+ B

D tanh
D� 1+ i � (� 0 ;~a)

2

��

sinh (D� 1 + i � ( � 0; ~a))
+ E: (26.26)

Therefore, the energy density, far away from the kink position assumes the same
constant value that matches the energy density of the seed solution. This is not
surprising, since we have seen that the asymptotics of the dressed solution far away
from the kink is the seed solution shifted by an appropriate time/position. Actually,
we could also have deduced the above fact by the form of the energy density.

De�ning the kink energy density as the di�erence of the energy densities of the
dressed solution and the background solution, we can calculate the energy of the
kink and �nd it equal to

Ekink =
Z

d� 1 (H � E) = 8 D: (26.27)

The above formula reveals the physical meaning of the constantD. It is now clear
why the quantity D 2 is a decreasing function of the energy constantE, since the
larger the background energy, the smaller the necessary energy for a kink to jump
from the region of one vacuum to the region of the neighbouring one. Furthermore,
it is also physically expected that the kink energy is a decreasing function of the
background time delay 2~a. As the latter gets larger approaching! 1, the jump is
facilitated and less energy is required for this purpose (see �gure 23).

As the kink propagates, it periodically changes shape, due to its interaction with
the elliptic background. This is also depicted in the pro�le of the energy density. One
measure that quanti�es this phenomenon is the peak energy density at the location
of the kink. The latter equals

H peak � E = 4A (A + B) ; (26.28)
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which obviously is a periodic function of time. In the limit E ! � � 2, the energy
density of the peak becomes constant as expected from the physics of the kinks
propagating on the vacuum. Figure 27 depicts the energy density for the two solutions
depicted in �gure 22.

H
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4! 1

� 4! 1

4! 1

� 4! 1

E

H

� 1

� 0

4! 1

� 4! 1

4! 1

� 4! 1

E

Figure 27: The energy densities of the dressed elliptic solutions with translationally
invariant seeds depicted in �gure 22

In a similar manner, we may calculate the momentum density of the kink solution

P = �
A} 0(~a)

} (� 0 + ! 2) � } (~a)

sin
�
4 arctan

�
A+ B

D tanh
D� 1 � � (� 0 ;~a)

2

��

sinh (D� 1 � � ( � 0; ~a))

�
2� 2D

A

sin2

�
2 arctan

�
A+ B

D tanh
D� 1 � � (� 0 ;~a)

2

��

sinh (D� 1 � � ( � 0; ~a))
sin': (26.29)

The momentum density vanishes far away from the location of the kink, a fact which
is expected since the momentum density of the elliptic background vanishes. We
de�ne the kink momentum as the integral of the momentum density over all space
to �nd

Pkink = � 4
} 0(~a)

} (� 0 + ! 2) � } (~a)
= 8Dv0 = Ekink v0; (26.30)

as one would expect for a particle. Like the instant velocity, the kink momentum is
not constant in time. One could de�ne the mean kink momentum as

�Pkink = 8D �v0 = Ekink �v0: (26.31)

It may appear surprising that the momentum of the kink is not conserved, al-
though the theory possesses translational symmetry. This is due to the asymptotic
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behaviour ofT11 in the case of translationally invariant seeds. The momentum con-
servation law@0T01 + @1T11 = 0 implies that

@0P = T11
�
� 1 ! + 1

�
� T11

�
� 1 ! �1

�
: (26.32)

Asymptotically, the solution assumes the form of the translationally invariant seed
solution, with a time shift, which is di�erent at plus and minus in�nities. As the
element T11 is a non-trivial periodic function of time in this case, it follows that
the kink momentum cannot be conserved. On the contrary, the energy is conserved,
since

@0E = P
�
� 1 ! + 1

�
� P

�
� 1 ! �1

�
= 0; (26.33)

as the momentum density of the seed solution vanishes.
When we consider kinks propagating on a static background, it is not easy to

repeat the above calculations, since the dependence of the dressed solution on the
space-like coordinate� 1 is highly non-trivial. However, we may adopt a di�erent
approach, calculating the total 
ow of energy or momentum that passes through
a given location. Converting from static to translationally invariant backgrounds,
leaves the expression of the momentum density the same, apart from an interchange
of � 0 and � 1. It follows that the 
ow of energy E 
ow

st =
R

d� 0Pst (� 0; � 1) through a
given point can be derived from the total momentum of the kink on a translationally
invariant background, i.e. Pti =

R
d� 1Pti (� 0; � 1) after the same interchange, Thus,

E 
ow = � 4
} 0(~a)

} (� 1 + ! 2) � } (~a)
: (26.34)

Naturally, this is not constant. As we have already commented in section 26.1, the
passage of the kink has translated the static background, and as the latter has a
non-trivial energy density pro�le, it has translated energy. In this case, the e�ect
of the interaction of the kink with the background is not limited to a time delay,
but it extends to the energy density. The kink energy can be identi�ed as the mean
energy 
ow per spatial period. Bearing in mind that the kink velocity on a static
background is the inverse of that on a translationally invariant background with the
same B•acklundparametera, the above imply

Ekink = �E 
ow = 8
�

� (! 1)
~a
! 1

� � (~a)
�

=
8D
�v1

: (26.35)

In a similar manner, the 
ow of momentum from a given point in the case of a
static seedP 
ow

st =
R

d� 0T11
st (� 0; � 1), can be deduced from the energy in the case of a

translationally invariant seed E ti =
R

d� 1H ti (� 0; � 1), after the interchange of� 0 and
� 1. Subtracting the momentum 
ow of the background solution, in order to de�ne
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the kink momentum, yields

Pkink =
Z

d� 0
�
T11

�
� 0; � 1

�
� E

�
= 8D = Ekink �v1: (26.36)

Notice that in the case of a static seed, both the energy and momentum of the
kink are conserved quantities, since

@0E = P
�
� 1 ! + 1

�
� P

�
� 1 ! �1

�
= 0; (26.37)

@0P = T11
�
� 1 ! + 1

�
� T11

�
� 1 ! �1

�
= E � E = 0: (26.38)

The algebra of the B•acklundtransformations results in dressed elliptic solutions,
which are naturally expressed in terms of the parametersD and ~a. Interestingly, both
parameters have a simple physical meaning. The parameterD is directly related
to the energy of the kink in the case of a translationally invariant seed solution
(equation (26.27)) or its momentum in the case of a static one (equation (26.36)). The
parameter ~a directly measures the degree of interaction of the kink with the elliptic
background. In the case of a translationally invariant seed, it is directly related to the
time delay in the background �eld oscillation induced by the kink (equation (26.4));
in the case of a static seed, it is related to the spatial displacement of the static
background (equation (26.6)). Bearing in mind that there are not two independent
parameters in this class of solutions, but only one (the B•acklundparametera), there
is a relation connecting the energy/momentum of the kink to the e�ect that it has
on the background. This reads

E 2
kink

64
= }

�
� � 0

2
;
E 2

3
+ � 4;

E
3

�
E 2

9
� � 4

��
�

E
3

; (26.39)

for translationally invariant backgrounds and

P2
kink

64
= }

�
� � 1

2
;
E 2

3
+ � 4;

E
3

�
E 2

9
� � 4

��
�

E
3

; (26.40)

for static ones. The above relations can in principle be veri�ed experimentally in
physical systems realizing the sine-Gordon equation, such as coupled torsion pendula,
Josephson junctions, spin waves in magnetics, etc. (see e.g. [326])

26.5 D 2 < 0: Periodicity

When D 2 < 0, the solution assumes the form

~' = '̂ + 4 arctan
�

A + B
iD

tan
iD� 1 � � ( � 0; ~a)

2

�
: (26.41)
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Figure 28: The solution with D 2 < 0 for two distinct B•acklundparameters. The
background solution has energy densityE = 3� 2=2 and the B•acklundparameter take
the value a = 1:45482 on the left anda = 1:36771 on the right.

Figure 28 depicts two example cases of such solutions. These solutions do not describe
a localized kink propagating on top of an elliptic background. They are actually a
periodic disturbance propagating on top of a translationally invariant rotating elliptic
background. This transition of the qualitative characteristics of the solution is in a
sense similar to the well-known behaviour of the solutions that occur after the action
of two B•acklundtransformations of the vacuum. These solutions form two classes;
one class of two-kink scattering solutions and one class of bound states, the so called
breathers. Having this picture in mind, we may understand the B•acklundtransformed
elliptic solutions with D 2 > 0 as the analogue of the scattering solutions, since the
kink induced by the B•acklundtransformation propagates on top of the train of kinks
that forms the elliptic background, interacting with it, causing a delay/translation.
On the contrary, the solutions with D 2 < 0 are the analogue of the breathers. Of
course instead of a single oscillating breather, these solutions are a whole periodic
structure of such oscillating formations, a "train of breathers".

The solution (26.41) is obviously periodic in� 1 since

~'
�
� 0; � 1 + 2�= (iD )

�
= ~'

�
� 0; � 1

�
: (26.42)

Furthermore, the quasi-periodic properties of the function � imply that

~'
�

� 0 + 2! 1; � 1 + 2
� (~a) ! 1 � � (! 1) ~a

D

�
= ~'

�
� 0; � 1

�
+ 2 �: (26.43)

It follows that the solutions with D 2 < 0 are either periodic or quasi-periodic
under translations in a non-orthogonal two-dimensional lattice. One of the two di-
rections of the lattice coincides with the space-like (in the case of translationally
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invariant seeds) or time-like (in the case of static seeds) directions. The other is
determined by a velocity, which is the average velocity of the periodic disturbances.
This velocity equals

vtb
0 =

� (~a) ! 1 � � (! 1) ~a
! 1D

(26.44)

and it is the analytic continuation of the kink mean velocity (26.13).
As ~a moves from! 1 to ! 3, the velocity of the periodic disturbancesvtb

0 increases.
It also obeys

lim
~a! ! 3

vtb
0 =

�

! 1

p
2 (E � � 2)

(26.45)

and

lim
~a! ! 1

vtb
0 = lim

~a! ! 1
v0 =

� (! 1) =! 1 + x1p
(x1 � x2) (x1 � x3)

; (26.46)

which implies that vtb
0 is always larger than the speed of light. In a similar manner,

in the case of a static seed solution, the velocity of the periodic disturbances is given
by the inverse of equation (26.44)

vtb
1 =

! 1D
� (~a) ! 1 � � (! 1) ~a

: (26.47)

The velocity vtb
1 decreases as ~a moves from! 1 to ! 3 and it is always smaller than

the speed of light. The above are displayed in �gure 29.

1

1

vtb
0

~a� ! 1
! 2 1

1

vtb
1

~a� ! 1
! 2

E = 21=20� 2
E = 101=100� 2

Figure 29: The velocity of the periodic disturbances as function of ~a for translation-
ally invariant seeds (left) and static seeds (right) for various values of the energy
constant E. These curves are a smooth continuation of the corresponding ones of
�gure 26 with the same color.

221



It is not obvious, whether the solution (26.41) is a periodic function of� 0. In
general we have that

~'
�
� 0 + 2! 1; � 1

�
= 2 � + '̂

�
� 0; � 1

�

+ 4 arctan

"
A (� 0) + B (� 0)

iD
tan

�
iD� 1 � � ( � 0; ~a)

2
� i (� (~a) ! 1 � � (! 1) ~a)

� #

:

(26.48)

The quantity � (~a) ! 1 � � (! 1) ~a is the Bloch phase of the �nite valence band states
of the n = 1 Lam�e problem. It is always purely imaginary and its imaginary part
decreases monotonically from 0 to� �= 2 as ~a moves from! 1 to ! 3. It follows that
i (� (~a) ! 1 � � (! 1) ~a) = c�=2, where c 2 [0; 1]. The periodicity properties of the
solution ~' as a function of time, are determined by number-theoretic properties
of the number c. If the number c is a rational number of the form �=� , where
gcd (�; � ) = 1, then ~' will be a quasi-periodic function of� 0 with period 4�! 1 and
the quasi-periodicity property ~' (� 0 + 4�! 1; � 1) = '̂ (� 0; � 1) + 2 � (� + � ). On the
contrary, if the number c is irrational, then ~' will not be periodic in � 0. In �gure 30,
a periodic and a non-periodic example are shown. Similarly, if a static background

~'

� 1
8! 1 16! 1

12�

6�

~'

� 1
12! 1 24! 1 36! 1

64�

32�

Figure 30: The solution withD 2 < 0 at � 1 = 0 for two distinct B•acklundparameters.
The background solution has energy densityE = 3� 2=2 and the B•acklundparameter
take the value a = 1:45482 on the left, corresponding to a periodic solution with
c = 1=2 and a = 1:36771 on the right, corresponding to a non-periodic solution with
c = (

p
5 � 1)=2.

is considered, the solution is always periodic in� 0, but not always periodic in � 1,
obeying the periodicity properties

~'
�
� 0 + 2�= (iD ) ; � 1

�
= ~'

�
� 0; � 1

�
; (26.49)

~'
�

� 0 + 2
� (~a) ! 1 � � (! 1) ~a

D
+ 2! 1; � 1 + 2! 1

�
= ~'

�
� 0; � 1

�
+ 2 �: (26.50)
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In this case the velocity of the periodic disturbances equals

vtb =
D! 1

� (~a) ! 1 � � (! 1) ~a
; (26.51)

which is the analytic continuation of equation (26.18).

26.6 D 2 < 0: Energy and Momentum

Once again, we �rst consider a translationally invariant seed solution. As we showed
in section 26.5, these solutions are always periodic in space. Therefore, they cannot
have a �nite energy di�erence to the energy of the background solution. However,
we may study the average energy density per spatial period of the new solution. It
turns out that

hHi =
iD
2�

Z � 1+ 2�
iD

� 1
d� 1H = E: (26.52)

Thus, the solution has on average the same energy density as the background solution.
In a similar manner the average momentum density vanishes, also similarly to the
background solution.

hPi =
iD
2�

Z � 1+ 2�
iD

� 1
d� 1P = 0: (26.53)

Figure 31 shows the energy density and the momentum density for a periodic solution.
The relevant solutions whose seed is a static elliptic solution are not manifestly

H

� 1

� 0

4! 1

� 4! 1

�= (iD )

� �= (iD )

P

� 1

� 0

4! 1

� 4! 1

�= (iD )

� �= (iD )

Figure 31: The energy and momentum density for a solution withD 2 < 0, back-
ground energy densityE = 3� 2=2 and B•acklundparametera = 1:45482, correspond-
ing to a periodic solution with c = 1=2.

periodic in space. They are periodic in time. One can show that the average current
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of momentum and energy through a given point is identical to those of the seed
solutions, namely,

hPi =
iD
2�

Z � 0+ 2�
iD

� 0
d� 0P = 0; (26.54)



T 11

�
=

iD
2�

Z � 0+ 2�
iD

� 0
d� 0T 11 = E: (26.55)

26.7 The D ! 0 Limit

In the limit D ! 0, the solution degenerates to the form

~' = '̂ + 4 arctan
�

1 � sc

2
B

�
� 1 � isd� 0

�
� 0

��
�

; (26.56)

where

� 0
�
� 0

�
= �

�
� 0; ! 1

�
=

i
p

E 2 � � 4

�
�

�
� 0 + ! 3

�
� � (! 2) + x1� 0

�
: (26.57)

There are four such solutions, as there are four distinct values ofa, namely a =

�
q

E �
p

E 2 � � 4=� , which set D equal to zero. Half of those correspond to a
localized solution that generates an overall jump to the background solution equal to
� 4� . For the other half, the solution is equal to ^' , thus a periodic, translationally
invariant solution. It turns out that in this speci�c case, '̂ coincides with an elliptic
solution, as the corresponding parameter ~a is equal to � ! 1, namely,

'̂ =
1
2

sd
�
'

�
� 0 + ! 1

�
+ '

�
� 0 � ! 1

��
+ (2 k � 1) � = sd'

�
� 0 + sd (2k � 1) ! 1

�
:

(26.58)
Interestingly enough, the limit D ! 0 separating the localized and non-localized

solutions comprises of two localized and two non-localized solutions, the latter coin-
ciding with the background solution shifted by an odd number of half-periods.

The total energy and momentum of these solutions exactly match those of the
seeds in this limit, not only in the case the dressed solution is a trivial displacement
of the seed, but also in the non-trivial cases.

27 Asymptotics and Periodicity of the Dressed El-
liptic Strings

In this and the following three sections, we will study some properties of the dressed
elliptic string solutions that we presented in section 24 and compare them to the
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properties of their Pohlmeyer counterpart that we presented in section 26. Here, we
determine the appropriate values of the moduli that result in closed string solutions.

In order to visualize the string solutions, �rst we have to select the static gauge,
so that the time-like world sheet coordinate� 0 is proportional to the physical time
X 0. This is equivalent to a boost in the worldsheet of the form (21.20) and (21.21).
In the static gauge, the time coordinate assumes the formX 0 = �� 0 and it is easier
to study a time snapshot of the string solution in order to determine the periodic
properties that it obeys. It is also easier to visualize the time evolution of the string,
which will become handy in sections 28 and 29.

The dressed string solutions, similarly to their elliptic seeds, are naturally in�nite
string solutions. They are parametrized by the spacelike coordinate taking values in
the whole real axis. However, the periodic properties of the sine-Gordon counter-
parts of the elliptic strings (26.19) and (26.20) imply that the string solution obeys
appropriate periodicity conditions for speci�c values of the moduli, giving rise to
�nite string solutions.

In the case of the dressed elliptic strings withD 2 > 0, the sine-Gordon counter-
parts cease to obey periodicity conditions of the form (26.19) and (26.20) due to the
existence of the extra kink that propagates on the non-trivial elliptic background.
However, the above periodic properties are recovered in the region far away from the
position of the kink, as the sine-Gordon solution tends to a shifted version of the
elliptic seed. This asymptotic behaviour can be used to construct approximate �nite
closed dressed elliptic string solutions in the same manner as the closed �nite elliptic
strings. In order to do so, we �rst need to study the asymptotics of the dressed
elliptic string solutions with D 2 > 0.

Even though the dressed solutions do not have the extended periodicity properties
of their elliptic seeds, they still obey the periodic properties (26.21) and (26.22) in
the caseD 2 > 0, as well as (26.42) and (26.43) in the caseD 2 < 0. One can take
advantage of these periodic properties in order to construct exact �nite closed string
solutions. It has to be noted that the above equations are expressed in the linear
gauge; however, the closed string solution should exhibit appropriate periodicity in
their dependence on the spacelike coordinate in the static gauge. In the following,
we present all these classes of closed string solutions and derive the appropriate
constraints that the moduli should obey for each class.

27.1 D 2 > 0: The Asymptotics of the Dressed Strings

Bearing in mind the asymptotic form of the sine-Gordon counterparts of the dressed
string solutions with D 2 > 0, which is described in section 26.1, it is not surprising
that in the region far away from the location of the kink, the dressed string solutions
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tend to a rotated version of their seed, elliptic string solution. Assume that the seed
solution is written in spherical coordinates, in parametric form as,

� 0=1 = � seed
�
� 0; � 1

�
; (27.1)

� 0=1 = � seed
�
� 0; � 1

�
: (27.2)

The functions � seed and ' seed have the properties

� seed
�
� 0; � 1 + �� 0=1

�
= � � seed

�
� 0; � 1

�
; (27.3)

� seed
�
� 0; � 1 + �� 0=1

�
= � seed

�
� 0; � 1

�
+ ��; (27.4)

where the � sign in the �rst equation applies in the case of rotating/oscillating
counterparts, �' is the angular opening of the elliptic string, i.e. the azimuthal
angular distance between two consecutive spikes of the seed solution,

�� 0=1 = � 2i! 1

�
� (! 1)

a
! 1

+ �
�

! x3=2

�
� �

�
a + ! x3=2

� �
(27.5)

and

�� 0 =
2! 1


�
; (27.6)

�� 1 =
2! 1



: (27.7)

Furthermore, we de�ne the function

~�
�
� 0; � 1

�
:= D� 1=0 + i �

�
� 0=1; ~a

�
: (27.8)

The kink which propagates on the elliptic background is located in the region~� '
0. Several periods away from the kink position, one may use the quasiperiodicity
property of the function � to show that

~�
�
� 0; � 1

�
'

8
<

:

D
 (1 + � �v0)
�

� 1 � � +�v0
1+ � �v0

� 0
�

; for transl. invar. seeds,

� D

�

� + 1
�v1

� �
� 1 � � +�v1

1+ � �v1
� 0

�
; for static seeds.

(27.9)

The parameters �v0=1 are the mean velocity of the kink relatively to the elliptic back-
ground, in the case of a translationally invariant and static seed, respectively, which
are given by equations (26.13) and (26.18). Notice that the above approximations
are exact whenever� 1 = n�� 0=1, with n 2 Z.

Then, one can show that in the region far away from the kink position, the dressed
solution assumes the form

lim
~� !�1

� 0
�
� 0; � 1

�
= � seed

�
� 0; � 1 �

~a
2! 1

�� 0

�
; (27.10)

lim
~� !�1

� 0
�
� 0; � 1

�
= � seed

�
� 0; � 1 �

~a
2! 1

�� 0

�
� � � 0; (27.11)
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for translationally invariant seeds and

lim
~� !�1

� 1
�
� 0; � 1

�
= � seed

�
� 0; � 1 �

~a
2! 1

�� 1

�
; (27.12)

lim
~� !�1

� 1
�
� 0; � 1

�
= � seed

�
� 0; � 1 �

~a
2! 1

�� 1

�
� � � 1; (27.13)

for static seeds, respectively. An overall re
ection with respect to the origin,� !
� � � , � ! � + � , may be present; we will comment on it later on. The angle �� 0=1

is equal to

� � 0=1 = arg ( ` + iD ) + arg � (~a + a) + i
�

�
�
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� �

�
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= arg ( ` + iD ) + arg � (~a + a) +
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� (! 1) a �
�� 0=1

2

�
~a
! 1

:
(27.14)

The half-period! x i is the half-period corresponding to the rootx i . More speci�cally,
! x3 is always the imaginary half-period! 2, whereas! x2 is equal to the real half-
period ! 1 for oscillating seeds and to! 3 = ! 1 + ! 2 for rotating seeds. The details of
the above derivations are included in the M.

The above approximation is valid at the region
�
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for each case respectively. The above inequalities are expressed in terms of the static
gauge worldsheet coordinates, and, thus, they describe which region of the dressed
elliptic string in any time snapshot is indeed well-approximated by a rotated version
of the seed solution. Notice also that one has to be careful in the correspondence
between the� 1 and ~� in�nite limits. This is determined by whether the kink velocity
is larger or smaller than the inverse of the velocity of the boost connecting the linear
and static gauges. We de�ne the signs� as

lim
� 1 !�1

~� = � s� 1 : (27.17)

Equation (27.9) implies that

s� =

8
<

:

sgn (1 + � �v0) ; for transl. invar. seeds,

� sgn
�

� + 1
�v1

�
; for static seeds.

(27.18)
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The dependence of the signs� on the moduli of the dressed string solutions is studied
exhaustively in the N. In the special case where 1 +� �v0 = 0 or � + 1=�v1 = 0, the
string does not exhibit this kind of asymptotic behaviour. This is an interesting
special case, which is studied in section 27.5.

Equation (27.14) implies that the angle � � obeys

lim
~a! ! 1

� � 0=1 = arg ( ` + iD ) �
�� 0=1

2
; (27.19)

where the angle�� is the angular opening of the elliptic string. Further details are
provided in M.

The behaviour of ~a and � ' as functions of� 1 is shown in �gure 32. For solutions
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Figure 32: The parameters ~a and � � determining the asymptotic behaviour of the
dressed solutions as function of the angle� 1. The parameter a of the seed elliptic
solution is selected so that the latter obeys appropriate periodicity conditions with
n = 6.

with D 2 > 0, usually we select ~a to lie on the real axis in the segment (� ! 1; ! 1).
However, in �gure 32 it is selected to lie in the segment (� 2! 1; 0) to show the
continuity of its dependence on the position of the poles of the dressing factor. In
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the case of a seed solution, with an oscillating counterpart, there is a special value
of � 1 = ~� , equal to

~� = 2 arctan
r

�
m�

m+
; (27.20)

where ~a equals the real half period! 1. At � 1 = ~� , � � is stationary and at the same
time discontinuous. It performs a jump by� � �� , which is related to the inversion
of the asymptotics of the solution. In the case of a seed solution with a rotating
counterpart, there are two such special values for� 1, namely,

~� � = 2 arctan

s
E �

p
E 2 � � 4

m2
+

; (27.21)

where ~a equals the real half period! 1. When � 1 is equal to ~� � , D 2 vanishes and
the absolute value of � ' is maximum and equal to��= 2 and � � ��= 2, respectively.
For values of� 1 between these two, it turns out that D 2 < 0 and the solution has
a Pohlmeyer counterpart being a periodic disturbance on a rotating background; we
will study these solutions in section 27.4.

It follows that, in the case of rotating backgrounds, the dressed solutions with
Pohlmeyer counterparts, which are kinks or antikinks propagating on top of a train
of kinks, have been separated into two classes. Recalling the epicycle description of
the action of the dressing on the string solution11, their di�erence is the following:
the class with � 1 < ~� � asymptotically tends to the seed solution rotated around the
z-axis by an appropriate angle; the class with� 1 > ~� + asymptotically tends to the
seed solution, �rst inverted with respect to the origin of the enhanced space and then
rotated appropriately around the z-axis. Finally, notice that � ' tends to 0 at the
limits � 1 ! 0 and � 1 ! � as expected, since the epicycle becomes a point.

27.2 D 2 > 0: Approximate Finite Closed Strings

Strictly speaking, it is not possible to �x the parameters of the solution, so that
a dressed string withD 2 > 0 satis�es appropriate periodicity conditions (except
for very speci�c cases that we will study in section 27.5). In the elliptic strings
case, the functions� seed and � seed have the periodic properties (27.3) and (27.4).
Therefore, arranging the solution parameters so that�� = 2�=n wheren 2 Z, in the
case of a rotating counterpart, andn 2 2Z in the case of an oscillating one, results

11The dressed string solutions with the simplest dressing factor, as those presented here, have an
interesting geometric relation to their seeds. Every point of the dressed string is connected to the
point of the seed solution with the same worldsheet coordinates, via an arc of a maximum circle
equal to � 1. Therefore, the dressed string can be considered drawn by a point on an epicycle of
constant arc radius � 1 whose center is running on the seed solution.
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in a well de�ned, closed string of �nite length, parametrized by� 1 2
�
0; n�� 0=1

�
.

However, when one considers dressed strings with a Pohlmeyer counterpart that is
a kink propagating on an elliptic background, in general these functions are not
periodic/quasi-periodic due to the presence of the kink.

Nevertheless, we have shown that the dressed solutions asymptotically approach
a rotated version of the seed elliptic ones. This is due to the fact that the e�ect
of the kink is exponentially damped with the distance from its center. Therefore,
as long as the characteristic length of the exponential damping of the kink is much
smaller that the number of periods appearing in the seed solution, we can claim that
we may adjust the periodicity conditions in order to �nd a string solution that is not
exactly a closed �nite string, but nevertheless an exponentially good approximation
of such a solution. For such a purpose, the parameters of the solution should obey a
modi�ed periodicity condition, due to the asymptotic behaviour (27.11), (27.13) of
the dressed solution, namely,

(n1�� + 2s� � � ) n2 = 2�; n 1; n2 2 Z: (27.22)

It has to be noted that in general dressed elliptic string solutions that satisfy the
condition (27.22) have elliptic seeds which do not obey the appropriate periodicity
conditions, and, thus, they are not �nite closed strings. This holds in the simple
case that we considered here, where the strings perform only one winding around the
z-axis and thus, it is possible that they do not contain self-intersection. In general,
one could consider a generalization of (27.22) where the left hand side is 2�m , where
m 2 Z. In such a case, the seed and the dressed solutions are both closed, as long
as the ratio � �=�� is rational; however, they correspond to di�erent ranges of the
spacelike parameter� 1. The simplest case of this kind is the limit ~a ! ! 1 for rotating
seeds, where the angle �� tends to ��= 2.

Figure 33 depicts six such solutions. All solutions of �gure 33 depict approximate
�nite closed dressed strings withn2 = 1. Two indicative examples of dressed solutions
with n2 > 1 are depicted in �gure 34.

The conditions (27.15) and (27.16), which determine the regions where the asymp-
totic form (27.12) and (27.13) of the dressed solution is a good approximation, imply
that solutions obeying the condition (27.22) are an exponentially good approximation
of a �nite closed string as long as

�
�
�
�D

�
1
�

+ �v0

�
! 1

�
�
�
� n1 � 1; (27.23)

�
�
�
�D

�
� +

1
�v1

�
! 1

�
�
�
� n1 � 1; (27.24)

in the case of seed solutions with translationally invariant and static Pohlmeyer
counterparts, respectively.

230



seed solution
rotated seed solution
dressed solution

Figure 33: The �nite dressed string solution with approximate periodicity conditions.
The left and right column solutions have seeds with translationally invariant and
static Pohlmeyer counterparts, respectively. On the �rst row the seed solution has
an oscillating counterpart with E = � 2=10 and a selected so thatn1 = 10 and
n2 = 1. On the second and third rows the seed solution has a rotating counterpart
with E = 6� 2=5 and a selected so thatn1 = 7 and n2 = 1. On the �rst and second
rows � 1 = �= 12, whereas on the third row� 1 = 7�= 8. The solutions of the second
and third row belong to the � 1 < ~� � and � 1 > ~� + classes of solutions, respectively.
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